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Chapter 11 
FACTORS AND EXPONE|[TS 



In mathematlos we often run into problem| where It Is Impor- 
tant to knew whether a glverr number is divisible by another numbf r 

* ^11-1 
For ex^ple, Ih finding the sum of , , and ^ , we need 

to find tl^e leaet eommon denominator. TTiles as you remember, ii 

the sm^lest number that is divisible by 12, 15, and 8* ^Also^ 

In order to obtain a simpler name for a fraction such as 

we would ba interested in finding the largest divisor of both 

8% and 360/ An understanding of the meaning and application/ of 

factoring is helpful in finding these numberp . 

11-1. FaQtor^^and Divisibility . 

In ^l^rliei' work in algebra, we have us^d the set of real 
numbers And also different subsets of the reals; As -examples, the 
set of iq^tegers and the set of rational nujnbers have been con- 
slderfdi In the work of this chapter, we shall be concerned only 
with the subset of the real numbers known as the positive Integers 
You^Ti^^ met this setibefore. A listing of. It looks like this: ' 

/ (1, 2, 3. 5, 6, . ^ j , ' ^0 

In this chapter, the word "nutnber" will refer to a meprber of^ 




thle set. . ' * 

^Although fractions are mentioned in. the following k^^y^ the 
story is Intended to Illustrate an Important idea about the^- 
posltive integers . 

Once 'upon a time, there was a farmer who had 11 cowe , 
When he died, these 11) cows were left -to his tihree s6ns . 
^ His will said that f of f the cows should be left to 

Charles^ i of the cows zo Richard, and \ of the gows to 
Oscar. The sons argued about this, be^cause none of them 
wanted Just a piece of a cow, as the will seemed to 
require'. As' they were arguing, a stranger came along, 
leading a cow to market. The three boys told him of 
their problem, and the stranger said, '^That's simple j 
Just let^4ne give you my cow^ and then try it." The boys 
were delisted, f^r^^they now had 12 cows Instead of 11. 
Charles §ook one^half of these,. or 6 cows . I Richard took 
one^fourth of them, that is, 3 '"^ows . Oscar took^ one^sixth 
of them, or 2 cows. The 11 cows which the farmer had 
willed were now happily divided. The stranger took his 
own cow and went on his way, « 



( 



.... ^ .. . , .... . . ■ .. ■ ■] 

. ■ " ' ■ ■ . 1 . • > 

. 'mm eufcoone ojP 'this story may eftU9# you to think that the 
* 'boys did not get their f air ahades , But notice that eaeh\ boy 
aetually got more , slnee it la that ' ', 



6 > 



11 



3 > -r 



an4 2 > ^ 



Ivtn io^ however, there aeems to^be something "fishy" about the 
itoi^. What made iueh an unusual solution possible? 

For some reas^, the people of the story .found It muoh 
easier tc deal with 12 cows than with' 11, The reason is that 
• # IS can be divided by ea^' of the numbjirs 2, 4, and 6,» with 
^emdlnder zero. The number 11, however, ci^n^ot be divided by 
any of these numbers, with remainder zerp . Do you see how this 
made 12 a more oonvenlent number In the story? 

Actually/ the phrase "^ivlded by, with remainder zero" 
points directly tp a vei^ Importaifti mathematfleal idea, whloh^ gives 
us Aio'ther (^^oi&e of words Instead of saying "IS is divisible 
by 6, With remainder zero," we can say that "6 is a facto r /of 
1^: ^ 



Before cqnsldering a definition of thp word "factor/' study 
the following examples of its use and see if you can answer the 
questions asked* ^ ^ ^ 

4 is^= a factor of 12, because 4 x 3 ^ 12, 

5 is not a factor of 12,' because 12 is not a multlpie 

of 5, 

3 a f^actor o^l 12? Vftiy or why not? ' ^ . 

2 a factor of J2? Why or why not? 

7 a factor of 12? Why or why not? * 

.Notice that saying a'number'ls a factor of 12 means that 

12 la a positive multiple of that number I (A multiple of a 

number .Is the product of that number and an element of the set of 
integers.) For, example. 




Is 
Is 



Is a factor of 



) 



'12 is a positive multiple of 

5 is not a factor of 12. 
12 is not^> multiple of , 5 , 



(12 ^fe 4^3) 



456 



llrl • 

* ■ • 

We amn n€w/turn dur attention from sptolfied nymb^rs to variabl#g 
ud snake following statement: 

To aay that a positive integer x Is a factor 
of a positive integer 7 teeans that y is a ^ 
positive multiple of x. ' ' ' 

Any positive integer has itself and the number one as 
factors, ^r instanae, 12. and 1 are faetors of 12, 12 is 
a non-zero multiple -^f^ 12 and o"f 1 , Thm other factors of 12- 
the numbers 2j 3, and 6--are called proper faatora of 12 

way of contrast, the number 11 , does not have any proper 
factors'. tA^ only factors of 11 are 11 and 1, 

These examples illustracte the following definition of a 
« proper factors ' 

A positive Integer m is a proper faotor of 
the positive Integer n if mq ^ n, ^ where 
q Is some ppsltlve Integer other than n 
and 1. ' 

In order to test youE<"u^^rstandlng of this definit ionj tr^ using 
the definition to show why 3 Is a proger facli^r of IS ^ and to 
show why 12 is not a proper factor of' 12, In each oasej what 
are the numbers m, and q? 

^ . • \ 

Check Your Reading 

&■ 

1, Is 12 a multiple of 6? of ^? 

2, Is 6 ^a factor of 12? Is ^ 

3, Is^ 12 a proper factor of 12? Is 2? 

4, Doas^ 11 have any proper factors? 
5^ What is a factor of a. number?. 

6. What Is a proper fact^^^f a number? 

7. What do we mean whence sa^ that a positive Integer m 

is a proper factor of. a *posltive Integer n? n ' ^ 



11-1 

Oral ^arolBes ll^la 

1. ^In answeplng eaeh of the f^ollowlng queetfons, give a raason 
fpr your answer as the ejcampl'es show. 

Example 1, Is 5 a factor of 45? Yes, slnee 

5 X 9 ^ 45. 

Example 2, is 5 /a factor of 46? No,/^noe 46 ^ 
is not a multiple of 5 . '^^There Is no 
Integer ; such thai 5q ^ 46, * ^ 
(a^. Is 3 a factor of 24^ ^ 
Is 5 a factbr of 24? ^ 
, (e) .Is 9 a factor of 24? * " • ^ 

(d) ,Is 24 a factot* of 24? 

(b-) Is 36 a proper factor of 36? ^ ^ 

(f ) Is 1 a factor bf 5? ' 

2. /let the set of multiples of 6. ^ # 

3. List the set of multiples of 12, 

4. List the set ^f all factors of ,12. 

5^ List the set of proper factors of 12, ' 

6, Jf mn ^ p, where m, n, and p ar^ positive Integers, 1 
m a factor of p? Is n a factor of p? _ 

7, Sinpe 3 Is a factor of 18, is ^ also a f*tor of 18? 

8, If m is a fadVor of p, is £ a. factor of p? Is it „ 



a proper fact|br?, 

if we know one factor _of a nurribeP, how can we immediately' 
find another? j 



1 

\ 



Problem Set ll-la 
'Answer each of the following questions. Olve a. reason for your 
answer, as shown in the oral exerclseB. 



J 



pi 13 a factor of 91? " 



7 



3-1 


-1 




2. 


is 


30 




Is 


12 




IS 


10 


5. 


18 


6 


6. 


If 


3 


7. 


If 


3 


8. 


Jf 


. 5 


9. 


If 


7 


10. 


If 


. 29 


11 . 


If 


23 


12. 


If 


a p< 



Probltm Set 11-la 

a factoi* or 510? ^ 
a faator of 204? 



^factor of 15i;82^f . f 1 , 

Is a faabor of 51 # what Is another iproper faotor? 



ls„ a factor of 57* what Is another proper factor? 



sV, what Is another proper faotor? 



Integer q, what 1e another proper faetor? 

13* List the &et of all factors of 18.* . 

* *- - , ^ 

14, List the iet^of all proper factors of l8 , 

^ *k ■ ' 

15, List the set of positive multiplei of l8. 

16 , Write each of the following numbers as a prpduot of proper 
factors, if it is possible. -It will not be possilble in every 

* case ^ ' because some "of .the numberB have no proper factors. 





Example i 

■ u 7 


24 = 


2 X 12 






» or 


24 = 
There 


are other possibilities 


(a) 


85 


(h) 


94 


(o) 122 


(6) 


51 


(1) 


55 


(p). 68 


.(c) 


52 


(J) 


61 


(q)' 95 • 


(d) 


29 


(k) 


23 


(r) 189 


(e) 


93 


(1) 


123 


(s) 141 


(f) 


92 




57 


(t) 101 

* 


'(s) 


37 


(n) 


65 















la 3 S factor-of 151,321?' 
y eli 6 a factor_^of . 151>321? 

IS M2 a fac;tb^"of ^87^326, 648? 



These are examples of -q\jestions that can be answered on the basis 
of the 'definitJjwi of factor given in the previous section. You 
-Q&n see, ho4^ever, that answering 'them would^ Involve some time- 
consuming arithmetic^ such as dividing. 107,^26,6^8 by IP- In 
much^of'OUf future work-in algeora, ,it will be convetilent to have 
a shorter way of deciding Whether or not one number factor 
of another number. In this section^, we shall unc^vW^ some of 
thes|^ methods . 

Consider first the set of even positive lfitJfe|ers: 

^^(t, 4, 6, 3, 10>. 12, 14, I6;a3.^20, , . \]\ 

2 is a factor of every number in this set;, in fact| an Intet^er^ 
with factor 2 is exactly what is meant by an. even integer . 
Notice that every even number has a common name whose last digit ' 
is one of the following: 0, 2, 6, 3. Already then we 

have an easy way of deciding whether or not 2 is a factor of a 
number. ^ ^ 

The set 6f .positive multiples of 5, can be listed- like this: 

(5, 10, 15, 20, 25, 30. 35^ 4o, . . J. 

Is it possible to look at the ^last digit of a numeral and tell 
whether or not the number %t names has a factor of 5? 

The set df positive multiples of ^ 10 is Indidmted below^ 

flO/ 20, JO, 40, 50, 60, 70, So, . . 

Here again, do you see that there is a way. of deciding from the 
numeral whfether or not the number has a factor 10? ' 

It seems fairly simple to look at a numeral and decide about 
the factors 2, 5, and 10.. It is not quite so simple to make 
a decision about the factor 3. but the table below should help 
you to see a method. Try to find a conhectJ.on between the sum of 
the digits and the factor 5. (Some of the^taole has been lef t ^ 
for you to complete on a separate sheet of paper J 



13 



11=1 



_ ' - Sum of Digits ^ Is 5 factor 

'^^^^^ in Numeral of the number? 



147 . 1 + ^ t 7 ^ 12 yes (5 ^ ^9 ^ 1^7] 

36 5 + 6^ ^ 9 yes (5 '12 = 56) 

'49 4+9-13 \ no 

84 . - 



112 
562 



If you had trouble detecting any of these methods or In 
putting them into wordfr, tha following summary may help. It . 
gives the methods for deciding whether or not 2^ 5^ and 

10 are' factors of a given number; in each case, the "test" 
is based on the common decimal numeral for the number. 

If the last digit is ^ multiple of 2, 
the number has a factor 2. 

ir the sum of the^ digits is a multiple 

_ - ' 
of 3, the number has a factor 5. 

u ■ If the last digit is either "0" or " ^ 

"5", the number has a factor 5^ ^ 

If the last digit is "0"., the number 
has a factor 10. 

Because of the relationship between factors and dividing, the 
four teBts above are also called tests for divisibility . In the 
problem set/ you will have a chance to discover some other tests 
for divisibiity. ^ 



Problem Set 11-lb 

Which of the following numbers are divisible by 21 By 3? 
By 5? By 10? 

(a) 207 , (e) ^^7200 (1) 66248 

(b) 3894' (f)^ 379242 " (.1) 23824 

(c) 14142 ^ (g) 3825 (k) 46008 

(d) 44726 (h) 21460 (1) 739200 



461 

1 



Problem Set 11-lb 
■ ■ ^. (continued) * ^ - . 

If you find that 2 is a factor pi' a number and'' also 'that 
5 is a factor, would r then be a factor'^ Hint: An open 
phrase for a numbervthat has 2 and' 5 4s factors could 
be 2 .3 ' n. Is 6\a' factor of -2 - > . n? .Why'^ 

Use the test discussed in Problem above to find which of 

the following numbers has a factor 01' .b,(Do not divide,) 

(a) 22716O' - . (f ) y;i\h2 ' ' 

(b) d2173^ (s) 999^t^O . , \ 

(c) lO^lpl^^ .(h)' .IV^O^ ^ , 

(d) ^ 3^a25 ^ , ..(1) .:7^^^2 

(e) 12318 / / (J) 13226U - 

How could ^you test numbers f or.^dlvl siblllty by I5? (Problem 
2 should help you if you have trouule . ) ' ^' \ 

Use your test for divisibility py 15 on eaoh o.f the numbers 
in que.stlon 3- ' ^Do hot divide. 

You' remember that the divisibility test for 3 uses the sum 
of the digits. There is a divisibility test lor 9 that 
also uses the sum of the dlg-its. . See If you can discover 
and state this divisibility test for 9. 

In the f ol 1 owing list o f numbe rs , wh Ich ones are divisible 

by ^r? " \ ' ^ ■ 





■ I'i 


■ ah 






. 50'* 


1 Top 






aiti ■ 


526 


70 8 


70 c' 




72 '1 


916 


?023 


lOO'f 



Do you nee any connection Detween divlBibility of a number by 

and the last two' digits of the numeral? See if you can 
state a divisibility test for 

Try to state a best for divisibility by a?t Use your test 
on parts (b), (c), (e), (k), of proulem ' 1, and check 
yy divi sion . * 

There la a d Lvisl b j.liuy test for very much like 'the test 

for 4. See if you can discover and state a divisibility 
test I'or 



.4 



' Problem.Set ll=lb 
(continued) 

There is a divisibility teat i'or 11 
f'ollowing examples . ' * 

' ^"fc + 
(6+1 + :') 
(9 + '0 
- (8+9+7) 




(1^5) * 0' 
(? + 0) =' 11 
(1 + 1) s 22 



( 



) = t 



) - 



'J 

Study ^vach of the 

^ 611325 - (11) (55575) 
9^^+0 ^< (11 ) (8U0) 
81917 - (111(7^7) 
9097 - (11){ ? ) . 



Is 11 a factor of 
121? 

). ^. .( ? ) ' - ? Is 11 a factor of 

. . " ^99902?^ ^ ' 

Complete this ^antenca , after /studying' th0 above examples: 
If the difference of the sums of sets" of alt§rnate 
digits in the common name of a number is a multiple 
oi' __ , then/"%he numDer itself is a multiple 
of , ' , ^ 

There is a test for divisibility uy 7. Consider the 
numDer .13762. Take twice the last digit and subtract it 
from the^ number represented Dy^ the 'r^maihlng digits. Is 
the remainder divisible by 7? 



13762 



1376 - 2(2) 



Continue the name^ p^^ttern 
multiple of 7? 



1372 - 

Is the remainder always a 



1372 
1 



137 



133 



- 7 



(pons id er some other examples . 

*~ 

r-o'''> ; - 2(8) - 637 

637 : ^'3 - 2(7), - -^J^gf^ 

9-il = -9(7' = S'f:' 
97; ' ; 97 = 2TM - 91 
91 ; 9 - 2^1' = 7 




1 



/ 



KJ 



^ ' Problem Set ll=-lb 

f (continueci)_ ^. 

Complete the eentence : . * 

. = If. the difference between ■ the number represented 

by the last digit and the number repre^nted T^y the • - 
i \ digits iB a multiple of seven then the. 

number Itself -la a multiple of seven , ^ 

Is this, test a Useful test? Why? 



11-'^^, Prlme^ Numbers and Prime Factorization . 

In working with factors of numbers, "we often choose the ■ 
factors from a' sec called the set of prime numbers. The set of 
prime numbei^s is a subset of the set of positive Integers. 'The 
definition of a prime number will be considered in the following 
problem set and in the next section of the text. 

First, however, let's discuss certain ways in which a set of 
numbers might be determined, or generatied. Suppose we start with 
the number one, then add one, add one again, add "one again, and 
so on, without end,, The following set of numbers would be 
generated . 

(1, 2, 3> 4, 5, 6, 7. 8,^ . , J . 

ItilSj %f course, is the familiar set of counting numbers''. It 
is corre9t to say then that the set of counting numbers is 
generated by the number one and the operation of addit^lon . That 
is, we can build the^ set of counting numbers by starting with one 
number---l = -^and with one operation--additlon . 

What set' of numbers is generated by the number 2. and the 
operation of addition? Starting with the number. we add 2 

gettlng 4, add 2 again, obtaining 6, and so on. ¥he result 
is the set 

(2, ^,.6; 8, 10, 12, 14, 16/ , , J, 

the set of even^ positive integers . 

In the problem set, you will be asked to generate sets of 
numbers by using a specified numuer and a specified operation. [ 



ProDlem -Set ll-2a 



What set of number&^s generated by the number 3 and the ^ 
operation o^V addition? . Doee ev^^y number in this s§b have 



the proner factor 

How could the^ set of all positive integers • with factor b 
be generatfedV List the set , 

K ^ ^ y- 

How could the sat oi- all positive Inteprers^ with factor 7 
be ^enerateii? Lfst the set , 

Write a:- list of Fill the positive if>te^rs^^f rom^ 1 to 100. 
Than follow the instructions given' below. Dp this work 
carefiUly, ' because it will^oe used in the ^lext section to 
decide-what a prime r^imber is . ^ . 

( a ) ' i n t h e list, c r o s s ou t e v e ry number that has 2 as 
- a propor lacto^' . Do not cross out the number ' 2 
'it3<sl^^ sln^^e /2 is not a^ proper factor of 2. 
Beneath eacn nNrnber-that you cross out, write "2"^ 
to show that >^ is a proper factor of the number. 

(o) After ?, the next: number in the list is 5. Cross 
,out every number in the list (that has not already 
been c r o s s e d ou t ) that has a proper factor of 3 - 
Write ^' y beneath each number that you cross out. ^' 

(c) The next number in the list is , but 4 has been 
crossed out (it has 2 --as a proper factor) . So move 
o n ^0 , , v/h i c h h a H n o t b e e n crossed out. Gross out 
eve i^y remain! nr^ nomber in the list that has a proper 
factor of ^5, writing ''5'' beneath each one. 

(d) ^Continue uh:^s process until you can go no .further, 

(a) When you have finished, some of the numbers (like 2, 
"5, and will not be crossed out. |^Notice that 

the numr.f;-!-^ tior.- crossed out are numbers that do not 
have any prop*^r factors, ^--^^ 



( 
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Problem k in the pro'plem set above was included for an 
Importajit reason.. It helps in understanding the dennltion of a 
prime number. If you followed the instructions carefully, you 
found that the following rAambers were, not crossed auu: 

. 2, 5. 5, .R. 11, 15, 17', 19, 23, 29, 31, 37, ' 

■ ^41, 43, 47, 53, 59. 6l , 67, 71. 79, 83, 39, 97. 

Notice that none of these numbers have any proper factors. Vqii 
this reason, they are , called prime numbers, with the exception 
of the number one, which is not considered to be prime. In fact, 
the following definition can be made: 

^ k: prime number Is an .integer greater 

than^ one that has no proper factors , . ' 

So we have uncovered twenty^five orime numbers (listed above 
with the nijmber' 1 removed). We could have ^ound^rrany ,nora .if 
the list of numbers ' we/ started v/:l^h had gon^ beynnr 100/^ For 
example, 101 is a prime number. Why? ' . 

Because the list of numbers we s^:arted with in.Prcblem 4 
served to sift out the prime numbers, It :.b sometimes called a 
"sieve'-, and we shall refer to i: by that name or the next few 
pages. Look at the number 63 In she sieve (it was crossed out) 
and see if can follow these steps r , 

yallesty^rime 

Number 

63 f 3 In the sieve, the number 3 

is written below. 63, indica- 
ting that. 3 is the .smallest 
prime number that is a factor 
of 63. If- 63 is divided by 
3. the auotient Is 21. 
63 - 3 ^ 21 . 

21 3 Beneath the number 21, the 

2i numbei^ 3 is also indicated, 
y 3 Is the smallest ■ prime factor 
^ of ?1, If ai is divided by 
\ this isctor 3, the quotient is 

; ^. \ . 7.^^ 21 - 3 ^7. " 

7 . 7 , The number 7 has not been 

' " J crossed out. It Is a prime 

number, and its smallest prime 
factor is 7 itself. The only 
other factor of 7 is 1, not a 
prime , 





The work above can also be showri like this; 

63 ^ 3 • 21 3 is the smallest prime factor of 63. 

21 is a factor of 6^ but it is not 
prime . . 

3 \y.'7 The number 91 has now been factored 3 
is also the smallest prime factor of 21. 
^ ' =^ 7 is 4?so a prime factor. - i 

The f5rodUGt (p)(^)(7) Is equRl to 63. Thus, we can say 
"that we have "factored'; 63: that is, we have listed factors 
whose ^froduct is 63, Furthermore, each of the factors in this 
case is^ a prime number . So we say that we have shown a prime 
^ f ac tori zat ion of 63 . 

By way of ^ contrast, Jiote .that 63 might be factored In th^ 
following way: 63 = (7)(9)_ However, this is not a prlTTie ^ 
f'ac torisatlon-, VHiy not? ' ; ^ r A' 

In' order to clarify your thinking- about prime ^'acfcorization, 
another example is glve|i below, ^ 

Example . Give the prime factorization of 60. 

^6p - (;^)(30) > 2 is the smallest prime 

faator of 60. 

- (2) (9) (13) 2 is the smallest prime 

factor of 30. 

^(2)(^j)(3)(5) p Is the smallest ^^prlme 

factor of 15 ^ ^.^^ / 
Note that all of the 
factors are now prime , 

In giving a prime factorization of a number^ there is no 

special order ^n which the factors must be listed. For example| 

the prime factorisation of. 63 might be written as (7) (3) (3) 

'"dnstead of (3)(3)(7). Although the order of the-factors may -be 

ohanged, there is only one selection of numbers in any prime , 

Mctorizatlon . Hence, It is correct to sjifeak of the prime 

factorization of a number, Another way of sa^yig this is to say 

that - ' ^ ^ ' 

if a positive integer has a prime factorisation, 
this f ac torization is unique , 
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ai*2 ' . • 

It may seem obvious to you that each positive integer which 
can^be factored has only one prime faGtorizatlon . However, 
%, unique prime f aetorlzation is a propert/ of the positive integers, 
It is not a property of all sets of numbers. For example, im the 
^set of rational numbers, there is no unique prime factorization. 



Check Your Reading 



What is a prime number? 



Which of the^^-fol lowing are prime numbers: .^^19., 29, 39, kg, ggi, 
. 69.1 79, bS^. 99? Are all numbers ending in 9 prime .numbers? 

3. Which of these are prime numbers: 3, 15, 23, 33, 4^ , 55? 
Are all numbers ending in / prime numbers? 

4. Are all odd numbers prime numbers? 

5. Are all prime numbers odd? , C - " 

6. What Is the prime facto^^ization of ^63? of 60? 

7 . How do we, start the prime f actorlsaj^ion^of ^ number? 

r 

- - Or 3/1 Exf roises 11-gb 

/ ■ ■ --^ - 

Give the prime factorisation of each of the follov/ing numbers , 

(a) 4 ' ■ ■ (h) 99 ' (o) 20" 

, (b) 3 6 (1) ^6 (p) 75 

(o) 15 » (J) 5^ (q)/^'66 

(d) 18 .(k)' 24 ^ (i-) 108 

-(e) , 35 ' (1) - 91 ' ■ (s) 144 

jjl') 28 _ .-(m) 48 (t) 225 

^ (g) 27 (n) 2d 

> , > 

What is the next prime afitei" 100? ' 

t 

eMch ofathe following, the prime factorization of V number' 
is^ given. {Give a common name for the rtumber . ! 

(a) 2 X B X 2 ,r . 

( b ) 2 X £ K .3 X 3 • , 
( c ) 2 X £' X 5 



■d) 2 >; 7 X 7 { 1 



^63 



/ 



11-S 



(e) 
(f) 
, (g) 
C'h)' 
(1) 

v_y (J) 



Oral Exercises ll-2b 
(eoritlnued) 



2x3x3x5 
7 X 7 X 11 
5 X 7 X 11 
3 X 3 X. 5 
3x5x7 
15 X 19 



(Does the distributive prope^rty help? 
rry 13(20 1) ^\ 



*5. 

4, 



Problem Set 



Tell which of the following are prime numbers; (Hint: 
remember how to test for divisibility by 2^ 5* 5* 11 



(a) 
(b) 
(c) 
(d) 
(e) 



49 
53 
37 
105 
111 



(f) ^ 121 

(g) ' 97 

(h) ' 10101 
(1) '9999 



What is the largest even prime number? 
numbers are there? 



ow many even 



Do you think there is a largest prime number? Why? 
Give the prime factorization for the following numbers 



(a) 
l\b) 

(c) 
(d) 
(e) 



65 
51 

'91 
78 

102 




(k) 1104 

(1) 732 

(m) 10101 

(n) 999 



Each of the following is a prime factorization of a number, 
01 ve a> commoniiname for the number'. 



(a) 
(b) 
(c) 
(d) 
(a) 



11 X 11 

11 X 13 
11 X 19 

7 X 19 ' 
7 X 23 



(f) 3 X 7 X 11 

(g) 3 X 13 X 19 

(h) 5x3x3x3 
(1)^ 5 X 19 X 31 



^69 



/ 



>.2 



( 



In the previous aeatlon, we considered the idea of l"actoring 
a number; speciJU^lly, we worked with the prime _x actorization of 
njjmbers The^ numbers we worked with at that time were relatively 



small . 
example 

Number 

3528 

1764 

8-^2 



In this section, let^s look at a larger nipber; IbS-^j ^or 

7 

and determine its prime rac tori zat Ion . 



147 



49 



Smallest Prime Factor 



/r 



% 

\ 7 



2 

is 

2 

is 

2 

is 

2 



divides :p52^ 
17c . 352f5 = 



The quotient 
;2)(1764) . ^ 



divides I'ft-^ . The quotient 
^^2, 176^1 - (2) (382) , 

divides -'8^V2 . The quotient 
-ill 3^2 - (2>(44l) . 



does not^ divide 441, but 3 
d|)es , The quotient is 147, 

.3 divides 147. Tho quotient 
is 49. 147 ^ (3)(49) . 

3 does not divide 49; neither 
does^ 5 ^ 7 /divides 4g , 
.^^9 ^ (7) (7) - 

7 is a prime number. 



The steps above show that the prime factorization of 3529 
This expression is usually written more briefly as follows: 



/ 



The new symbols in this expression are explained below. 

"3"^" is read ''^ squared'' or "3 to the 
second power" . It means u; 
two times" , 3""^ 
is a power of 3 



.1 as a factor 

2 

-5 ' fj . We also say that 3^ ■ 



"2-^" is read 
third power" . 



"2 ^ cubed 
It means 



' or "2 to the \ ■ 
£ used as a factor 



is 
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11-2 ^ ' . 

three times". ?' = 2.,2 -2. \ 
2-* is t^ie thlBd power oi' 2 . , 



A5 . another example VoT this kind of a.ymbol , Consider the symbol 

''5^" is read ''5. to *e fourth p6wer" . 
It means "5 used as a factor four times'" . 
b - 5 ' D ' D ' 0 ^ 5 ^ p0wer of ^3 * 

This ^ipl spfftol caii be de flnad _ easily by use of variables. 
For example j o /^^^""^^^ ^ ' 



is read "x lo the n^^ power". It 
means ^ "the numcer x used as « facfbr 

n ----- ^ - - - 

n times" . x' ^ x x ^ x . X . 




is t^ie 

Certain labels are usually attached to the twp parts of this kind 
of symbol . These names are shown below, and^will be used here= ^ 
after. < 

n 3 — — e X p o n e n t ^ n - - exponent 

""'--=- — -base -'-^ base 

It can be said then that an ex.^bnen^b shows how many times the 
b a s a is to be used as a factor. 

From the ideas .presented in -'this section, it should be clear 
that there is a strong connection between divisibility and prime 
factorization. To show this, let's consider the question of 

■i 

wheither or not ?5?., fqr^examplej is divisible by 8^. More 
simply the question could be worded: 

"Does ' 8^^ divide a^9?"^ ^ ' ^ 

We can, of course, get ^^the answer directly division . Since 
25? 84 - 3 with remainder zero, the answer is yes. 

However, suppose we look at the problem in another way? 
using prime factorization . We see that 



and 



^71 



What do you notice about th't two prime factorizations? We observe 
that the prime factorization of 8^ Is; in a sense., completely - i 
included in the prime factorization of 2^/2. Another way of 
saying this is that each prime factor of HU is also a prime 
fAC'tor of 2^/2, and the exponent of each factor of i is less 



than or equal to the exponent of the corresponding factor of 



In tftie connection we can think of any number ^ppearlng^wlthout an 

- ' - • -1 ^ 

exponent as having an Implied exponen jyOlL 1, Thus 7 - 7' and 

3 - 3^, etc. - ^ ^ , ^ ' ^ • ' 

Consider another example , Doas 3b divide l80? The prime 



factorizations 
% 

l8o 



and 



36 



What is your answer? 

This idea can real-^ be thou^Jit a|f as^ an application of the 
multiplication property of 1* other words^ we see thal&^ 



(l)(l)(5) 
5 



3 
h 

6, 



-S^' Check Your Reading 

What l^the prime factorization of 3528? How can we write 
this more briefly"' 



In the numeral " 5 " , what is the number 3 
Is the number 2 called? Wha^ number does 5 

How do we read b Wiiat does it mean? 



called? 

2 



What 



represent? 



Wh a t 1 s a n e x p o n e n t 

What does *'x""" mean'^ How do we read it? 
x called'v What Is the number n called? 

.2 .2, 



What is the number 




Why does 



) divide 



b)? 



Oral Exercises l^=2o 
Give commpn names for ""the following^ powers 
(a) 52'^ 




numbers? 

(a) ll'S 
, (b) 135* 
>(c) 321 



(e) 




(1) 


2^ ' • 


(%) 






35 


(g) 
(h) 


5^ 


(k) 
(1) 


25 

5^ ^ 


3maliest prime 


factor of 


each of the 


following 




■f 

539 - 


(ii 
% 






■ 121 i 


(J) 


1111112 




723 


(k) 


372463 



(h)^ 125 (1) 23252231 

State the prime factorization of these numbers , using 
exponents . 



(a) 


SO 


(f) 


18 


(ti) 


16 


(g) 


li+4 


(c) 


49 


(h) 


68 


(d) 


100 


(1) 


50 


(e) 


75 


. (J) 


27 



For which of the following pairs of numbers is it true that 
the first number divides the second? For" which is it false? 



) 2^ • 3^ , 2^ . 35 3^5^- 11, 3^ ^ 5^-^-11- 



fa 

(b) 2 O", 5" ^5 (e)^- 2-3". 10625 

(c) - 3 -5 ' 7, 3- ' 5^ (r) 5 ^7", 592 



Problem Set ll--yc 



Each of the following is | ipower of a prime number. Tell 'what 
power of the prime it is, (Example: 9 ^ 3^.) 

(a) .3 (d) 125 (g)- 27 (J) 169 I 

(b) 16 (e) .81 .(h) 2U3 (k) 625 / 

(c) '^9 (f) 32 (i) 121 (1) 3^43 



Probi#m' Set ll-2e, 

,Plnd Wie^rlm© faatorizatlon^ of eaah of the following numbers. 
Use exponantji In writing your answer, 

(a) . 98 (d) 180^- , (g) 729 1098 

(b) 432 . (e) 1024.^^ (h) 825 (k) 486^ 

(0) 258 (f) 378' ' ' (1)^ 576 (1) 3375 

For which '^of the following pairs of numbers Is It true that 
the first ^number divides the secqnd? F6r whleh le It falsef . 

(a) 3= .5, 3^-5^ .7 (d) 2®, 5® ' . . 

(b) a' .5, . 7 (e) 5^ -7, 3156 

.(e) 2-5.5, 2^.3^-5^ (f ) 2 . 3^, 162 

IJie prime fa^toPlzatlon to deelde whether ^or not th4 first 
nuBiber divides the second. Consider the .variables aa primeB . 

(a) 36, 396 • (d) 27a^'b, 8lab^ ■ "> 

(ti): 30, ■ 875 (e) l8,0a'b, 1260a\- ' ■ 

fa) 16, 3,92 ' (f) 175^.^623720 V 

Plpd a common name for the number represented by each of the 
following expressions for the given value qf the variable. ' 

(a) X if * X is 2 

(b) 2^ 'if X is 4 ' ^ \ 

(c) a^^ If a is 7 ; 
3^ If a is 3 ^ ^ 

(e) ^^b^ ^if ^.a is 2 and b is 4 
^(f) (a5)(a-0 if a is 3 * 

(g) ig. if X is 5 : ^ 

(h) (2") (2^) if x^is 3 and y is" 2 

2 2 - 

(1) mn^ if m is 3 and n is 5 

(j) (mn)- if m is 3 arfd is 5 ' 

(k) "-.x^ if a' is 3 and b is 4 
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.Prebltm Set ll»2e 

> .- * 

(oontlnued) \ , 

(1) % If 3E ii 5 tad y Is 5t V ' 

(m) 5a^ If a la 2 

in) (3a)^^ If a Is 2 

(o) <5ip)^ If m li 3 
(p) if is 5 

<q) 5m' If m la 3 . ^ ^ 

(r) {m + b)- if a la 2 b Is 3 ^ 

(s) a^ + b^ If a Is S and b .is 3 

(t) a^ + aab + b^ if a Is , 2 and b la 3 

(u) (a + b)(a - b) IC a la 2 and b is 3 

(v) a^ - b^ If a Is 2 and b is 3 



J 

(w), (a - b)(ay- b) if ;a ia^ 2 and b Is 3 

(x) ^ - Sab + b^ If a is 2 and ^b la 3 

6, If th€ length of eaeh aide of a aquare Is 5 Inchas, what la 
its area In aquare Inohei? 

7- If the length of eaeh edje of a oube la 5 Inohta, what is 
its volume £n oublo Inohes? 

8^ If you did Probleme 6 and 7 corrtotlyi you should have 

2 "5 

atated the numbers represertted by 5 sna 5 for the two 
answers » Can you sejl why the words "squared" and "cubed" 
are uaed? 



At the beginning of this chapter, It waa pointed out that our 
oonoern would be only with the set of positive integers. Now that 
we have done some work In factprlngj we are In a position to see 
that some sueh restriction must be made In order to make any 
definite statements at all concerning factorization. 

For example, without our restriction, we would find It more 
dlffleult to define a prime number* If rational numbers, for 

= 



txampl@i were admltttd to the dlsclisslon, the prime numbef 7 
wuld eertalnly have fact ori other than l^aelf- and one, since 
7 1^, We would not have unlqiae factorization oj any kind/ 

You ea^ see then that the restriction to the positive integers 
Ig basic to this chapter. Latere we may find uses for factors 
outside' the set of positive Irrtegers . But, for the present , we 
-sh Ilia.' continue to confine our attention to this set. 
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Factors and Sums 



Are there tw' numbers whose product Is , ^ » 

. 72 and whose sum is 22? 

There are two reasons for conslderihg this type of qiiestion at 
this time, H^t Is a question that will arise In future work, and 
It Is a question which is directly related to the ideas on' 
factoring which we are now studying, 

One way to approach the solution Is to giiess , '20 and 2 
are two numbers whose sum Is gSi.^^ unfortunately . their product. 
/.Is not 72. The sum of 12 and 10 is 22^ but their produet \ 
-S^is not 72/ Although a correct guess Is alw^fs^'a "possibility * ' 
blind guessirig Is a wasteful approach to t^he problem. 

. A more ^systematic approach might begin with the prime factor- 
ization of 72. (Remember that the product of the numbers is to ' 
be 7^.) 



We must alsd= recall at this point that 1 is a l^actor of every, 
p'osltive integer. In our study of tactorSj we have usually 
omitted the number 1 from Gonslderation since the product of } 
and any other number is equal to that number. However , we are 
now concerned with a sum as well as a product. Hence the number ■ 
1 should L:e include^ in forming our lists of possible^ 'factors% ' 
Thus for 'convenience, we may write 

72 = 1 . 2^ • 5^ 

In determining the two numbers, we can place the factors In 
any way ■'■ choose to get' a product oi' "/';- , ,just as long as we 



21) 



«Fe sure that all^bf the prlrae factors ot^ ^^t arf'^hert. We 
oust try dl^ftrent plaaeraenti until we get an arrangeraent that 
also gives two^ . numbers with a sum of 22, * 

' One possible placement of the factors Is like thlsi \ 



I- ■ 2" ^ ,and y Do you ^ea that all of the prime 

factors of 72 appear? Thm numerali 
indlea^ted haaie the numbers 8 and ' 
9. Of coursfr th«lr product Is 72^ 
but their s^vw li riot 22 . ^Riey do 
^ not repre§fnt a solution to the 

. , J problem , 

Some ether poislbllltles (not all of them) are listed and 

discussed be>owi ^ 

/"%^^ 
1 f 2 



l-g;3' 



and 


2= . 3^ 


Thm numbars 


here named 


arg 


: ,2 


and 






36, llielr 


sum Is^not 


22, 






and 


a' . 3^ 


The ium of 


1 and 72 


Is 


not 


22. 


and 




TTie sum of 


6 and 12 


Is 


not 


22. 


arid 




T^e gum of 


iB ^ and 4 


la 


22 




18 


..and k 


are the numbers required 









As a second example, consider the following. The sum of - 
two numbars is 32. Thm prdduct Is 156/ Find the numbers. 
As before, we first .form the prime factorization of 156. ^en^ 
as before, write in the number 1, That Is, wa note that 



156 ^ 1 



3,' 13 



possible 


choices for 


the i 


3um are- 






/ 1 


and 2^ ' 3 




1 


+ 156 ^ 


- 157 


— — 1 

1 '2 ^ 


and . 2^3^ 




: 2 


+ 78 - 


80 




and 2^ * 




k 


+ 39 - 


43 < 




and 2 - 


13 









^Hfl^at can you say about the last choice? Are there others? 

"flphere was still sotne gueaswork In seeking the solutions 'a^ovi , 
However,' the ■guesses came after the prime factbrizations of 72 ' 
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aftd 156 w^re obtained, and In vdli^d the proper placement of 
faotpr^ Into two' groups . ^ * 



. - ^ problem Set ll-3a ^ ^ ^ 

List four of the different arrangements of the prlrne factors 
of 72 Into two groups. (Remember, one and the number 
Itself are factors of every number,) ^Plnd the arrangement. 
If any^ which results In a sum of ^ 27. ^ ^ ' * 

Write the prime factorisation of the product In eaeh of the 
following and use It to find two numbers whose sum and 
prodtfctyAre Indloated below. 





■^^The product 


is 




and the sum Is 


9. 


(b) 


©le product 


Is 


18 


and the sum is 


11 


' (c) 


The prodyst 


is 


32 


and the sum is 




<d) 


OTie product 


is 




and the sum is 
and the sum Is 




(e) 


Thm product 


is 


54 


15. 


'(f) 


^e product 


is 


14 


and the sum is 


15. 


(b) 


The product 


is 


200 


and the sum is 


30. 


(h) 


ti^e product 


Is 


225 


and the sum is 


30. 


(1) 


The product 


is 


56 


and the sum Is 


56. , 


(J) 


The product 


is 


216 


and the sum is 


30. 


*ik) 


The product. 


la 


972 


and the sum is 


247 




The produet' 


is 


-18c 


I and the sum la 


3 . 




(Hint: write 


-180 


as (-1)(180) 


and 




factot' 180. 


) 









Write the prime factorization of the first number in each .of 
the fallowing anrf use It to find two numbers whose product 
and vchose sum are as indicated below. 





Product 


is 


U8 


and 


sum 


is 


14 


•(b) 


Product 


is 




and 


sum 


is 


26 


(c) 


Product 


is 


43 


and 


sum 


is 


20 


(d) 


Product 


is 




and 


sum 


is 


19 


(e) 


Product 


is 


150 


and 


sum 


is 


36 


if) 


Product 


is 


150 


and 


sum 


is 


^ 25 


is) 


Product 

i 


is 


150 


and 


sum 


is 


_^ 31 


(h) 


^Product 


is 
* 


150 


and 


sum 

478 


is 


30 



3x 
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U) 

(J) 
(It). 



Produet Is 
PraduQt Is 



Problem Set ll-ja 
(continued) 

150 and' sum Is 151 
288 and sum la 3^ 
330 and sum Is 37 



4/ Half the perimeter of a rectangular field Is 34 feet and". 
th€u area Is 225 square feet. If the length and width are 
integers, find them . • ^ 

5- The perimeter of a rectangle is 58 feet and ^ its area is 
• 54 sqaare feet. Find the length and width, 

6 * ' Ihe sum of the base and^el^t of a^ parallero^ram Is 15 . 
inches and the area is 36 square Inches . ni^at are the 
base and height? ^ V 

7. The comblnfd length of trie base and altitude of a triangle 
is. 62 Inches while the area is 3pO square Inches* What* 
are these^ two dimensions? ^ ' ■ 



Find two integers, "^x and * suoh that: 

(a) ' xy - 48 and x +,-y -^'26 ' \ ' 

(b) xy ^ 60 and x + y - ig 
( c)' xy ^ 60 ^^d X + y 2^ 
(d) xy ^ 700 and x- + y ^ 53 ' 



11--^. ^ Laws of Ex/ponents . 

In a previous section t^ 

X - X - X 



Ing of X was given as 

( 



rpctors ' „ . 

The^e werf also some problems which may have caused you to think 
that indicated products such as - a"^^ and a - a might be 
written in simpler form, Let's^ study the first of these and see 
if it will help US with the second. We know that " * 

■ .3 _ . . . . 



a * 



bo f 



a -a .a , 



\ 



1479 



Since only tht operation of multiplication is invblved, t)ie 
parenthi 
written 



parfnthe8«f^*are riot neoesBary, ??nd the sentenee above may be 



2 3': . , • . 

a * a ^ a ' a • a ' a . * 

The phrase on the right side of this ^sentence is Bimply . 
So have 

^ a * a-^ ^ a"^ . . ^ 

lliiiB' ixample ^ together with several o^thers, has bfdn pdaoed in 
the table below. Try to determine a pattern for finding a simpler 
num^al , ) 



Indioated 


Meaning 

/ 


Simpler 
Numeraf 


Exponents In 
Indicated 
Product ■ 


Exponents In 
Simpler 
Numeral 








4- 


2 3 
a . a^ 


. a *ava - a •& 
2 fao*tors 3 factors-^ 










^£'2 ^2 -2 ^2 
4 faet'ors ^2 factQrs 




^, 2 


, 6 




b *b *b,'b -b ^b ^b 
3 factors 5 factors 




3, ■ 5 


8 


5 ' 0 


3 factors 4 factors 


. 5^ 


^— 

3, 4 


. 7 


m • m'^ 


'JO- ' m 'HV; 
1 factor= 3 factors 


. m 


1, 3 


it - , 

— " — * — 3 




a * a , p , * a, * • a * . . - a 

X factors y factors 




X, y 


c 



Notice that the exponent of the simpler numeral has not been 
given in the last example. After looking at the last, two columns 
for the other pxamp^es, do you see that the ^Impre'^ numeral 
should bf a^^^ ? ' ^ . 

mo ' 



Pop air real numbepa a, and 

£gg all poaltlve . IntegtrB ' x and -g^, 



TSie nunieral "a^"*"^" . Is eonsldered to be In simpler form than 



Check ' YQur Reading 

1. ^at daes "x"" mean? 

2. What is a, simpler numeral for *a'? ;far . b^? 
for 2 ^2^? ^ ^ 



i 



X 



What ^ is a simpler way of writing a - a^ ? 



Oral Exercises ll-4a 



(a- 



1. Give simpler namesy-for each of the following nypfbers-. 
. Jal fiS' - '(f>. a5 • ■ (k) x? ' , 

(b) ' 3^ , (g) ■ m** • ' ^(l). ^S" ' 4" * 

(c) a^.., a^ ^ . (h^ 6>«'63 . ' ■ (>m)^ (a^) (3^) ..^ . 
, (d) ^lO^.lO^ (1) x2(x) .(n) x^-x3* 

• . (J) ' (o).-'(a2a2b)(2aP), 

2.. Which of the follov/ing. sentences ar>e true?, VJhlch are false? 

(a) ■ + 3^ = ,5- ^ ; ' (el 2^ + = 43 ■ 

(b) (a3)'(33) = 5^ ; ^ * (h) 2^. 23,43 
(o)/ (2;^)(f ) ^ 6^ (1) ' 2^ • 2^ =-26 

(d) . ,2^+33 ='63 r ( J) 33 ^ g 

(e) ' 2" = 6 (k) a^.x ?? = 6x9 

(f) 2^ ^- 2^. - 2^' (1) 2^ + 2^ ^ 8 -i- 8^ 

3. V/hich of the folluv/ln,-^ aentencGs are true far all values of 
the variables? 

(a) (x2)3. .5 ^ (^2^^3)3 ^ ^6^9 

(0) ax2 ^ (a.x)(ax) (d) (m^n) ^(mSn)^' , (m'^n)'^' 

. ■ ■ uai 
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Problem Setvll-4a 



Write slmpltr nameE for each of the following niimbers. J 

(f) " ^ 

. (s) 

_ (1). xCx3> 

■'/(J) 



a3. 25 

(b) m3.m^ 
(e) (m3)fn,ll) 



(a) 
(b) 



3 9 

10^ X 10- 
9^ X 9 



=11 =30 
a • a 



2. 



'Write simpler naines for the following expressions, 

(a) 2x(23x2) ' («) 3^ , 

(b) (33a) (3V> ^ (f) 3^ 2^ 
(0) (ata)(8la3) " 



(d) 



(h) (3rt)(3A) • 



3, Write e'aeh of the following expressions as a produot of powers 
of primes and powers of the variables present. K 



aa.23 



= 3' 



33 _ g3 



(a) (I6a2)(32a^ 

(b) 49b^^?3ab) 
('c) Blxy.'Sx^y'^ 



(dj 17a(34b^) 



(s) (27x^(27x2) 



1 



(e) (I8m3n)(24nmp) (h) (3ab) (3ab) (3ab) 

(f) 36ab2(32a^bc) (l) (2ab)2 



The definition of exponent also leads to a simpler form for 
a fraction such as 

^ , where a ;6 0 . 



482 




i 



ERIC 



r 



5 



7 



J- 



a . a • a" 



^a.a.a' 



- ■ ,; ; 

Example ' 2. >-^;^-^-y -y^y , ,^0; y^"^ 



K ■ 4 



o 2 2 



) 



In the case of each variable and each number In examples 

1 ' and 2, the exponent In the numerator was greater than the 

exponent in the., denominator . Examples 3 and k illustrate 

what happens when the exponent in the denominator Is greater 

than the exponent in the numerator, 
. 3 

Example 3. a = 1 ^ a * a 



a 

i 



' a . a • a*< a ^ 



a 



^ 0 



" ^a«a»a' ' a -a 



i 1 
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: ^ ; .f^.:- ^ ii^^^^^ i *2 '5 '10*111 *m -n .n .n*n .n ^™ r * ^ 

_ / 3 '3 ''tn '111 ^ i - 

^3»3 «mVm«n'n^ ' 1^2 ^3 .m .m .n m *n ' 

1 

*^ *m^m *n *n 



/ 



- (1) 1 



1 

£ s 3 ^ 



, The n#xt ixainple illustrates* a eaaa in whieh, for some 

# 

faotori^ the '•greater exponent Is in tha numerator, andi for others^ 
thfe greater exponent is in thd^ denominator , 

V ^x^ple 5- - l-g-?*x.x.jc-y.y x ^ 0- 6 



-1 O -x^x-y *y^ 



3 



Examplea 1 and 3 illustrate the basic ideas used in all 
of the other examples . , 

/ a5 5 - - 

If a ^ 0/ ^ a =^ The greater exponent 

f a^^ ^ ' is ^n the numerator. 



3 



1 ' 

If a ^ Oi — ^ ^ The greater exponent 

a~ is in the denominator, 

"1 



11-4 ^ 

Turning fra^the speelfied expontnts 3 and 5 to tha 
varisblaa m BJt^\n^ we are able to say that the following 
slmpliflemtlons may be made^ 

For any real number a> 0, 

and for any posit Ive integers m and n, 

% 

a^ «m ^ Tk A ^ ^ ^ 

s a , If m > n, 

a 



m 

^ ^ 1 if 
^n 



- n. 



1 

a" a^ ^ 



If n > m. 



Chesk Your Reading ^ 
a5 " 

1. What is a simpler name for ? 

2, What is a simpler name for f--f-^-| ? 

a' • • 

5 . VAiat iB a simpler name for ? 

4. For what values of x and y is the following true? 

9x y- ^ 3y^ 

a"* * 

5* If^at is a simpler name for ™ , J a ^ 0, if 

a 

(a) m = n? 

(b) n > m? = ♦ . 

(c) m > n? ^ ' 



4a& , 



Oral Exercises ll-^^b 



1. 01 ve a slmplar forro for ftoh of the following expreaalonij 
^ as was done In the examples of this seetlon. (Hone of the 
^ variables In a denominator can have the ^value 'o,) 

(a) m5 , if) M 

^ . y 

2 2 ' " ' 2 2-^ 

4am 2 • 3 • 5 : ' 7 

11 3 2 2 ' 

f„\ ' a f^s a- a b . , s lOOm x 



(32) (5x") 



(d) (1) 3^ 

2x-^ 3y- 

a 2 5am 



Which of the following sentences are true? Which are false 

1 ' ^ ^ 



3 ^ 



(c) 



3 



3' 



,^3 



V/hlch of the following sentGnces are true for all values 
of the variables? 

(a) 5x2=ea5)(x2) (q) (Sm^) (23m3j ^, g4 ^5 ■ 



/(b) (sV)(2m3). 23m3 (d) 1^ = 

2m" 



4. v/hy must we not allow any of the variables appearing in a 
denominator to have the value 0? 
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Problem Set 11 ■^tb 



Simplify eaah of the fallowing txprtseiona * (None of the 
variables appearing In a denominator can have the v^ue 0,) 



1 . 



2x^ 



12 



13 



h ^ 



4 2 
50e .d^y^ 

■ 



5 X 



14, 



36x- y z 
72x- yz 



6. 6 
a b 



ab' 



15 



— — 
24ab : 



5. , a^b'c^ ■ abc' 



16, 



256a 
aSSa^b 



6. 



36aV 
8a^b 



17 



( -2)W 
ia^bS 



288x' 



48x"y 



8.2^m^n 
97mn- 



sssh^t^ 
8lax- 



19- 



^2 2 


128a 



laSa^m^ 



10. 



22a-^b5e^i 
loa bey 



21 



11 fliihVi 
l6h^bcy 



^87 ' i 



11-4 , 



23 



Problem Set 
(continued) 



*26 



90(ab) ^ 
108ab ^ 



24. 



35x^ 



34z 



^25 . 



*28 



29. V^lch of the followinf 
Give a 'reason for your 




256a^ 



25ab 
5(5a + 10b) 



atements are true? Which are false 
swar , 



(a) (|)- = ^ 

3 



(b) f 



(c) 3- is a factor of (3^ + 5^) 

(d) 3^ is a factor of (6" + 9^) 

(e) (2x + ky^) ia an even number 
if X and y are positive 
integers * 



The expreasion 

(ab)5 

is easily written in another form by using the definition of an 
exponent together with the commutative and associative properties 
of multiplication. 

(ab)-^ - (ab)(ab)(ab) 
- faaa)(bbb) 
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11-4 

In the suTie way^ it can be shown that (ab) - a b~ and 
(ab). 3 a b , In fact, for any real numbers a and b., and 
for any positive integer n,it is true that 

( ab ) ^ a b , 

Do you see that this conGl-usion is a result of previously. acGept 
properties and definitions? A somewhat more o ompiic ate d. example 
is %lven below. - ^ 

Example 1, (a-b^)^ - (a^)2(b^)^ 

. (£f^)(a2)(a2)(b3)(b3)(b3) 

6, Q , * * 

^ a 0^" , 

V Closely re 1 ate d t o t Yi e ab o v e d 1 s c u s s io n 1 s t h e p ro b 1 em of 
simplifying an expression such as 

= (t)(t)(l) 

3 
a_ 

Similarly, {^)^ - ^ > (-f) =^ -tt > and for any real numberE 



joaitive : 



a and and for any oositlve Intugur n, 

{ / a s n a 



I) 



Example 2, Simplify (^^)'' , where b ^ 0. 



\ 

Problem Set ll-4o \ 

Write simpler names for these numbers. (None af; the variables 
appearing In the denominator. can have the value\ 0.) 

.3x(S5x)" 

2- (d^)^ s2 



J. ,(ab-) 
^. (x2y)3 
5... (2am5)2 



2.4' 12ab" 



13 



11+ 



15 



6, 



(5ac) 

9 ■ ^ . 



10. 



K¥ . 19,- i£ 



11. ■ ao, 

3(am)'^ 



Find the value of each of the following expressions If a is 

b is -2, c is 3.* and d is =3. First write the expreBSlon 

in a simpler form if possible. 

21. -aa^b^c^ ^ 

22. {-2abc)^ a^b^c^^ 

aa-^bc" 



H90 
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Problem Set 11-4g 
(continued) 



as. 



►26 (a + b)^ 
a + 0 



^27 . 



•28. I 



+ b- + c' 



11-5. "Adding and Subtracting Fractions . 

It is easy to add or to aubtraot two fraotlons if their 
denominators are the same nymber. For example, 



3(|) 2(|) 



(3 + mi) 

(5)(|) 



Purthermorej when the multiplication property of one la used, ^ 
adding or" subt reacting fractions whosei denominators ai*e not the 
same^ number is also simple. For example, consider the sum 



But ^ ^ \f ) (|) 



This is the indicated sum of 
two fractions that do not have 
the same denominator. 

The multiplication property of 
one has been used here, with the 
numeral 2 for one . 



Ugi 



11-5 ' 
'■^ So 



' ^ 11 
■ ■ = w • 

In the second example above, the proL^lem was restated so 
that both fractions in the indlGated sum had the number 8 as a 
denominator. Many other integers could have been chosen for the 
, denominator--f or example, l6, 2^., or ^2--Dut 3 is the 
smallest integer that could have been chosen. The number 8 is 
the least common multiple of the numbers 4 and 3. The idea of 
least common multiple arisfes at this time because it is based on ' 
factoring.' For example, what is' the lea^t common multiple of 
2 and ^7 . ^ " ' . 

Positive multiples of (2, 4, 6, 3, 10," 12, lk\ _ J. 

^ Positive multiplee of. 3: {p. 6, 9. 13, 15. iS, 21, 
Least common multiple of 2 and J: 6. 

Example Find the least common multiple of l8 and 9, 

Positive multiples of id; (l-i/^36, 54, 72, 90^ ..^.j, 
^ '--^Positive multiples oV 0: [9, 18, 27, ^6, ^^5, 5^, 

■ Least common multiple of l3 and 9: 13. 

Example Find the least common multiple of 8 and 12, 

Positive multiples of 3: [3, 16, 24, ^2, 40, 48, 
^Positive multiples ^or IS: [12, 24, pf,^ HS, GO, J2) 

Least common multiple 01' ) and 12: 24. 



I 



From the -xamples above, It aan be seen that the least common 
multiple 01' two numbers ifi the smallest positive integer that is 
a multiple oV uoth or tne numuers . Because of t^e relationship 
uetween "multlplf3^ and '^factor", \hB least aommon mulDiple may 
also be dei'ined in this way; 

The least common multiple of tv;o integers is 
the smallesL poriitive Integer that has each 
of them as fact^ors. 

EKLC 



Check Yqui; Reading 



1. List the set of cornmon multlplea and jj^ 

2. V/hat is the least common multiple oi' 2 and : '? 

3. What is'the least co^on multliUe or ana 1.:^? 

4. Is It possiole tor the least common mL^^Jtlple or two -numbers 
to be one oi" the given numbers? Give an llluutratlori . 

5. Is -It possible f or^ the least, common multiple of two numbers 
to be the product of the two numbers? Give an Illustration^ 



Oraj^ Exercises JJ^pa ''V./ 

For -each set ox' numbers glv6 the first 5 positive multiples of 
each number of t^>e set. Then tell whether you have named the 
least common multiple of the numbers of the set . 

h. 6, 11 

,/ 7. 5, 10, 15 

o- y . ' pa 

I'k 10, x^'\ 2x^ 



Problem 3et l3^5a - ' 

Using uhe method Illustrated In this seatlon, I'ind the least 
common multiple of the numbers in each set 

12, IT^ 





^. 


5 


a . 


■2, . 


10 




9, 


12 


k . 


i. 


b, 


b. 


i. 


7, 



12, lo ' ''^ 2a, 6a 

10, lb, .^5 9. 5x, . 6x 

2, 10, ■ 10, -X, 3y 



i 



h9 



' It Is poasicjle to develop a more syatematio method for 
determining the least common multiple. To see why a more system- 
atic method might be deslraDle , consider the proulem "of i'inding 
the least common multiple of the numbers t^, -3, and 27. 

Positive multiples of r,^ 6, 12, l3, 2h , 30, i6, '^S.^^o^,... 
Posimve multiples of. 8: e\ Ih, 2'!, J2, UB, 56,64,72,-. _ 

Poslt^e mul-^ple^ of 27: .27> 5^^" 11, lOS, 1^5. 162, ... . .. 

50 far, the listing of multiples has not uncovered a common I 
multiple at all. in time, one v/ould^urely turn up (the prodi^C 
of the three numbers is certainly 4 ■common multiple), but you , can 
see that this might be a time-consuming process, A quicker method 
is detailed below. 

The prime i " a c t ^ o r 1 2 a t i o n 
6 ^ 2^2''d ^ 2-^ of each of^ the three numbers 

2j ^ ^ , A - /.^ 'has been written. 

Suppose we let n repi%Eent the. least commoh multiple of 
the three numbers. Since n is a multiple of 6, of 3, 
and of 27* then by the relationship uetween multiple and 
factor, 6, B, and 2.r are I'actors of n. Therefore, tHe 
prime factorisation of n can be determined from the prime 
fac tori zat ions above . 

Since 6 i^ a factor of n, 2 andf 3 hiust be factors of 
n,- The prime f actorl^iation of n may oe started (not 
completed) like this: ^ 

^=k_ Th e s e fact o r s m ak e 11 ^ a m u 1 1 p 1 e o I' b , 



^Ince _ :j ^ is a i'actor. o2 n, 2<2'2 must be a factor of n 
One fa^ltpr,- 2 has already neen introduce^, two mor^e are 
needed, giving j' 

These i'ac^tors make n a multiple of 8. 



4 



since 27 Id a I'actpr of n, ^^^-^ must be a factor of, 
^ n. One factor J has already been introduaed . Two more 
are needed i giving 

^ . - ' ' V < ^ These fantors make n a multiple of 27. 

2 ^2-2 ^3-1 then Is a common multiple of o, ^ and 27. 

It is the least common multiple because removing any one of 



. . the factora would mean that n would no longer ca a. multiple 
of ea^h of the three numbers . 

Rearranging the factors and introducing exponents., the least 
common multiple of 6, and 27 may now be written 

Notice that in the prime factorizations of ^6, 3^ and 27 
the only factors were 2 and 3. The greatest power of 2 
was 2^ (occurring in the ' factorization of 8), and the 
greatest power of.' 3 was (occurring In the factorization 

of 27), The'least common multiple is the product of these 
"greatest powers" . 

As another ex^aniple of this systematic method of determining 
the least common multiple, consider the problem of finding the 
least common multiple of the numbers 12, 15 > Ife? and 25. 

12 ^ 2 '2 '5 - 2"^ • 3 

15-^-5 

l6 ^ 2 - 2 '2 ^ 2^' 
c e 1 1 1 a t t- hie u n 1 y f n c t o r s t h a. t o C c u r r e 2 , 5 ? an d 



b J and 














the higriest 


power or' 


2 


is 




i 




the highest 


power of" 




la 




(first 


power) , 


the highest 


power Ox" 


b'. 


is 


•1 
5^ -. 






The least common 


mul tiple 


01' 


12, 


lO 


. 10, 


and 25 



t^ 



A common name I'or this least common multiple Is 1200. However, 



11-5 



In much of our future work, it will be convenient 
■ to leave It in the factored form above. 



r Ural ExeralBee 11- b'o 

State the^vieast common multiples of these sets of numbei-^s 



in factored 


f 0 rm . 


1 / 


2 X 


3, 2 X 5, • 3 X 5 


J 


a X 


2x3, 3 X "3 X 5, 5 X 5 X- 7 


3. 


2 X 


7, 2x3x3,2x2x7, 7 


4. 


3 X 


11, 3 X 3 X 5, 2 X 2 X 13, 




3, 


1 






^. 6 


7. 


3, 


h, 6, 9 


8. 


5, 


25, . 15 


■ 9. 




49, h 


10. 


10, 


25, 3x5x5, ^'9 


11 . 


2^.3/' 32.5, 23- 3 



Problem Set 11 -5b 
Write the prime factorisation of the least common multiple of the 



set 
1 . 


of 


numberB in each of' the 
10, 4 


following . 
6. 6; 


10, 


20, 


25 


2. 


la. 


B, 


16 


7. 


9, 


16, 




27 


3. 


9, 


I'i, 


21 


8. 


8, 


3V, 


22, 


51 


l\ . 


8, 


12, 


15 


. 9. 


65, 




52, 


26 


5. 


10, 


16, 


20 


10. 


3, 


2x, 


» 2 





With ''least common multiple'' defined, v/ti^can return to the 
problem of adding and sjubt reacting fractions. *We can now place 
the solution of such probiemo on a much rirmer mathematical 
foundation ■ 
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Example 1, What is a common name for 4^ ^ n- i ? 

^ The multiplication property of one can be applied 

to find a ne:^ name for- each of the three i'ractjons 
in the IndicatGd Gum. The queGtlon of vmat denominator ..4 
thef^o nev/ numarais Ghaii hav^^ in annv/ercd by fJnding 
the -leaGt common muitlpie o!" the donomlnatorn ^ 10 , 
^^5, and 6, Thly Iv. often caliou tiie least Gom.mon 
denominator of the fractiono. 

10 = 9.5 

o 

The least common multiple is 2-3'^'5. This means 



that WH want to find a name with denominator 
2'J--3':^ ior each of the f'ractions in the indicated' 
sum , 



Instead of the denominator 2^5? the denominator^ 
2'5;3'5 is called for. This means we must multiply 
by the factor 3 -3 > By the multiplication property ^ 
/ of one, then, the fraction is mutt^plled by (|-^) . ^ 



^ -'"^ ^ ■ - , Thin is the desired numeral 

ior f^. 

Slmliar.ly , nev/ numerals i'or ^ and ^ are f'ound 
oelow. 

4 J h 1 _ 1 




= i^) ■ (ft ) 



.197 




Now the original problem can be. restated and 

simpler numeral found . 

■1_ ^ ^ 1 = g? ' 8 ^ 15 

TO - + F - 2.3.5.6 " S'.3~'-5 + 2.3.5.5 



2 .17 
2. 3.3-5 



1 ^ 11 

Example 2-, Find a common name for " + 



In this example, the least common denominator was 
go, Notict, hoi^ever, that it was left in factored 
form until the last step. 

.20 

The denominator 5 1% a prime number > The prime^^ 
factorizations of the other two denominators are^ 

2=20, 2.2^5 

Least common denominator: 2 -2 -3 ^5 

% 



20 ^_|5 ^ 31 



/ 
/ 



12 

1^ 

5 



Check Your Reading - 
1 , Wha^t is the relationship between ''least common multiple" and 

i 

"least common denominator" ? 
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Check Your Reading 
(continued) 

If we have fraction ^4^ * what jiumeral for "1" do we 

use in order to write this as a fraction with the denominator 

If we have the fraction , vfhat numeral for do we 

use to write It In the form -^^^-^j^^ ? \ 

What name for the fraction ^ has 2"^ ^3^5 as denominator? 



Oral Exercises II -5c 

What is the least common multiple of the numbers in each of 
the following sets of numbers? 

(a) 6, IP, IB (d) 2, 44, 8 

(b) 25, 5. 10- (e) PO, 30, ,M0 
(a) P6, .1^.4 

V/hnt in uf.-} Leant; r.:o::ii:irHi danom\ nii'.,o r ^ji i unai. oV the follow:1ng 
::o tn dC f i'ac t : Dn::7 
. . 1 ? 4 ^ i 



V 



(-) T0 * fi^ -Tl ^ i 

(g) tit ^_ ^ 

3^0 77^ "T^ ^ 

^^1 .111 
20^ 30' ~ 

Tell v/not rorTn j :^ i' v;o .Mil r.av; to niMlt;.ply by to 
.\jr')n-A''r i'r'nalinn/. iniv::!:;; Urn ln'i"na!X:ci denoin ■natprn , Then 
toll ".■;hat tf.n nuinonntonn wJil Ir^/ . 

(a) ^nnii—) — :^ ^ 




r , 
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Oral ExerolseB II-50 
(osontlnued) 



(d) fee—) - S X 5 X 3 X b X / 



(e) (— ) = gx3xdxbxb 

(f) ) = -g X a X 5 X b ■ 

Problem Set 1 1 - 5c 
Find a common name for each of the follovjlng: 



2, 
3. 



You may have not-iced that much of the v/ork in finding least 
common denominators can be done v/lthout nauGr ana penall. For 
example, conDldei' the problem of flnd.Ing a common name for 



■5 T5 i 



The factor 3 oceurn ty/o t.lm-^L^ In 9^ the i^aator '5 

two timen -in 25. There ar^e no pr.lme faoLorr other than 

"^'3^and 5- '"^o the lov/e:;;t common denomina to = ^ 'i 3 -3* 5- 5, 
f. 

The first fraction "needs" the factors, 3, 3, and 5 for 
the least common denominator. 

The' second^ frafctlorT "needs" the factors 3 ^ and 5^ 

The third fraction "needs" the factors 3 and 3* 

The fourtb- fraction "needs" the factors 5 and 5- 



K 

The following iB an that needa to be v/ritten: 

_ ''5 + 1 05 + 18 + 126 

3-3. 5-5 ' " 



33 

Example, For any real nui.iber x. 



To 12 6 2-2 * 2^3^5 



26k + lOx 4-4 5 







Problem Set ll-Sd 

Express each of the following sums as a single fraction in 
simplest foi^m= ^ " 



(a) 


x 

10 + 




(s) 




(b) 


3x 




- (h) 


3 k ^ 2k k 
To + 3H = 


(c) 


3m 

T5 


if ^ 


^ (1) 


X 5x 7x 
1 "T" TO 


(d) 


m 3 
To + ¥ 


*(.J) 


X ■ a , , 

^ ' 1^ + 



petermlne v/hlch of tho following oentenees are ttue and 



which are false 

8 , 13 t 
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Problem Set ll-5d 



. (aantlnued) 

In each of the following, determine which number la the greater 
(a) ^or|.-| ' (0 ^l-i 

(.) ^ori / U) ^'^9- -^^99^ 

(d) W . -500 or .09000 

(e> -1, - -fe <4) -^S-i . 

YOU have learned in Chapter 9 tharfor any pair of numbera 
a and b, exactly one of the following must hold: a > b, 
a - b, or a < b. Put in the oymtaol for the correct . relation 
for the pairs of numberra below: 

(a) Ij.' ^ W W 

(b) |, |. (xl-n) ^ 

A man Is hired to sell nultn at the AB ClothinE Store. He 
is given the choice of being paid $200 plu:; °^ 
Bales or I straight | of hlB sales. If he thlnko he can 
sell $600 worth of suits per month, which Is the better 
Choice? suppose he could 3611 $700 worth of suits , -which 
is the better choice? What if he could sell $1000 worth? 
What should his sales be so that the offers are equal? , 
John and his brother Bob each received an allowance of $1.00 
per week. One week their father said, "l wiU pay each of 
you $L.00 as usual or- I will pay you in cents any number 
less than 100 plus its larsest prime factor- which is also ^ 
a proper factor. If you are not too lazy, you have much to 
gain." What number should they choose? 



« 

5u 502 



Suiwiary 

A ittultlple of a number li the produet of that ftumber and 
an elMant from the set of Integers . 

A positive integer x is a fagtor of a positive Integer 
y If y is a multiple of x, 

A positive integer y is divisible by a positive Integer 
X if X is a faetor of y. 

In the set of positive integers, any number. has itself 

and the number one as faotors. All other faotors are Galled 

proper faotors ^ 

A posltlvf integer that has no proper factors is called a 
prime number , 

Ivery integer greater than one and not prime ean be written 
as an indicated product in whlah every factor is a prime 
number, TOis indleated produot is called the prime 
factorization ^ the number 

In the set of positive integers, the prime factorization 
of a number is ^ unique. 

In a phrase of the form "x^", the number n is called an 
exponent > and the number x Is called the base . An exponent 
Indicatei how many times the base Is to be used as a factor, 
x^ Itself Is called the n^" power of x . 

If a ;^ 0 and if m and n art positive integers, then 
the following statements are true: ^ 
_m + n 



a 

f 

a 



a 

h 



a^ 



n - m 

a 



if m > n 



If 



if n > m 
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10. The Itast oommon multlRla of a set of positive IritegerB 

iB the smallest positive Integer that has each of the numbers 
as a faetor. l^e least eomiaon denomlnater of a set oC 
fraotlons Is simply the least common multiple of the denom- 
inators of ^ the fradtlQns, 



Review Problem Set 

"""""" ^ 

Name one .proper factor of each of these numbers without doing 
any dividing. 

(a) ^52 (d) 920040 

(b) 1884 . (a) 62511 ' % 
(a) 928^+51 ' (f) 19725 \ ' 

Find the prime factorization of each of the following numbers. 
Use exponents where appropriate . 

(d) 792 

(e) 638^+ 



Hlnti These can be done 
mentally If you 
think about dlvlsl 
blllty principles 
we have discussed 
and look for short 

cuts . 



(a) 


180 


(b) 


378 


(e) 


3075 


(a) 


Is 36 


(b) 


IS 25 


(c) 


IB 15 


(d) 


IS 27 


Write 


each of 


(a) 





a factor of 43125? 



(c) 
(d) 



X -x -x -x •m 'iTi -m 

n -n -n .n 
n -n 

yyy 
y -y-y -y 

2 



(e) (3a''b 
(f) 



ea^x^ 



■,(g) 

(h) 
(1) 
(J) 

(k) 



( I4m^n-)(l8m5n ) 
(49m^n)(36n5) 

( x - y)(x + yp 
(x - y) (x ,+ y) 

15a^x(a + b) 5 

^2 fa, , .2 
5a (a + b) 



Sax 
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Rtvlow Froblem Set 



^l^pr^sfi saoh af tft€ fallowing Sums In a almpler^ form* 

/-\ axj . bx . ax ^ 
+ H IT 

Which of the following aenttneee are true? Whfeh are false? 

(a) 15 is a faetbr of 123345. 
^ (b) ,The prime factorization of 36 is 4 k 9. 

(d) The least common multiple of £'*3^, 2^^ 5®, and 



2^^^ 5 is 52 
(e) To change 'W" to a fraction whose denominator Is 
2^^ 5 multiply by ^ ' ^ 

Which of the follQwing open sentenQes are true for ari value 
of the ^variables? 

■5 4 

(a) .^^'a b m (a + a + a + a + a) (b + b + b + b) ^ ^ ^ 0, h ^ { 

(e) m a? , a ^ 0 
a 

(d) 3x^ ^ 3v3v3*x^x.x, x / 0 ^ 

Translate these phrases or sentences Into algebra. Indicate 
what the variables represent , 

(a) The sum of two numbers multiplied by the difference of' 
the same two numbers. 

(b) The ^^tlent of two numbers increased by twice the 
product of the two numbers. 



^ , V Review ^Problem Set . 

J. (Gontlnued) ♦ ' 1 

(e) A^number In^reaBed by 7 Is three times ae large as* . 
twice the number, J 
• (d) The dlitahee travel td^ in 2 ^ura at a certain speed 
ii eqyal to the distance traveled in 5 ' hours at a 
speed 5 miles per hour less^than the f ll'St , 

(e) The total length of a piece of wood and anotitft* piece 
5" more than twice as long Is 76 inches. 

* (f) 10^ of a oartaln number of pounds pf solution ^is the 
amount o€ salt in the solution. ^ - 

(g) A dining table kas placed on sale It a discount of 

of the regular price, and the reduced price was $95* 

(h) A mixture is made from two kinds of candy, one selling 
for $2 per pound, the other for' $1 per pound. The 
mixture contains a certain number of pounds of the #2 
per pound candy. The ahiount of $1 candy is five 
pounds more than the amount of $2 cAndy. IThe total- 
cost of the mixture le $25. , 

(1) A man walks in one direction at 2 miles per hour /and 
another, starting from the same place at the same time, 
walka in the opposite direction at 3 miles per hour. ^ 
After a certain length of time has elapsed they are 
^ 4 miles apart . 

9. The sum of three □onsecutive even Integers Is 5920, Plnd the 
numbers , 

10. The^ perlmA^ter of a rectangle Is feet. The width is 7f |i 
felt. FlnS the length. . 

11. One side of a tr'mp;la is twice as long as another side and 
the third side }^ times as long as the longer of the 
first two. The ..-rimeter is ^3? inches. How long Is each 
side? 
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Review Problem set ' ' ' - ' 
0 j (continued) ^ 

12. Find the truth aets of the fbl lowing open sentenses', 

(a) 3x + a - 5x + 7 - 3(x + 4) .- 8 ' 

i(b) 2x - 5 > X + 7 

(c) 3y + 4 - (y - 2) - -4(-2y + 3) 

(d) f t-^y = I + ^ ' . ^--V 

(ej X + 4 < 2x + 7 « . ' 

it) |X| = 4' • , 

(g) * + 1| ^ -3 . ' ' - ' 

(h) |x - 2| - 2 ' 

(1) (x -+ 5)(x - 2) - 0 . ♦ 

(J) 3X + 5 > 3x + 2 

1J5^^ Find two integers * ^ 

(a) ,whose produet ii g6 and whose sum is 35 

(b) whose product is 96 and whose sum Is 28 
(a) whose product Is 600 and whoae sum is 70 . 

(d) whose product Is 6OO and whose sum Is 83 

(e) whose product is 600 and whose sum is 601 

(f ) whose product ii 6OO and whose sum is 48 

Ik, Find the dimensions of a rectangle whose area is 8OO square 
feat and whose perimeter is 120 feet . 

15. Find the base and the altitude of * a triangle if their sum is 
21 units and the area of the triangle is 52 square units. 



RADICALS 



13*1* Square Roots ; ' 

In our^^dy of the Addition of one real number /tp another 
we found Mat we can alwayt reverb, or "undo" the proeeas. 
This can Mnm by adding tht opposite. For example, adding 
5 *can be reversed by adding (-5). ^ 

In multlplloatlon the same thing is true, with one" 
ejcqeptlon. Multiplication by any real number, except lero, can 
•iwayt. be reversed. This can be done by multiplying by the 
reciprocal. For exartple, multiplication by 5 can b# reversed ' 
If we multiply by ^ , - % 

Let us now consider the operation of squaring a number. 
You recall that this Is. the multiplication of a number by Itself, 
^hit about the reverse of this' operation? Suppose we begin with 
a real number which we assume is the square of some other real ^ 
number. How do we deteralne what that other number Is? 

To put this problem In terns of a n»thematlcal sentence we ^ 
might say, for example, given the sentence - ^ 

find a value of x which will make this a true sentence. It 
should be clear that one element in the truth set Is 7. Can 
y^u find another one? We see. that It la ^7. We can check this 
noting that (7)^ - 49, and (^7)- - 49. 
As another example, consider the sentence 

y^ ^100. 

It should be clear that 10 and ^10 are elements of the 
truth set of this sentence. Are these the only elements? To 
answer this question ^e note that if x is another positive 
number besides 10, then either x < 10, or x > 10. But by a 
property ^of order we can say that 

if X <10, then x^ r 100, and if x > 10, then > 100. 
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Thus we see ^hat 10 le the only positive elempnt; ^ 

-In connactlon with the n«ative number -10; \ It can be 
shown that If x Is a negative number such that 



2 

X < -10 * then X > 100, * 
and if X Is a negative nufajoer such that 

. ^ > =10, then X- < 100. ^ ' V 

We GonGlude from*^*k# that ao a^ -10 ^ are ^ the only elements 
In.-the truth set< arid that there ire at most two' elements in the 
truth set of any sentence of this type. It^ would appear, then, 
thitt the reverse, or as we sometimes sayj the inverse of .the 
operation of squaring Involves finding the truth set of a • 
specdal rirm of sentence. % 

In the above two examples, we say that 7 and -7 are 
square roots of ^9, and that 10 and -10 are square roots 

of 100, ' / 

Thus the process of reversing the operation of squaring Is 
that of finding the. square roots. ^The question is, "How do we 
do this?" 

In our examples we were able to find the square roots 
because we know from experience that .49 can be written as 
7x7 and that 100 can be written as 10 x 10 . In other 
words' we know that 49 and 100 are squares of integers, and 
we know what these integers are. In the beginning, then, we can 
say that In^certain cases we find square roots by a process of 
recognition. 

Squares of integers ar-e fairly easy to recognlge If they 
are small enough. W^e can also find square roots of fractions 
if both the numerator and denominator are squares of integers. 
For example we can see that a ^square root* of 

ifi 4 . 4 4 _ l6 

5^5 ^ because we know that ^ - — = ^ , 

4 _ l6 

Do you see that Is also a square ruot of ^? 
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12-1 , V . . • 

flbtfeverj in the ease' of larger numbers , wa may not be able 
to.redegnlie the faet.that they ar^ squares of Intagers even 
. thougn thfty are, Iri sueh .cases we will find that faetorjng is ^ 
very useful. For examplej suppose we are asked to find the - 
square roots of '784, This li the same as the problem of 
finding the^ truth set of 

By the methods we used In the prevloiis '^Ifepter we can obtain the 
prime factorization of 784^ which 1^ ^ 

-2x2x2x2x7x7. 

;We can group the factors ,as follows: ^ 

(2 X 2 X 7){2 X 2 X 7) V ' ^ 

The Indicated produces In parentheses each represent the same 
number, 28. ThlSj then. Is a square root of 784, Do you see 
that the other square root is ^-28? 

Check Your Reading 

1. What are the square roots of 49? 

2 

2. Name the elements in the truth set of - 49." 

4 l6 

3. Why is ^ a square root of ^ ? 

4. How mapy square roots does have? 

5. The prime factorization of 784 is 2x2x2x2x7x7. 





How 


can 


the factors 


be 


grouped" 


so as 


to have 




factors 


of 784? 










6. 


What 


are 


the square 


rootA of 784 




























Oral 


Exe 


rcises 12 


-1 




1 . 


Find 


the 


squares of: 












(a) 


3 


(d) 


1 

2 




(s) 


^2 




(b) 


4 


(e) 


2 

3 




(h) 


-7 




(c) 


5 


(f) 


1 
3 




(1) 


-12 
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12*1 



find the square roots of 

4 



Oral ExarclaeB 12-1 
(continued) ' . 



(a) 16 (d) I (g) 64 

. (b) >9 ' (e) ^ (h) 144 ■ 

(c) 100 (f) ^ (1) 121 ) 



Problem Set IS-l 
Find the B^uares of: 

(a) 9 (c) I . (e) -25 

(b) -13 (d) 14 (f) I 

Flhd the square roots of: 

(b) 36 * (d) 169 ' IBI 

Plnd the truth sets of the f ollowin^'sentences . 
.(a) , 625 (c) t^ = ^ (e) _ 121 , 0 

(b) = 324 (d) i - y2 (f) y2 _ |6 . q 

Write the prime factorization of each of the following 
numbers and the prime factorization of Its square. 

(a) 30 (c) 7 (e) 22 

(b) 12 (d) l8 (f) ig 

Write the prime factorization of each of the following 

numbers and the prime factorization of its positive ^quare 
root, 

(a) -441 ' (c) 17,64^ (e) 784 

(b) 484 (d) 676 (f) 15,876 
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18- 2 

A - 

* Profeltm Stt lS-1 \ 
(continued) 

If the square of a positive number Is decreased by 
the resutt Is l66. Find the number. 

v> ,^ • 

19- 2. Radicals . ^ 

Thus far we have been finding square roots of numbers 
which are squares of Integer^ , or fractions whose nume^rators 
and denominators are squares of Intefters. In all eases we 
have seen that there are two square r^otsj one positive, and one 
negative.^ In every instance the negative square root has been 
the opposite of the positive square root. 

To make things convenient we will use the symbol 
called a radical sign. It Is used to Indicate the positive 
square root of a given real numberj If ^there Is such a root, 
tor example,' 

^ 7 means 

"The positive square root of Is equal to seven". * 

We sometimes call ^Ag "radical 49". 

In general we say that 

_ 2 

^ b. If b is positive , and If b" ^ a, 

where a^ and b are real numbers. 

Suppose now that a_ is a negative real numberj say, for 

example -9. Would the symbol have any meaning? What If 

we were to say that 

- b? 

This wou0.d mean that b is a posttlve real number and that 
b - -9. But whether b is positive or negative, we know that 
there is no real number whose square is negative. Why? 
Therefore we can say that has no meaning if a Is a negative 

real number. 

We shall say that 

^ = 0 . 
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12*2 • . , . 

' ' Check . Yeur Reading 

1. Give bw© different ways in which the syiRbol " ./Ig" might 
be read. ^ - 

2. " Is a numeral for what number? 

3. If vfi ^ what two statements oan be made about the number 

-/ 

4. Why Is it that the symbol " does not represent a real 
number? 

5. State a elmpler name for '/o. 

Oral Exercises 12=2 

1. Which of the following symbols name a real number and which 
do not? 



(a) ^ (d) 

(b) (e) ^ 0 



2. In aach of the following if the symbol names a real number ^ 
state another name for the number. 

(a) (d) 

/ (b) (e) ^/255 

(c) (f) _vC49 



Problem Set IS-g 

1. In each of the following If the symbol names a real number, 
write another name for the number. 



(a) v€4 (d) v^TFl 

(c) V(5)(5) (f) yo 



Problem Set 12-2 
" ( continued) 

Find the truth sets of the following: 

(a) x^.- 16 (d) (17)(17) - 

(b) ^ (e) t^ ^ ^ 
2 



(e) m" - 14 (f). t ^ 

Use prime factorization to write another name for each 
the following: 

Examples V^Pl ^ v^3 ^ 3 ^ 7 ' 7 

- ^3 ^ 7)(3 ^ 7) 

-3^7 ' 

21 

.(a) (d) ^102k 

(b) (e) 

(c) (f) v^l936 

(a) ^ The conunon factors of 3 and 6 are 1 and 3 

What are the common factors of 3 and 6x6? ' 

(b) ' The common factors of 2 and 6 are 1 and 2 

What are the common factors of 2 and 5x6? 

(c) What are the common factors of 5 and 10? 
What are the common factors of 5 and 10 x 10? 

(d) What are common factors of 3 and .8? 

What are the common factors of 3 and 8x8? 

(e) If the only common factor of b and a^^is 1^ 
what are the common factors of b and ^ x a? 
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,12*3. Irrational Numbers , ' 

In finding square root§ by the pl^Hne factorization method 
wt separated the proper faGtors Into two parts. ^ We then noted 
that each part contained the same factors as the other one, 
^In finding a square root of 900, for example, we note that the 
_ prime faetorlzatlon Is ^ 

2^2x3x3x5 xf5.- 

We can group the* proper .factors as follows: 

^ (2 x 3 K 5)C2 X 3 X s) ' ' 

It becomes clear that the positive aquapi root Is 30. 

However, suppose We are asked to f£nd a square root of "84, 
The prime factorization is s ' 

2 X 2 -X 3 X 7, 

But this time we .cannot separate the factors Into two groups 
which are the same. What then? It might occur to us that we 
CQUld find another prime factorization which would be more 
h^pful. However, In Chapter 11 we learned that for any^ given 
positive Integer there Is only one prime factorization. 

From this we see that there Is no positive Integer which 
is the. square root of 84, The same thing is true of 12 whose 
prime faetorizatldn is 

2x3x2, 
and ' wh^s^ prime ract^Q^atlon Is 

2x5. 

We must now ask a very important question. Since there la 

no pbsltlve Integer which is a square root of, say, 10, is 

there a rational number, not an integer, whose square is 10? 

In other words, can we find a rational number ^ whose square 

is 10? This is a hard questLon to answer. We know that 

2 - 2 - 

3 ^ 9j and k ^ l6, so 3 is too small, and 4 is too large, - 

Therefore our rational number j whatever it is, must be somewhere 

hetween 3 and 4. Remember that a rational number Is dnfe 

which We mu%b be able to write as a fraction whose numerator 
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"and denominator are both Integers'. A rational number between 
=3', and 4 which might work would be 3^, which we can write as 



However, we see that 



13 



13 13 lb 



which is a little larger than 10, Do you agree? 

We couldtftry some others. But remember that in Chapter 1 
we learned by means of the number line that between any two 
rational numbers there are Infinitely many others. In other 
words we could keep on trying for a long time and our search 
might never end! 

But here Is where mathematics comes to the rescue. We are 
about to show that there is n£ rational number which is a square 
* root of 10. Therefore, we don*t need to hunt any further. 

In showing this, we shall also prove a theorem .i/hich says 
a great deal more. This theorem may be stated as follows: 

, If any Integer has a square root which is 
rational, then the square root 1^ also an 
Integer . 

For example, the number 10 Is an Integer. The theorem says 

that if 10 has a square root that Is rational, then the 

square root must also be an integer, snnh as 3 or 4, But 

we already know that neither of these works j we also know that 

any other Integer will be either too small or too large. Thus, 

once the theorem is proved, we will be able to say that 10--- 

as well as many other numbers -has no rational square roots ^ 

First, however, we must prove the theorem; the proof follows. 

We begin by pickings any integer and calling this Integer 

n, We then suppose that n has a square root which is a 

rational number and which we call We also say that ig 

a 

written in simplest form. That is, ^ is the common name for 
our rational number. We learned in Chapter 10 what this 
means. It means ^that a and b have no common factor except 1 
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■Slhce T- Is a square root of n, then 

■ 2 

^ ' ^ - n; that is, ^ n. 

We know that b is not zero. Why? (Remember the description 

of a rational number In Chapter 1.) Therefore we can multiply 

o 

both sides of our sentence by and obtain 

axa-bxbxn. 

This means that b Is a factor of the integer a x a. In other 
words all the prime factors of b are contained among the prime 
factors of (a X a). But (a x a) has no prime factors which 
are different from those of a. Each prime factor of a merely 
appears twice as often^n the prime factorization of (a x a). 

Therefore, in loolAnE' at b we see that either b has a 
prime factor In common with a, or else b, is 1. 

But we started by sayih;^ that a and b have no common 
proper factor. Hence b must be 1. 

Thus we^ have shown that our rational number |- must be an 
integer. 

We can now use this very important idea to find out whether 
or not any integer has a square root which is a rational number. 
We can already see that ID has no rational square root. 
Suppose we try now the number 30. Does 30 have a rational 
square root? We are' askin^^, Ln other words, whether or not 

represents a rational number. We can easily check: this. By 
the argument above, we see that If there Is a rational ' square 
root of 30, then it miist be an integer. We try 5, and we 
t ry a . «Bu t 

? - - - P _ 

5 - 'do and Q = 3d. 

Five Is 'too small and ylx La too large. There is no integer 
between 5 aud o. Therefore does not have a square root 

which Is a rational number. 
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We can also check whether an integer has an integral aqua 
root by prima factoriEation: if the prime factors do not come 
in pairs, then there Ls no integral square root, therefore no 
rational square root. 




Check Your Reading 



1, The prime factorization of 900 Is ?x2k3x3k5x5. 
Can these factors be separated into two '-groups" which are 
the same? 

2, What is the positive square root of 900? 

3, The prlmG factorization of 84 is 2x2 x 3x7. Can 
these factors be separated into two "groups" which are the 
sam-' ■ 

4, What .J 3-"^ What is 4"^? f^\e square root of 10 lies 
between what two integers? 

5, Is the positive square root of 10 a rational number 
between 3 and 4? . 

5. Complete the statement of the following theorem, which was 
developed In this section of the text: 

If an Anteger has a square root which is a 
rational number^j than . . . ' 

7, Does 30 have a rational square root^ Why or why not? 

. , . . Oral Exarc isas 12-3a 

For each of the following integers, state Its positive rational 
square root If there \{s. one? , If not, show why not. 

Example: 5. 

5;olution: If the Integer ' 5 has a fational square root, 
It must ue an integer. But S is too small 
since 2'"" ^ 4 and 3 is too Targe since 
3^'— 9. There are nQ| integers between £ and 
3; hence, 5 has no rational squara root. 



* 51^^ 
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Oral ExercLses lif-3a 



1. 


3 \:d 


(continutvl ) 
o . 


16 




4 


1. 


13 


3 , 


5 


8. 






6 


9. 






9 


IC . 


18 



Problem Set 12^3a 

Far Umch of the following integers, state Its' positive 
rational square root if there is one. If not, show why not. 

(a) i: (d) 23 

(b;) 3-^ (e) 3b 

(c;) ^^9 , (f) 025 



Pur ^ch of the followlnc integers, state its positive 
rational square root if there is one. If not, show why not, 

axamplo 1 . 



'joIu t ion : 



Example 2 . 
Sola t ion : 



is the required 



3' 

Since ^ 5)^ - 3"^ ■ 3 

square root. 

• 3 . 

2 

If the Lntei^er 2" ^ 3 has a rational square 
root, iG m!jst be an integer. But the prime 
factors cic not occur in pairs. Therefore there 
is no Inceger whose square is 2^* 3. 



(a) 2 K 
(b 

{-) 3 



2 X ? 

I 

3 X 3 X ^; 

. -f - 



X 2 



id) 

(V) 



ir 



13' 



520 ' 
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^. Problem Set 12-3a 

(continued) 

3, For each of the following Integers, state Its positive 
rational square root If there is one. 



(a) 144 (ci) 2448 (Hint: prima ^ctor^ 

, _ ^_ , i^'^tea tlon ) 

(b) 5- - ?- ■ 53^ (e) ^92 

(c) 117 (f) 

For each of ths follpwLnp: integers, state its positive 

rational square root If there is one, 

(a) 102b ^ (d) 3?^ ^ 

(b) 2b2 ^ (e) bib 

(c) lb in 900 



vie have shQwn that a symbol l anh as v5o does not 
represent a rational number. The same can be i^cilu ■ /H. 

It is Important now to review some impor .ant ideas about 
rea: numbers. In Chapter u it was stated that the real 
numbers are those numbers that: can be associated with points of 
the real number ILne. It was also stated that they Include 
rational numbers and Lrrat lona,l numbers, 

It is possible to show that J2 is the coordinate j^.^^^ 
point on the number line. The same Is true \ 
and others, Therefore these are real numbers. But we have * \__. 
just learned that they are noi rational numbers. Therefore we 
can see that there are real numbers which are not rational 
numbers. We call such numbers 

I rra tjonal numbe r s . 

Thus we see that the set of r^eal numbers^ cons Ists of two 
subsets, the rational numbers ani the IrratLonal numbers. Every 
real number Is an element of eKactly one of these two sets, 

Since an irrational numbe r 'canno t be v^rltten as the - 
quotient of two Inteoers, we need to use the radical sign a 
hTr^eat deal. We hav^- :il ready shown ;:hat a numeral such as " ^/25" 



b2\ 



12-3 



can be writton in Uho simpler form "5"' However, in the case 
of a square root of 2, the simplest fonTi we .:an write this in 
is 



^bu recall that thia represents the positive square root of 2, 
For the negative' square root" of 2 we wri^e ^ 



Check Your Reading 

CoVipl e te th Is s ta temen t : Rea 1 numbers a re those numbers 
that can be associated wlyh point's of the . . . 

Complet-i this statement: Some real nurnbars are ratlona'l 
numbers; all the others are . . . 

V/ h 1 c h o f t he f o 1 1 o w i ng are L r ra 1 1 o n a 1 numbers: * v^25 ^ 

5 ? 

Vlrlte numer^als for trie tvvo square roots of 2. 



Oral Kxerclses lP^3b 



Wh i c h u f t he f u 1 1 u w I rit^ a re r a t i ona 1 a nd which a re i r r a t i o na 1 ? 

(a) ^ (d) (g) 

(o) (e) ^ (h) ^ 

(o).v^ (f) (1) ^ 

t 

Find the t ru t h s e t s o V e a c h u f the following: 



(a) 
(b) 
[c) 



10 



Problem ..;et i;:^^3b 



V/hlch uf the followlnn are rrit:L( r:al and which are^ Irrational' 

(a) ^ ^ (,]) . ^ 

(b) -foi.^ ^ (^-^j 
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Problem Sef IS-Sb 
( continued ) 



Find the truth sets of: 
.2 



(a) 
(b) 
(c) 



Find 

(a) 
(b) 



y2 - 7 

8l ^ 

the truth sets of: 

5x^' - 15 
o 

"5 = 3^" 



(c) 1^ + 2z^ = ll 



Find 
(a) 
(fc) 
(c) 
(d) 
(e) 
(f) 



the t u t h sets of; 



8k' 



lb 



l6x^ - 64 



t 



5m" ^15 

X ^ -/Z or X 
p 

X" + 2 ^ 0 or 



(d) - =3 

(e) t - ^/36 

(f) X - JTl 

(d) 7m- - 4 17 

(f ) 3t^ ^ ( ^ ) 



X ^ 11 and X < 0 
2 



I 

sf2 (Compound sentence) 
^^3^0 (Compound sentence) 



5., If m and k are primes and 

o p 
1 - ? ^ m ^ 5"^ ^ 1 • k ' 3 ' 5 " J 

What are the values of m and k? 



12^4 



12-^. Slmplirioatlon oT RadleaJ s , 

In the previous section v/e observed that the simplest form 
in v/hich v;e car; v/rlte the positive riQ uire ruot o:' 2 la 



-^0 



Hov/evar, there a-e r/MbjniG v/hl-ii u-ui ro n if:;p : 1 :Mn -j . that lu, 
written in a Gi/apler torni even i:hQi:ph they are not ^iqi;arec ot 
Inte: ;ar-^s , Kxaripien oi' ij^^ch rri1lc:Li:; arc 

J :■: iiOn = nepatlve 
To do t-hls v;e wlA neei an l:;;pontan'; pror-orty ot rnJicalG. 
Firnt conninei^ thj to.Lnv/l:ip pro:.lc;.:: 
Write the lrHlr-n;e i pron- nt, ( vC ) ( ) , an a s|nple 
rai 1 ca ! . * 
V/e can net' fhrP. vC ^ 3^ 3-. .^^-m.^,.. 

(vC)( v^) . . 3 



r3nt v;e alno kf^ov; that 
Uslnp tht^ tnamrlt i vo r 



'^'h'^^ "'^':/ J ■■^■t uari zea that ^ 
( ^ )(^/n ) :tnnt be equal to V^S^T ^ 



v;hiuh iu: the ■■ar:(^ au -t-vinu that 



In trii ■ c^'ne wo ivive :'q r;: i iiow th.' [!ro-|:r:T; o!' two -'arllcal a can be 
Wfihton a:; a ra.iL-;:. f, : i. :'C::ic;n; or, v/t (:'6iO'i Mo thin 

becai:;:;e the n-Morsla a; iaa tau aali-aia; rapaeGente 1 uquarea or 
Interers, la othea vrart:, Ua ara' UP aae ny;::aoIs tor zhc 
■t^^f^C''*^"-' a whia:i. v;a aaaa.-ia ::r^ow h>iw to laaltlply, 

l^ov!^^.'ar, j'aaajaa w^; ;-a; iaaa taia a;- 1 ot wrUin/: a 

;aLi:;n!.ei' ;'ja:^; to a 



UT )(a^) 



no v/u anov; that ahtn car; 



We cannot answer as we answerej before, since zYieBe are 
irrational numbers. Therefore we must try h (ilfferent yproach. 
Fur the real numbers and J5 we know that 

(( /3 )( ^ ))^ = ( )^( ^ )- 

- 3 ' b 

- lb. 

This l3 another way of Baying that ( ) ( /5 ) is a square 
root of 15.- " 

We know that ( ^/l ){ S ) ia positive. 
The re f o re , we can w rl ta 

( yj ) ( ) - %/i5 . 

It shoulci be clear' that the above would hold for any non-^negativ 
real numbers as well as 3 and 3. Thus we can state the 
following general property . 

For any two noff-negative real numbers a and b 
( )( /b ) - ^/ab . 
This tells us, for example, that tne following sentences are 
true * 




and 



In the last sentence we have used the distributive property, 
which, 33 you remember applies to all real numbers. 

Check Your Reading 

1. Tne -act ^^at "( Jo) - shows that ( ./o) Is 
the positive square root of what number? . 

2. Give another name for the product ( ^3 ) ( v^O -/ 

3. Provided that a and b are non -nega tl ve , give another 
name for the product ( ^/l ) ( ^b) . 

4. Use the d Is tr I bv; ti vo property to write the indicated 
product s/3i -/S - v^) as an LndlcateJ sum. 



Oral Exercises i;i-4a 



Multiply using 
where it' appl ies . 

1 . ^1/2 



4 . 



2 4-^/3 



^ ^ vab , Use the distributive property 



n 2 



^3 (v^-H^) 



t 1 y - a 



. Simplify each of the following products ^ 

(a) v^s/lB (d') /3 ^ 

(b) (e) /5 v€2 

(c) 'v^s/J (f) J^Jf^, 

5- SLmplify each of the following products, 

(a) (dD v^£WO 

(b) (/5 -v^) (a;) 




Simplify each of ^he following; products. In those problems 
involving variables Indicate what restrictions must be put 
on the domains ^f' the varLabies. k 



(C) ^/Sv^ 



2 ( 



a 8 



5?6 



Find 
(a) ■ 



Problem Sec 12-4a 
( continued ) 

truth sets of the :'ullowinr open sentences, 



-/32 + '/d 



3k'' 



b- Multlpl;/i incilcatlni; the ri-'3tr!.ctlons on the domains of 
the variables. 



(b) (yi+v^ 

(c) (^F f ly 



(d) ^ + 1) 

(e) (v^ + 1)C/F - 1) 



From the follov/lr: ; exarnpies we will aee how to slrppllfy 

certain formr, o:' radlcalo. Si.ppose v/e wish to write a simpler 
torn: Tor the hu::ie:'al 

Our knov/lai^^a or factoring: enacles ^to v;rite this as 



The propert y v/e hnvu ,"^jt: rile^! ^nmlltij to v/rlte 



L!ut^>(e ^hai. VP'' 



Theri:i'6re oi.r rinai i'nrrn in 



We caj .: thin tho nin;;.. I r';:t : r:t ai^ /l? . It is the I'orrn In which 
the BUiallent poayiL.Le Lnte,;e:^ r'enalruj va;ier the rariical sign. 

In the next exaripxe wo apply otr proper^ty to radicals con- 
taining; a larper^ number ot factors. We can do this ite^use of the 
associative law of :r/< 1 1 1|. . 1 c at .1 on. :;ap[;one we are asked to 



slmpllfV, that is, find the simplest form of ^iBo. We write 



= ' 6 ^ . 

This last is the simplest forin of 

In the above examples v;e have observed that expressions such 

as 2^ and 3^ are clearly the' squares of integers; hence ^^Z? 

and ,y^3 - may be represented as 2 and 3 without the radical 
sign. It should be clear that this can alv;ays be done if the 
exponent is an even number.^ For example^ 5 is the square of 
the integer 5^ which Is 

Do you see that 

Vr^ = 7- and V^l° ^ 3^ ? 

If we are working with radicals v/hich contain variables^ we 
must pay special attention to the following idea. Suppose we are 
asked to simplify the radical 



V/e know that this ra pre sent a a real number for all valu.es of 
Why? It would seem naturals then, to write the following: 



X . 



Btit now v;e must ask the question, -'Is' our sentence true for all 
values of X?" Suppose x has the value --7^ Our sentence then 
becomes : 

v^Tg ^ =7 whioh is false. Why? 

Because the radical alvrays represents a non --negative squar^e root. 
To avoid this difficulty v;e always write in such cases 

^ t i 



Do you see v;hy this sentence is t.r ;.e for all values of x? Review 
the meaning of |x| in Chapter 6. 
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12-4 

Here is a somewhat more complicated example. 



I X I I y I • V by 

It might be interestine^ to note that if we were asked to 
simplify %/y^ , we could write 

Vy - ly I . 

However In this ca^e It would not be necessary to write the 

absolute value symbol for y" . Do you see why? There is no 

9 

value of y f o r which y ' I s nega t L v e . 



Cheg.K Yo u r Head ing 

" " a n d ' ' 2 ' ' are na rn e s f o r the same num be r . W h 1 c h 
1 3 cons Lde red s imp 1 e r ? 



2. Give a simpler name for uhe number 

3. Give a simpler name fof^ the number ^ [ =7)^ 
Desc ruJe Che trutn set of ^ x." 

5* Describe the truth set of 

/ P 1 

Q. Give a simpler name for vox y^" . 



7^ Give a simpler' name Vuy •■ 'vj 



ij ra 1 ^:xerc Ises lP-4b 

simplify the following raciLnals; Inclicate the restrLcclon,3 on 
the domain of the variables. 
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Oral ExercLses IS^^b 
( continued ) 




^roclyiii Sot ll^^^tb 



1. Simpliry: 

2. Simplify: 

(a) 2 vTa^ 

(b) 3 

(c) ^ 

3. Simplify; 
(a) 

(b) /ipy^T 

(c) 

'r , Sinipl 1 1'y > ar 
(a) y3'rx2 



(b) 
(c) 



(d) /iso 



n 



'(]) 



'f5 



_0B 



r) 3 '/r2 . 



(■1) /£5P 
(r) v^vfo 

iLsta-lctlonn on tbo varlabl 

(d) yasi 
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Problem Set 12= 4b ' . 

(continued) 

Find the truth dets of the following^ wrltlhg each radical in 
simplest form,' 







56 


(b) 




324 


(c) 


5m2 - = 


900 



(e) 
(f) 



1 ^2 
1 



f- = i6 

1 2 



49 =^n^ 

_ X 



SlmpllfVi and Indicate the reatrictlons on the variable, 
(a) 





12-5. Simplification of Radicals Involving Fractions , 

Thue far we have been elmprifylng radiaais whioh for the 
most part have contained positive integers. By means of a 
second property for radicals we can work with fractions In much 
the same way. • To show how this property works we will begin 
with an example. 

We have seen that ^ ^ ) 

U y _ _ _ _ J 

It should also be clear that 



^25 



he^^^^H 



^16 



We see In this case that a single radical containing a fraetlon 
can be written as the quotient of two radicals. Is this true ^ 
If the numerator" and. denominator are not squares of integers? 



531 



7? 

Pop •xaraple, can ^# b« written ai 
We do icnow that * 



i - ■ 

3 

This telli us that — is a square root of w ^ Since 

Is positive, we can say that ^ 

The general property can be stated as follows: If a 
a non-negative real number, and If b Is a positive real 
number, then 

T 



With this property in mind we can now elmpllfy an 
expression like / m ^ ^® say 



^8 ^ 
9 ^ ^ 



5/2 . s . 2 



— ^ I which can be 



written ^-/W, 



A second example involving a variable is 



532 
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The property can be used "in reverse". For example j If we 
are ask^d to sirapllfy an expraselon such as 



we can see that 



18 



^16 



Check Your Reading * 
1* '^^Express y^g^ &s the quotient of two radicals, 

2. Express 



as a single radical, 



3* Complete this sentence: For any nQn-negatlve 'a *and 



positive b i 



4. A simpler phrase for is 



A simpler phrase for 



5x' 



Simplify; 

1, 




2, 
3. 



^32 

25 

V 121 



I 



Is 



Oral Exgreises 1 2 - 5a 



7. 
8. 

9. 



4 



10, 



13' 
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Problem Set lg"5a_ 
For the following problems indicate the reitrictlone 
variable . ' 



1. Simplify: 



(d) 
(e) 



Simplify: ' 
(a) 

(c) 



simplify: 



Ig 



(a) 

V a 



(o) 



M. Simplify: ' 



(a) 
(b) 



■/2 JZ ' S 



(d) 



(e) 
(f) 

(d) 
(e) 

(f) 

(d) 
(e) 



5/60m 



ir 



y 




y 
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Problem Set 12-5a ' 
(continued) 

Find the truth sets of the following open sentenedd. 

(a) ^xs^ 

(b) v^y *VP 



(d) 


_t 








(e) 


./iW 


X 


(f) 


^ (J 


r + 3) 



We coma now to the case^of a radial ^ lilce 



5 



containing a quotient of two integers in which the denominator 
is not the aquare of an integer. To simplify such a radical 
will mean t© write it in a form in which the numerator or 

A3 an example, let ue find 

5 



denominator la free of r^dic 
two simpler forms for 




Vfa know we can write 
If we multiply by 
we get 



which iB ahoth'er name for 1 



3__ 



Hnother simplified form Is obtained by multlply^lng 
which la anbth^r name for 1, 

This will give us 



by 



'15 



are simpler forma than the one we started 



Both — ^ - and 

with. Later we will show that the second form is more convenient 
for some purposes. We call the first process "rationalizing the 



nimerator," since the new form gives a numerator which 

Is m ratlonml number. For the same reason, the seeond process 
Is called "rationalizing the denominator". 

Example 1^. Simplify the process of rational- 

izing the denominator. 



/IS 




Multiplying by 



we get 



2 ^ 



m. 



2/5 sff 




The steps are 



We multiply by 




Izlng the denominator 
3" -/Z 



(x ^ 0) 



2x 



/5 



and get 



^6 

(x ^ 0) 



Example 3~ Simplify^ 



^ by the" process of rational- 



izing the numerator. 
In this case we see' the need fov restricting the domain of the 
variable. The expression 1^ a real number only If x is 

non-negative. But we wish to multiply by . Therefore we 

must say that x cannot be negative or zero, *Do you see why? 
Our example can be written as follows: 
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■A - 4r 



X > 0 



~ 7 — - " * 
J2x 



X > 0 



X > 0. 



V . Chtok Your Reading 
1, What name for one do we use In rationalising the denominator 



or 



of "^^-^ ^ 

2. What name for one do we use In rationalizing the numerat 
of ' ' 

3, Why Is it that in the expressions^ the variable must b 
non-negative? 



Oral Exerclsea lg^5b 
1. ^Rationalize the denominator. 

'to 
T 



(a) 




(d) 


(t) 




. (e) 


(c) 


1 


(f) 



S. Rationalize the numerator. 



(a) 
(b) 
(e) ^ 



(d) 

(e) /2 
(f) 



7 

5 
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Froblim Set IS -5b 
Rationalize the denominator* 



(a) ^ 
(b) 



(0) ^ 



(d) 
(f) 



1 



Rationalize the numerator. 



(a) 
(b) 
(c) 



n 



(d) 
(e) 
(f) 



2 



OS 

3 



S^implify by the process of ra tlonaldzing the denominator. 
Indicate the restrictions on the variable. 



/I. 

50 



(a) 

(b) 3 ^ 
(o) 



(d) 



Sinpllfy by the piiocass of rationalizing the numerator. 
Indicate .the restrictions on the variables. 



(a) 
(b) 
(c) 



1 



a 6 



/5 



'7 b 
53" 



(d) 
(e) 
(f) 



'ml 



1 
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Problam Set 12-5b 
m (continued) " - 

Simplify by the process of ratlortallzlng the danomlnator. 
(a) 1 

(b) 



^#7 



3" ■ 5^ 



11 




12-6. Sums and Dlf ferenoes of RadiQals . 

Wt have seen what can be done with products and quotients of 
radicals in order tp simplify them. We will now consider sums 
and dlfferenoes of radicals. We will sea that in this situation 
there is often nothing we can do to simplify a given expression. 
Suppose we are given, for example, the phrase 



2 + y 3 . 

It Is clear that and are each in simplest form,, and 

there is no way in which we can perform the indicated operation of 

addittLon. Therefore 'we say that the phrase 

Is already in sim.plest form. 

On the ^ other hand, suppose we are given an expression such as ^ 

We see, that the expression on the right may be simplified as 
follows: 

3 %/T2 - 3 -/2 • 2 V 3 



- 3-2 

- 6 ,/T , 

Thus our original expression may be written as 

^ + 6 v/F - 
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thm distributive property 
which may be Written as 

10 • ^ . 

This form Is the simplest one. 

The difference of two mdicals can often be ilmpllfled In 
niuch the same way. We try first to work with each radloEl 
separately to see If It can be simplified. If our expression 
can be written so that both radicals are the same, we may then 
combine the two parts by the distributive ^roper^y as above. 

As an example J simplify 

The radical on the left cSn be written as 3 -/T- 
The radical on the right can be written as 2 ^/T. Do you 
see why? This gives us 

Using the distributive property we obtain (3 - 2) ^/T - -Z^- 



Check Your ReadinK 

1, Give a simpler name for the number 4 ^ + 6 

2, What property of the real numbers Is^UBed In simplifying 
4^/3+6'^? 

3, Give a simpler name for 3 ^/l ^ 



4. Give a simpler name for v63 - v28. 

Oral Exercises 12 -6 
SlmplifV. Indicate the restrictions on the variables, 



1 . 




/ ri 


+ 3v^ 


n , - 




p 


5^ 


/J 




'f . 




3. 


7 s 






8. 


2 -s/a" + -'/b^ 


^ . 


7^ 






9* 


2 - -J^ 




o ^ 






10. 












5^0 





-6 



PrQblem Set 12-6 



SimpllfV, 'Indlcat© the restrictions on the variable 



(a) 


5^ 


/T 


+ s 


(d) 


8^ 




(b) 


5> 


fW 




(e) 




+ 


(c) 


8. 


/r 


+ 2>/r 


(f) 


3^/2" 


- >^ 



Simplify. 

(a) >/r + s/r (d) i 

(b) - (e) 2 vfl + 3^/r 

^ sm (f) /75 - 

Simplify. Indiaate the reBtrlctlonB on the variable 

(a) V75 + 2 -M (d) i ^ + 

(b) vfl = (e) y| + 2 ^ 

(c) -^/Sa + 2 vC (f) . 

'^3 



Simplify, 






(a) ^ 






(b) 8.y| 


- 




(c) ^ a VTS 




- Vio 








(e) vf 






(f) 1^ v^28 


'8 - 1 vTT 





I 



5^1 f,' ' 
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Problem Set 12-6 
(oontlnued) 

Simplify. Indicate the restrictions on the .variable, 
(a) |a| ^(€5a + 2 

2 



8x2 + 



(b) 



{ch 5 -s/3t=^ 



^5 



W 



12-7, Approxlmata Sgu&re Roots In DeoiinalB . ^ 

We have said that the simplest form In which write the 
squa?% root of 3 is ''^ 



1 



This Is a real number. Kierefore it must associated with 
some point on the number line. Since we know that, 1^^ 1, and 
2 - 4i our point must lie somewhere between 1 and 2 



0 *l 2 3 

But the symbol doesn^t really tell us very much about Just 

where this is. Therefore we would like to be able to express 
this number in another way , 

Since we know that -/3 is not a rational number j we 
cannot write it as a fraction with Integers for numerator and 
denominator. We also cannot write it exactly as a decimal with 
a fixed number of decimal places j since such decimals are names 
for rationatl numbers (for example ^ , 4 = .301 - 

On the other hand we can find a decimal expression which 
will be close to the real square root we are looking for. This 
expression will tell us more about where the point should lie. 

Let's begin by squaring some numbers between 1 and 2, 
written as numerals with one decimal place. By actual 

0 



1^-7 



multiplication we see that 

(1.5)^ - 2.25, (1.6)^ - 2.56, (1.7)^ - 2.89, 
and' (1.8)- m 3,24. 

This should- make It clear that the point" associated with 
lies somewhere between I.7 and 1.8, 



0 I ' 17 IB 2 

We can express this idea using InequalJ^^ symbols as follows 1 

1.7 < < 1.8. 

We can read this In two ways, We say that Is greater tnan 

1.7 and Is less than 1.8, Another way Is to say that 

is between 1,7 and 1,8. 

The method which we have Just been using consists of two 
steps-. We first determine the two Integers between which our 
square root lies. This locates our point somewhere In an 
Interval which is one unit long. 

In the next step we divide the interval into tenths and 
then locate our point somewhere in one of these smaller inter- 
vals. * s 



Check Your Reading 

1. Is there an exact decimal name for ^1 Why or why not? 

2. What Is the meaning of the statement "1,7 < ^ < 1 , S" ? 

j _ 
Oral Exercises Ig-Ta 

Between what two integers do each of the following lie? 

S. Jl3 7. 

3. V33 ■ i 8. Va? 

9. vIhO 



5. -/Tm 



10. 



' 12-7 



Problem Set 12-7a 

Locate each of the following In an Interval of one-tenth as In the 
example in the text. 

1. >/26 6. >/21 

2. -^65 ♦ ' "^7. >/55 ' 

3. yT2T 8. ^90 

4. ' 9. >/63^ 

5. >/T3 10.\ VT? 



We have learned that ^3 lies between 1.7 and l.b. By 
actual multiplication we see that 

(1.70)^ = 2.8900, (1.71)^ = 2.92^1, (1.72)^ = 2.9584^, 

(1.73)^ = 2:9929* (1.7^)^ = 3.0276 . 

Fro^!|fcthls we can locate In an even smaller Interval. We can 

say that ' . ^ 

1.73/' < < 1.7^. Can you see why? 

We call such numbers as 1.73 or 1.7^ approximations tO's/Z/ 
Which Is closer? 

These two numbers have been determined by squaring every 
two-place decimal from 1.70 to 1.7^. But this approach can 

mean lots of work and some wasted, time. 

There are better methods for finding 'ari approximate square 
root. We will show one of these met'hods by means of examples. 

Consider the problem of finding an approximation to VTo. 
As in the previous examples, we first locate the two integers 

between which our square root must lie.^ Can you see what these 

2 7 

two integers are? Suppose v;e try 3 and 4. 3 7= 9, and 
< p » , r 

4 16. 



Irf this method we want to pick the tntieger which we think is 

cloeer to -i/TO; l^fliat is^your choice? . No doubt it is * We Qall 

3 in ^this problem j • _ ^ 

first app r ox Ima 1 1 o n - / ^ 

to v(lO. It is convenient, now, to make use of a' new symbol ^' ^ " 
meaning, "is approximately equal to." Thus we write 

.'•'aw . -V ■ _ ■ i 

Our next Job Is to find a rational number which is closer to 
*^^To than 3. We will call this new number a second ^pjroximatio^ . 
^^w suppose we di0 have a number p which sis the exact squfLre 
root of 10, That is, let p ^ ^/w. We could then say that 

' p.. p 10. - . ' \ ^ 

But we know tl^t 3 is' not exactly equal to p. In fact*, siJice 
3 • 3 = 9* know that 3 is smaller t^han p. Do you *ee why? 
JLet's nov; form the sentence ^ ^ ^' 

^ , 3 ■ n ^ 10. ^ i 

Since 3 is smaller than" p^ then., if this is a true sentence, n 
must ' represent a number la^;er^ than - p. Multiplying both sides by 

i >/e- obtain ; \ ' 

10 ^ , 

n " =^ which cap be wrlttfen approximately 

as 3.33. ^ . ' ^ ■ . 

'Vie have, sh^v/n that p lies between 3 and 3.33^ 

P 



/. . 3.0 3.33 

We take as^ our seoond approxiniation the pd'int half-way between 3 
/and 3V33-^ Another v/ay^^^^^SraylnG this Is that we take the average 
o f 3 a n d 3 . 3 3 wh i o h fj; i v e s u a * 



. './To ^ 
3,0 3J7! 3,33 



Klus ©m» s^'dond ^proximatlon ii 3.17. ^ 

It i*s Interesting tb^otp that , \ 

[.[ , ' . (3a7)^ -*10,0489, ' ^ ^ 

^Jiia tells us that 3.17 Is closer to ^/lO than 3 is, 

' This prpctss* ^oeuld now be dona again. We could take 3.17 
%B a new k^roximptlon* As before, we would divj.de this intc 10. 
We wQuld then take 3;17' and j find the average of thtfse 

-.'two, that is J we would calculate - . ^ 

and Mnd an even closer approximation. ^ " ' 

In gftheral, hovever, we will perfo™ the Qperation only once, 
To review^ the steps, let * consider another example. Find an 
apprJkimate value of v^¥2. ' ' 

^ We see that ^4" ^ 16 and 5^ ^.25. Which one 'is closar? - If 
'we/ think that S 'is closer^ what is the next step? * We say that 
5 '"n - 22/;SO n ^ ^ , v/hlch is 4,4. ^ . 



As before^ we see that vp| lies between 4.4 and 5, 
Therefore we-^'find the average, of 4.4 and 5^ which is 

44 + 5' 

^ - 4,7; we can now say that as a second approximation 

v^'W ^ 4.7 ' ' 

" Check _^ by multiplication that 4\7 is a closer approximation than 



Check Your Reading 
1^. \ In the te^t, what was the first approximation to.. -/W7 

2. ffow Is the sentence " -/To ^ 3'' read? 

3. If 3 is used -as the first .apprfiximation to' ^s/To, how 
is the" second ^approxl-ma tion determined? 



Oral &£ercle(eg. 12-7^ 



Glie % first approximation for each the rollowlngi 



w 



(a)\ 



it) yw 

(o) Mo^ 

(SJ v# 



(f) 



(1) 
(J) 



2i 

w 
w 

r 



Give a 36%ond approximation for each of the following 
(^a) y/W " " (e) 



Problem Set • 12 -7b • 
Find \flrst approximations for "the following numbers, 



(a) 
(fc) 



(e) ^^lOf 

(f) ^ 



Finc| second approximations for the following n'jmbers, 
ia)^JW . . . (d) 

(b) s/TT^ (e) v^lOT ' 

(c) ^/W ^ ' (f) ^/TT 



Find seconi appr^oximatipns 

(a) JW ^ ^ 

(a) VI9 

(0) 



) r t he To 1 1 o w i n/s n u. mb e r s , 
# 



(d) vW 
(e) 
(f) 



0- 1 



Problem Set lS-7b 
( continued ) 



Find djiolm^l approximatidns for the following, given 
^1.414 and J% ^ 1.732. 
* Qcamplei ^ 50 *~ ■ -. 



Solutions ^^/5^ ' 2 

^ % 5^ 
V5O 5 (1.414) 

^/fo ^ 7.070 

(a) ^ (d) 

,(b) - (e) 'Hint: ratlonallEe 

V 3 the denominator^ 

(c) (f) ^/^^ 

The diagonal of a rectangle can be found by the fdrmula 

where d Is the number of units In the length of the' 
diagonal , J is the number of units in the length, and w 
is -the number of units in' the width, all. measured in the 
same unit, Find a second approximation to the diagonal of 
a rectangle in each of the following cases, 

(a) is 5 feet and w is 4 feet, 

(to) ^ is 5 inches and w is 3 inches 
'(c) ^ is 7 yards and w is 5 yards. 



12^8. Cube Roots and n-^^ Roots , ' / 

We have defined square root^s of real numbers as fd^llows. 
We say that b, is a square root of ,a if b ^ a^^L-/ 

Consider, now, the number 8, We see that 8 can be 
written as 

2 X 2 X 2 ■ 
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2^ 



if hi eh Is the same as 
Llkawise 

27 ^ 3 X 3 K 3 64^ 4 5c 4 X 4 

» and 

; - 3 ^ ^ ^ 4^ ^ 

We call 2 the "cube root" of 8. Similarly 3 .Is the 
cube root of 27 » and 4 la the cube root -of 64, * Can you see 
what* tha cube root of 125 might be? 

In general we say that .a real number b Is the cube root 
of a raal number a. If 

. The study of cube roots brings In some Ideas which differ 
somewhat from those Involved in square roots. You'^recallj for 
example ^ that a square root of 49 is 7; anpther square root 
of 49 is -7, 

Howeverj In the case of the cube root of 8j Ve have shown 
that 2 is a cube root. But what about -2? What Is the 
«lue of (-2)(-2)(^2) ? . ' ^ 

Do you see that it is -8? Therefore we iay that 2 J.s 
the only real number which Is the cube root of 8, Likewise ^ 
3 is the only real number which is the cube root of 27. 

. Since we know that ^ -8, it follows that -2 Is 

the cube' root of -8. Thus wa can say that there ara real 
lumbers which are cube roots of negative real numbers. In . 
fact it can be shown that every real number has exactly one 
peal number as its cube root. . . 

Again we mB\m use of the radical sign to Indicate cube 
foots. In this case we place a "3"^ in the 'symbol in this 
lay: Thus J 

The "3" in the /symbol Is called the InSex of thq radleaL.. ^ 
Phe cube root rMlcal can represent a posltiva or a negative 
:*eal, number; sAnce there is no confusion as to which one is 
leant. We al^o say that ^' 

^ - 0. ^ 

5^9 f 
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Check Your Reading 
1, What Is the eube root of 8? 



2* Glva another name for y 27 
3, If b ^ , then ^ 



4. Give another name for - 

5. If X Is a posltlYe number^ Is positive or negative? 

6. If X li a negative number, is 3^ positive or negative? 

Oral ExerciBea lg=8a ' 
Give a simpler name .fpr each of the following: 

Is th 

tlon on the domain , of a? 



27 6, ^a"^ Is there any restrls- 



»8 7. . 33 



3 ■ 5- 



4. 9. ^SlSa^ 

Problem Set 12-8a 
-^^^ 

1* Give a elmpler name for each of the following: 

. (a) . (d) 

(b) = - (e) fer 

C^)'-^ ' (f) 



Give a slmpller name for each of the following: 
0 



(a) -¥=W (d) ^16x3 



(b) --g/a? (e) #4x3y3 

(c) y(^b)3 (f), 3./^ 
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Problem Set IS-Sa 
( eontlnued) 



^3. Find the truth sets of 



(a) - -2r - (d) ; - ^ 

(b) ^ 32 ^ (a) gm^ - 135 ^0 . * 

(c) . I t^ - 12 ^ 20 (f) 243 / . 



In dealing with square roots we leaned a ^ery Important 
thmo^m. This ^told us that if the square root of an integer is a . 
rational niunber, then it must aI«o be an, integer. Thus we were 
able to see that numbers ilke Vs" and ^25 are not rational 
numbers, " \ ' 

The same *ype of argument holds for cutie roJts. We, can phow 
that if the cube root of -an integer is a rational number, then it . 
must be %n integer, = Thus we have, cube roots which are Irrational 

Bumbers, Take for example 

^20 

/ 

The prober prime factors of 2oCare 2x2x5. There is no 
Integer which is the cube root of ^ 20, and therefore no rational * 
number. But the cube root of 20 is aBSoclated v^^th a on 
the real niimber line. It Is a real number^ 

In general j th# Idea of roots. goes be^nd sqiaare and mibB^roQt^ 
Consider a number such as 61. Its prima Taotors are - C ^ 

3 X 3 .X 3 X 3 ^ %s 

In this (case we se^ that 3 is a fourth root of 8l, since 
8l m Since (-3)^ ^ 8l, ^3 is also a fourth root of 8l. 

If we have a niimbar such that a^- = b, then say that a Is 
a fifth root of b. We can sunmarlse by a^ing that If 
^ . . * n __ 

where x and y are real mimbers and n is a positive Integer^ 
than ^ 

th 

C. . X ■ is an n root of ^ y * 
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12-8 ' ^ • . » • 

., 

As In the case of cube roots and' square roots, we can find 
»roots which are Irrational, where n is any poaitlve' 
Integar,' In addition to ^ n roots of real numbers there are 
many other real numbers associated with points on the number' 
line wh^eh are irrational. You have' heard 6f such numbers 
w is one of theaew In fact It can be prpved that there are ' 

■ * ' 1" h 

more numbers which are neither rational nor the n,, roots of 
rational numbers than there are of any othir type. 



Check Your Reading 

t 

1, .Why Ipn't there a rational cube root of 20? 

2. What does "x is .an n^^ root of y" mean? 

' Problem Set 12-8b ' v 

1* Which of the following syitibols represent real numbers and 
which do no*? , 

2. Clasi Lfy the real numbers named In Problem 1 Into the 
"smallest" of the following sets to which each belongs: 
the Integers^, the ratlonals> tHe irrationals, 

- ^ ^ 

J 

— " Summary ^ ^ 



For a positive real number a^ the symbols ^^/a" indicates 
the positive ^square root of a. > " 



3 



In general we say that ^ ^ b^ if b is positive and 



- a. / « 



4. ^ If any integer has a square root which is a rational rjumber, 
.then this square root' must itself be an lnj^i_ger . 




^, A rtal number which is not rational* Is callLed irf^tlonal 
numbtr . Numbers such as v^^^^^^^lO, are irrational. 

6, For a^ two non-negative real numbers a *and b, 

7, If a is a non-negative real "number j and If b is a 
BDSiWye real number^ then - ' " 

8, The foliowing examples Illustrate what we ftean by 
simplifying ^ radical*,/" ^ \^ 

(a) - v(l6a^H2a) ^ ^ , ^ ' ^ 



^ 4a^ Jfa , a > 0 



(b) 
(c) 



and — ^ — ' are each considered to be a 



simpler form than v tt . 

The process us^d to arrive at — called 
rationalizing the denominator, The form —3 — 

was obtained by rationalizing the numerator. 

3 

9^ For any^real number a^ 4fa ^ b if b ^ a. 

10. y a Is called the cube root of a. The number 2 is 
called the index of the radical. ^ 

Every real number has ^actlyione real cube root. The 
j^ube root of a negative number is negative. The cute root 
of a posltivf number is positive, 0. 

IS. In contrast to this every positive real number has two real 
square roots which are the opposite of each other, 

■ I- \ , ■ 



13. n real numbe'r^ b Is Called an n^^ root"^^ a real =^mber 



* a If = a^where n is ^po^ltlve Integer^ 

l4. In addition to Irrational n'' ro©t3 there are many more 
^ reai numbers which are Irrational. This latter type of 
Irrational number makes up the largest of all the sets of^' 
real numbers. 

Summary of the Fundamental Properties of Real Numbers . 

Suppose you were asked the^ follqwlng question: ^'Jusjb what 
do we meart when we sayj 'The R^l Numbers'?" This Is a / 
difficult one to answer/ We might say something llkej -'These 
are the^numberi people upe ever^ "day oTj, "They are the things 
we count and measure w§th" . 

* Actually neither of these statements would tell very fliueh. 
As a matter of fact much of the ^ork we have .been doing so far 
has consisted of an attempt tp^ arrive at an understanding of 
what the real number system /s.'^^l'n do^ng^this we haven't said 

ry much ab^ut what_^_^^e rea^numberi ^hemselvis^ are. On^he 
oth^ hand" v/e have learned a great deal^about how they behave/ 
^e^have ^tudied operations j relations j and properties ^oft these . 
But' it is J'ust these ideas which ^ive us an Understanding of ^ 
real numbers. Thusj the best way to deal with our question 
might be to discuss these properties. 

It turns out that a full definition of the real number 
system can be^^g^lven, by means of cei^taln of the properties we have 
studied plus one additional property , We will not discuss 'this 
last property In Retail slnte it involves complications beyond 
the range of this course » Howeverj it Is, Interesting to note 
that if we include all ^ut this last property ^ we have a^ full 
definition of the ratlonpl nUmbers^ .^^- 

, It is this last property whlchj in a sensej brings in the ^ 
Irrational numbers: that is, it fills up the number line. For" 
this reason .we can refer to It as the compl_e_tenes5 p.rpp_erty . 
Since our definitions of the real number system must Include 
this, we will mention it by name ^ but not give a description. 

The followingj thenj defines the real number system. It 
should also provide a very helpful review. 
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The real number system is a set of elementa -.calltd ^real 
numbers. The system has two operations: addition , with the 
symbol^ and multipllGation with the symbol "-"^ The 

system also has an order relation "is less than" with the symbol 



■'<". The two operations and the relation have the following ' 



properties . 



'1. 



For any real numbers a and 
a + b Is a real number* 

Forte. any real numbers, a and 

a + b ^ b + 41/ w 

For any red'^^umbers a 5 b,*and ^ 
S (a + b) -4^ c ^ a + (b + ^ 



There is a special real number 0 
\ '^BUQh that^ -f^r any real number ^a, 
a + 0 - a. ^ 

5. Par every real number a there 
is a real number -a such that 



+ (-a) - 0. 



6. For any rekl numbers .a and 
J a^b^isareal number, 

7^. For any real num.be rs a ffti b, 
a ^ b ^ b * a * ^ 

8, For any real numbar^s ■ a, b^ and ^ 
G , ( k * b ) • Q ^ a • ( b - G ) . 



9, 



There is a special real njmber 1 
SL:ch thAtj for any real number -a^ 
a ' 1 ^ a. 



-J 



r. 



( commutl|tlve property 
of addition) 

(associaMve property 
of addition) i 



( identity element 
of addition) 



C Inverse elements 
of addition) 



( Gominutative property 
of mui^iplication) 

(associative proper\y 
or ra u 1 1 i p 11 c a 1 1 o n ) 



( i d e n 1 1 1 y e 1'b me n t o V 
muniplicatlon) 



^0. For every real. number a 

different from ^, there ii 
a real number i such that 

11* Far any' real nufflbebs aj^b, 
% and Q, a(b c) 

' V ^ a * b + a ' / 



(Invarae elemjents of muatlpll 

cation) 

^ ■ ■ ■ . ■ 

(dlstrybutlva property) T , 



12. For any real numbers t and 
b, exactly, one of the follow- 
\ Ing is true: a < b/' a - 



b < a. 

13, For any real numbers a, b, 
-and c, if a < b and b < 
' than a < c . 



(comparison property 
of order) 

(transitive property 
of ord=er) 



14. For any real numbers a, b, 
and Cj if a < b 
then a + c < b + -,.c , 

15. For any real numbers a, b, 
^and c, if 

^% * . a < b and c Is posltii^a, 

' then c-*a<C'b; • = 

if a < b and c Is negative^ 

^ ' then c ^ b < c ■ a.^ 

^l6. The Completeness Property, 



(addition proparty - 
of order) 



(multiplication ^projerty 
of ord^) 



Some of the properties which we haya studied are not 
' included in .this list. We have left these out for a definite 
reason. It is because these other properties can be proved by * 
using the ones _which appear in the list. We shall include 
, below a set of additional properties. We hope that you will try 
^to discovtr how these can be shown to be true for^ real numbers. 
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, Since the first set of prc^erties iii all^that we need in 
oWer to prove, or discover;' the others, this; first 3et,^as we__^ 
said before, e^ompletely defines The Real Number System . 

■ Adllitional Propertiea 

17. Any real number x -has Jus^t on% additive inverse, namely -x. 

18. For any real numtters a and "b^ 

n ^[^ -(a + b) (^a) + ^(-b);, _^ 

19. For^real nurrv^ers . a, b, and c, if + c 
^0 . For any real numter a, a ^ C ^ 0. 

,21. Fq^ any real number a, (.-Ija ^ ^ ^a . 

22, For any real numbers a and b,. (-a)b ^ -(ab) and 
(-a)(^^b) ^ ab, 

23, Any real number x different from 0 "has Just one multipli- 
cative inverse, namely 

24, The number 0 has no reciprocal. >. ^ 

25* The reciprocal of a^posltlve number is positive, and the ^ 
reciprocal of a negative number is negative. 

26. The reciprocal" of the reciprocal of a non^zero real number 
a , i 3 a . ' ^ ^ ; 

27,. For any non^zero reMl numbers a and b, 

- _ '.111' 



F ^ " ab 



'28- For real "numbers a and b, if ab - 0 then a ^ 0 or 
b - 0. 

.^29, For ,real numbers a, b, and c with c ^ 0, if ac be, 
then a ^ b. 



30. For 'any real numbers a and b, if a < b^^^hen -^b < ^a . 

31. If a and b are- real numb era tjuch that a < b, then there 
is a pos itlv©^ number c such that b - a + c. 

32. .If a and^ b*are posittva real, numbers, and if ^ < b, then 



As an l].lustrat Ion of how a proof might be carried out, let 
us consider Nu^yer 19 from the list of additional properties. 
"For real numbers a, b% and c, If a =h c - b f c , than a = b,' 
We pssume that a b^ and are given and that 

a + " c ^ b + c . 

We can now use fundamental property Number 5^ which, with a 
change of letter can be stated. 

For eyevy real number c there is a real number 
-c such that" c + (-o) = 0, 

Thus J we can now say that , > 

(a + c) + (=c) = (b + c) + (^c) 

since th^_rlght^ arid left sides of the equations name the same 



c ) + ( ) = a + (c ^ ( )) , 



numDer, 

Also (a ^ 

and (b r c) ^- i-c) - b + f (-c)j = by property 

Number 3 

Hence ' . a 4 0 = b + 0. 

^ Now by propepty Number ^ we get 

J / ^ = 

which ^s^^tMe statement we were trying to prove. 



Rbv iej^ Problem Set 

Tell' which of the following symbols represent real numbers 
and which do not. Further identify each number as an 
^ element of the "smallest" set of numbers to which it belongs 
(integers, rational numbers, or irrational numbers). 



3 - 3 



3+2, 



0 ' 7 ' F 
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Review Problem Set,- 



( cohtinued ) 



r 



Simplify: ; 
(a) ^JW-/f 



(5) 7^.. 

(e) v^JoeT 



1. 



Find the truth sets of 

(a) x2 . ^3 / 

(b) • '^y"^ - 20 ^ 

( G ) ^ + z - /20 ^ 



(d) m^/T - VToI 

(e) 5t^ +^ 9. - 19 
( f ) v^C^ - 



Which of' the follov;inn , Sentence:? are true Rnd which are fals^? 



(a) 



(b) 

(c) ^ 1 



i^or ever' 



(e) (V 



1? 



simplify inilcatinr. the domain of the variable vfhen i^estricted 



(a) ^a^ 



(b) 



I8x^ 



0 =V^?x3yP 



ii 



e view Problem 3€ t 
( c'ontlnued ) 



Simplify 2 




(b) (vT ^yr)(v^+v^) 



Multiply 

'(a) '(x - 3)(x + '2) 

(b) (y + 3)(y + l) 

(c) (m + 5)(m - 6) 



(d)= 
(e) 



as 



(f) Wv^ 



'72 



.(d). (Sn - l)(n + 1) 

(e) (a - •''b)(a + b) ■ 

(f) (Sx = l)(ax + l) 



Simplify. Indicate the restrictions on the variable where 
necessary , 



(a) 



(b) 



1 : 
1 

f 

T 

3 
3 



(d) 



(T) 



7m" 
-Sm 

1 

"75 — 

5a 



A boy hag,^ 1.75 in change, s If he .has twice as many dimes 
nickels and i as many, quarters as dimes, how many of^^ each 
Goin does he have? ^ 

A plane has enough -gasoline for. 6 hours of flight. How 
many miles can it fly away fror:. its base before it iftust turn 
back^ -if its rate is 100 mph away and 120 mph returning? 



/ 
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1:5 . Polynomials ^ 



Chapter 13 
POLYNOMIALS 



In a previous chapter we were interested in, learning how to 
exprefes numb'ers in t^ac tored f ormy . We now wish to find out ^wfe'ther 
-It la po=SBl„ble =to write more^ complicated expressions In factored 
"form , In othfei" words, if we .^re given a certain type of phrase, 
carfwe v/rite it as the Indicated produot of simpler phrases? 

A partlFil answer to thi s question was already given ^when 
w^ m ac;i e use o f ^ t h e d 1 s t r 1 l u 1 1 ve' property. Fo r ex amp 1 e , we have 
learned that 

^_ Da + :>aD , 

In this case v/^' a^^v '-hat -;afa -r- b) is the faatored form of 
. 2 

5a -f- . By a r:imilar HppllGatLon or the distributive property 
we see that 

x^^ + 3x can ce written as x(x + 3) 
since + J^x = X =x 5 

^ X 'X ^ X ^3 



By the same property 1= 

3yr + Cy - ;> ^y ^y + 3 ^y 

- 3 ^y-yXf 3 -y ^2 
;■ - - By)y ^" (3y)2 



In the above examples v/e say that - " ^ -: 

xlx 'i •'■ ) La the factored I'orm of x^ + 3x, 

and 3y(y + ^) the faotored form of 3y" + 6y , 

In wo rk 1 n g t he a b o v e example s we also u s e d " s om e o t h e r • p r op e r t*i e a 
Can you see what they were^ 



11 J- 

O 
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Oral Exercises/ 13^1 a 



Express each of the followlnf In the factored form: 



1 



(a) 


+ 2m 


(b) 


3n^ + 6 - 


(o) 


-<y- -+ 6y*. 




a2 a ^ ' 


(e) 


2 

b" + b 


(f) 


9b- ^-^ 


ish 


Px.- + 6x 


(h) 


^iz^ ^ 10 


(1) 


^tp- ^ lOr 



In our study of the factored forms of numbers in Chapter 11 
we worked with positive integers . Vie wrote positive integers as ^ 
produots of other numbers which were themselves positive integers, 
the point to be noted here is that the indlviidual factors wefe in 
all cases numbers of the same ki_nd a? the number we started with*. 

For example, we might have said the following. 

This is a true sen^^enGe, However j the factors on the right are 
n^^gative integers. The number on the left is a positive integer* 
Since we wanted the faatars to. be. the same kind ot? niimbers as the 
original number,. v/e said that the factored form should be 



Another way of factoring? the ..Fiumber 



mlgt-it have fceen to v/rlte' 




f: 



r)(12) 



the number 



is a positive numner ; but it 



Therefore it is not the same kind of number as the 



and thus we did not include 



— as a factor of 



f 1 



: In th.l s chnr>lf?r vie shall be workinF wlbn phrases rather 
t|han with Individual numbers. The Importnnt thing; to keep in 
mind is that v/hen v/e wish to write a certain phrase In itactored 
f^orm we v;ill v/ant the actors tnemselvea to to express ions of 
-the s ame kind as the phrase v/Oj ^started with. It is necessary, 
then, that vie k no \s vi hat we m e a n v y p h r a 5 e s o i ' t h e s^ame k 1 n d , o r 
.'phrases oV a special type, 

I vrnen we refer to a number as posit Ive integer , w^e know 

1 what we are talking about. In a ILst of numbers such as 



the first apti last are positive integers , The others are not 
But suppose v;e aonsider phrases such as 



Thfe problem oi' selecting certain ones Ls not so easy, V/e "would 
probaoly agree that they nre not all of tne same type. Which 
ones^ are diiferent I'rom ^^he others?. V/e v;ill ue Interested in one 
special t ifp e . Th e k i n d v; e a r e 1 n t e r e s rt ri i n a r e t h e t h i r d and 
last expressions . 

11' you v;ere asked to l-ndlcate the dii^:^ereace cetween these 
two and the others, now would you ansv^er the question? All 5 
expressions cont'aln .a^^'/ariatle , Others' beside., the third and last 
show e X p o n e n t s , v/h 1 c h -^i m p 1 1 e a rn u 1 t^l p 1 1 c a t i o n 1 Th e y a 1 s o show 
addition and s u a t r a c 1 1 o n , Do y o u r^fe e , h o v/e v e r , t h a t t bre t h 1 r d 
and last are the only ones whl-ch have no indicated* division? 

The expressions 

X + .:,x and ^ x x - ^ 

are examples of what v/e call polynomial s . The other expressions 
are not polynomials . ^ 

To help in our underntandinj^ let ufi examine the way in which' 
a certain typo ot rrWynomial is tormed i An a start, consider the 
set consisting of all the i nf:ej/:er)^ , that Is the set 



1>1 

Then let us conBider one, two, or more variables., depending on 
whether we want to form polyr^mials in one variable., two 
varlableB, or more. We shall assume , as before, that the domain 
of these variables is the set of all real numberB , 

We are now ready to describe what we mean by a polynomial. 
In the rirst place a polynomLal may Gonsis't--of any numeral for 
an element in our set or a variable itself. Thus, ^'x" is a 
polynomial, "=x" is a polynomial, "5^^ Is a po%^nomlal, ^ 
(=7)" is a polynomial . 

A- polynomial' is al-so 

any expre s s i on wh i c h i n d i c art e s addition, 
subtraction, multiplication, or taking ■ 
* opposites of= any elemen'ts of our set 

and the variables. ^ 

For examp 1 e , 1 e u s o e gl n with a v ar 1 ab be x a nd i nd i c a t e 
mu 1 1 i p 1 i c a t- ion of x uy x . Th is gives u s t he exp re s s 1 on x . 
The n indie a t e mu 1 1 i pi ic a t ion oi' o uy x , Th i s gives u s 5x . 
Then indicate the sum of these axpressions. This gives us 

+ 5x , Next indicate subtraQtion of 7, Our resulting''^- 
pressio#i is 

^ X + ^5X - / 

whi^^ai3_is a polynomial. Note that the expressions x, x^, 5x, 

2 _ ^ 
X + ^x are also polynomials. 

The indicated operations of addition, subtraction, multipli- 
cation, or taking opposites could have continued much longer^ 
giving us something like 

x-^ +■ ,.z^/ + lOx - l^i ' 



or even m or^ c ompl I c a t e d exp re s s i on s , The s e wou 1 d s till be 
polynomials as 1 on g as we ^ u s e d no o t h e r t h a n t h e i' o u r op e r a t i o n s , 
listed above a finite number of times. However > as we said 
bef'ore, expressions L 1 kt^ 

X + 5 L ^ . .X 

2x^1 x+J X ' 

are not polynomials. V/hy not':' Do you sec that they ^rll indicate 
the operation oi' dlvisron'? Further^ examples of polynomials are 



ii,; \ 



The original' set of numbers which we started with in forminj 
our polynomials was the s^t c^f intagars , ITiere are other types 
of polynomials for which the original set ofpumbers fftay be a 



different set, such as the rational numbers fiTi'e real numbers 

' ^ =- — ' y 

For thls^ reason it Is important to distinguish the different 
types as polyffomia^s o_y e r ■ t'he r at i on a 1 s ^ polynomial s pyer^ WlS. ' 



real 3 ^ polynom^ls over ^ t_he inta^grs , However j- we shall for the 
^most ^art be concerned with the last type/ For convenience, 

therefore., we shk^ merely use the word pblynomials In the early 
^ sections of this^ clt^ter to mean polynomial s over the Integers . 

Later, iwhen we are working with other number sets, we slrall 
' specif^ the type of polynomial being considered. 

Our definition of polynomials applies to polynbm'lals in any 
'number of variables . Examples of polyndmials in two variables 



are 



3 k ^ K J — y' +1 6 

53t - S + Jt # 

y ^ ^ '4ab -H b^ , 

Examples ^"f polynomials in three variables are 

, ' - : \ 

2xyz + 2 - y + 1 



^ 2b 4c 



t 



2^2 
r" + rt - 5Bt + 7 



4 

Ch eck Your Reading 



/ . 



Why do we Go"nsi3er i2)kv) a better factored form ^of 5 



than (-2) (^3)? (|) 



/ 

/ 



i 

J 



/ 

1 

s 

\ 

CheGk Your Reading | 
(continued) 

Which of 'the following are positive integere? 

3, |. (-6), |. (^25), 7 

How does the phrase ^ dir^'er from the phrase x + gx? 

an example of a polynomial in one variable , 
Which of the following ar^ polynomials? 

. - <)x + 12,. r-; + rt-- - s + 7, - . 

^Polynomials such as 5x + - y^^^ + 6 and a*^ - '^ab + 

are polynomials in "^how many varlablea? 

What about the polynomial 2xy.z + z - y f 17- . . ^ 

Is it possible to write a polynomial in more than three '■ '\ 
variables^ 



What op/sration^^may be IndiGated in a polynomial? 



Oral ExerciseB 13- lb ' 
Tell which of ttie following are polynomials , j 
^ (a) 2a ^ (g)^ £ ^ 

(c) ^ — --/- . \ (i) =6ab'" + 12ab + l8a 
2x" + 6k . . ^ 

(d) ^^ay - = ( J ) ^ ^ j, ^ ' - 

a 



(e^ x'' + 6x (k) 

a" + Ha + 

' X 

In the exercise above ihdica*te whioh polynomials are 
(1 polynomials in one variable.; in two variables; in three 
^variables , 

■ ■ 11.'"' : • 
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Problem Set p-lb 

1. Write three polynomials In one vy^iable. . * 

2. Wrl^e three polynomials in two vaj^lables. 

3. Write three polynomials in three variables^, 

4. (a) Write .the variable y. 

(b) Indicate the sum of 5 an^ y. 

(c) Indicate :the product ^^^lf%um and 2. 

(df Indicate that 9 is subtracted from this product, 
^ (e) Is the resulting expression a polynomial? 

5. .(a) Write any letter as a variable and take its opposite, 
(b) Indicate the product of 4 and the variable. ^ 

i (c) IndlcsLte the sum of 6 and the^product , . * 

(d) Indicate the p^pduct of 3 and the sum* ^ 4 

(e) IndlcateV the quotient of the result in ^ (d.) b^ the 
opposl^t^e of the variable you chose -JJi (a), 

(f) Does, the resulting expression invQlve only the opera^ 
tldn^ permitted by the 'definition of k polynomial? 

Is It a polynomial? ^' ^ . \ 

6. perform the indicated operations and simplify. Is the result 
a polynomial over the integers? - 



(a) 


2x(x = ar) 






l(t + 1) 


(b) 


y^y + d) 




(e) 


(u + 6)(u ^ 2) 


(0) 


(m + 2) (m + 




(f) 


xy(xy^' + x'^y) , •' 


Write 


each of the 


following 


polynomials In I'actored form 


where 


the factors 


are of the 


same 


kind as the polynomial 


(a) 


6x + 3 




(d) 


4z"' - 82 




5y + 5s 




(e) 


3x- - 2x - 




0 

't^h^^ + h 




(r) 


2 

ax 4- ax 



15^2 



-^2, Pac torinK ^ 

In the b eginning olftrils griaptefp vje asked the question, 
we are given a Gertaln.type oV prifase, c-an "we write it as the 
indicated product oi' slm1>ler pnrases':'". It was ij^ter pointed out 
that ^we will want the simpler phrases, or t ' a_c t o r s-^ j^-^ re of' the 
same type as the ^xpressiQn we start, v^lth. For ^:OTiple, tiie 
f actors of a given pos.itive Int'e^^er^ should also be positive ^ 
integers . ^ 

Ve are now readvjto take up nh.e pi^OLlem oV factoring 
expressions a c e r^a i n type , n am^ly polynQmlals . V/h^n v/@ write 
polynomials in factored form, we wilt/-v/ant th/fac^tars. themselves 



to be phrases of tfhe same type, that is, v/e^ill want the ^""^ 
individual factors to- ^e polynomials allso, Poi^ this "Vlaaon it 
has been necessary to make sure that we c an ^recognize a polynomia 
when we see one . ) jj 

In one of our earlier ex^ples we said that the factored 
form of ^ 
2 

X 4^ 3x - is X (x + ^ ) . 

2 

Here we see that x + jx is a polynomial . Do you see that the 
factors X and x + 3 are also polynomials? 
It. would have been possiule to v/t-^Ite 

4^ 3x as + 6x) or i(x^ + Sx"^), 

but in tnese two cases we see that the factors are not all 
polynomials. Ac c o r d .1 n g t p o u r \ i n d e r s t a n d I n g.-^eaTr " y o u see that = 
is not a polynomial 7 (Hemember that we are stillj talking aDOUt 
polynomials over the integers , ) ^o you also see^ that = is not 

-i " " X 

a polynomLal'^ Wiy'' 

In working witn positive integers , "^we used the term prime 
^jumper. This referred to an integer greater thap 1 which had 
no proper factors. It is convenient to i;se the same idea J.n 
connection with the facuoring of polynomials, WeVhall want to^ 
call a certain ty^ oi pQlynomlal a ''prlrra::" polynomial If it ^ 
satlsi'ies certain conditions. 



13-2 # . 

.7 



' In Ifne with our discussion about lnt*egers, we shall w^t ^ the 
word "prima" zo apply if the polynomial in question Ganrjr"ot be . . 
factored Vurthev, tnat Is, J,j" it eaqnot ^je-^wi-^ltt an as tha product 
oV two other polynqmials. Consider, than, tha j^jlynomla^ 

i " , - 

It. is possiule to wT^ita this ats ^ ■ ^ 

' (l)(x = -or 

where in uoth cases we have 'two "factors" which are polynomials. 
However, since uoth i and (-1) are factors ol^ every p.olynomlal 
we shall rtot consider ellher (i)(x --jy^^or (-1)(5 - x) a 
"pr'Oper" factorization. Thus we may call x - a prima. 
poly^o^miHl 

i-y' j " y ^ f^ not .a pr.^e polynoiffial , since it , 
:jan ije writ-lfen. as ^y^y + t ) - - 

'^^x + ;:0 is mot a prima polynor^ial, since it 

can be written as 6(x + 5) ' 

Is it possiola to facLor the expression 5y(y + 2) any 

Q 

further? Since the answer is no, we have factorad .Jy" + 6y 
completely whe n VJe w r i t e y ( y + 2) . ^I n this s a n a a , wa s h>a 11 call 

^ .5y(y + ^) ^ prime faer orization of Jy^ + 6y < , 
^ V/e np t e d a t o v e t h a t t^i x + o ) 1 s a f a c t o r e d f o r m o f 
ox 4^ ":0, v/e also orjserve^ ^^^^ ^'^^ ^ ^) c ompleta ly " 

factorad since it can r.e v^ituen as :}-2(x + 5), However, wa 
shall make an exception iK the. casa oV a factor which Is itself 

.an integer, such as , ami agree to grII an expression of the 
form ^(x p) ^ prime factorization. Similarly, we shall call 

# ' I0(x a -0 . ^ 

a prime factorization of lOx ^- '^0 even though 10 can be 
i^ac tored as . 

It should ue clear, nowevar,. uhat ^>(x' a 3x ) is not a 
p r i m e i ' a c t o i z a t i o n . N a i t Y\ e r is ' ■ x a 1 2 , 0 a n you sea why ? 
What is the prime f ac to r i zat i on oV 6(x'" a 5x ) ? What is the 
prime i'actorizat: 1 on of ^x if:^ 



^ > ^ . . ^ ^ ' .■ 

Some other examples are ^ . 

>^ 

s ^ Polynomial ' Prime Factorization 

** 

ia + 3b 3 {a +^^) 

■.^jx + 2x .-+1 * (x + l)(x + i) 

^x^' + (m"^ +'^(^9x) . :)x(x 4- (x - 14 

By mu 1 1 i p 1 i c a t i o n * d a pp 1 i c a 1 1 o n o V ' 1 1 1 e d i s 1 1 b u t i v e - 1 aw s c an 
'you show t t;i a t e ac?. h e ic^ e s $ -1 o n o n ^" t h e r I ghi t names t h e s am e ^number 
as the ^corresponding e xp r e s s L o n o n t he -^i eft? 

Oheek Your Reading 

1 , { What are uhe i^actors ox; x^' + :x'? 

P, ' V/hat ife a' prime polynomLal? f 

'i , kli at -doe s i t m e a n t o i ' a c t o r n r j o 1 y n o m i a J/ c o m p 1 e t e 1 y ? 

4, What is meant oy the term " pri me .ractorijiatlon" of a 
polynomial? 

o . I s h e ^ p o 1 y x '\ o m i a 1 6 ^ + 1 v/ r 1 1 1 e n i n factored form? 



Oral Exe re i Bes 1 :) -2 

It is^3SSi^Jle to i^actor ;■: ^ :}x'' an 4x^:} + 9x) or ^ 
x(l + .x).^ V/hy do v/c^pret^ep x(l 4^ ""^x)? 

Is ix{:)x -r the 'prime r^ctored torm of :^x' 4- iHx? Why? 

V/hat Is s prime' ran ^.o r 1 xa t Ion of ^ x' ' '^Ox"" 
Wl'iat in a prlm^' v-'fi^.^riv '\^A.r>u or '^--c" -\- l-'ar"? 



I vo'u Lem t 1 



Islilch of the ['o 1 lov.' ; rir- nentencf^: ^nre true for all, value 
the var.i ableti V « 



(J) 



Problem Set 13-2 
' , X^ontlnued) 



(c) 7a + a « a(7 + a) 



(d) + 3r - 5r^^ r(r- +. 3r - 5) 
fa) + 2q - aq(q) ^ . 

(fj + 8qr - %(q +' 2r) 

(g) '' -»12a^ + 52a = -^aCa^ - Ja + 8) 

(h) 273 + 18 - 9s(3s +'2) 

(1) 5x + 6 * (x - 2)(x - 3) 



+ Tx + IS - (x + 3) (x + 4) 



I . WilQh of the following ara- polynomials? 
-<f^ 7a +■ 5 - 2q- 



(e) 



X + 2 



i 



J. Which of the following , are prime polynomials? 

_2 



(a) (a + b) 



(e) 



r + 2 




r 



. (f ) S" + 8 
4 

(g),_ 2a + 6 
.(h)' 7ar*"'+- 8q^ 
Wrltejhfi prime raotorlzatloha of the rollowlhg expressions' 



(d) 
(e) 
(f) 



9q" - 27q 

4ar + 24ax + 32az 

- - 2 2 3 .23 
22a-x- - Jja-x-' 
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13^3* CQPWQn Monomial Factoring , . ^ » 

TOie exprasslen f >;v 

Mat + 8st^ + 28s-t^ 

im a polynofnlal In two varlablep * It can be written In various 
^ faotored. fonns 

(a) '^ 2(2st + 4st^ + l4B^t') \ ' 

(b) 4(st + 2st^.+ 7a-t') 

(e) 4s(t + at^ + 7at') ^ ■ 

(d) 4st(l + 2t + 7st") 

Which of these is a prime factorization^ In all of these forme 
wa have used the distributive property; to "Tactor out" something. 
In ' (a)i (b)i and (c) there is^ Btill something left Ineldje* 
th# parentheses which cah be "fictor'ed out" . Can you see in 
eadh case what this is? In (d)^ on the other hand, we have 
"factored ©iit" everything 4fe can. Form (d) is a: prime factor- 
ization • ^ ^ , ^ ^ 
Ixpreiglons lllie ' 

2, i^s, Mst 

are examples of what we call monomials . A monomial is a special 
kind of polynomial . monomial Is a polynomial in which the only 
Indicated operation is either multlpllGation or taking opposlteSj 
o^ in which there is no indicated operation at all » For instance 

' 25xyz, 7, -X 12s^t5, y^ 

are all monomials . 

X +.5i *3y 2, ■ s + t ^ r 

are not monomials. Why? 

ThuSj each of the factorizations In (a)-=-(d) are examples 
of common monomial factoring , because one of the factors is a 
monomial. But only one of these, (d), Is a prime factorization, 

f 



572 



Aa a further sample of eommon monomial faetoringi supi^ofle 
we were asked to faotpi^ the polyn^lal 

into prime factors. Thlg.aan be written as 

Sr^qtl) + 5r^q{-^rq) + 5r^q(3r^q^) - 5r\fl - 2rq + 3r^q^) - 
iJie form on the rJfght Xb a prime faatorization . , 



Chaak Your Readljfg 
/ fadtorlzation? Why? 



1, Is the expSiesslon ^{mt + 2it + 7b t- ) an example of prime 



2. What is a monomial? ■ 

3» Is a monomial also a polynomial? Explain. 

4. Is 128 t-^ a monomial? . . ^ 

5-. Is Jy- 2 ja monomial? ' ^ ^ 

Oral Exercises 

1. ^at Is a prima factorization of each of these expressions? 

(a) 3a + Jb ^ (o) Jx- + 6x + 9x 

(b) ^ 2x' + 4x- + 8x (d) 3y" - 6y 

2. Use common monomial factoring to find the prime factors of^ 
the following. In each case state the monomial factor. 

(a) 7 + 28a ) (c) 5mn 4^ ISm^n" 



(b) ^x- - 8x ' . . ^ (d) 7arx - l^ax^' 

Which of the following are monomials? 

(a) 7x (4) 7a = rx 

(b) 7 + X (e) 7ar- 

(c) J 7arx 



2. 



In which of the following' Is the rl^t Bide a prime 
factorlzi^ion' of the lef^b side? 



(a) 

(by 

U) 



.2x' - ifx - 2x(x - a) ' y ' • 

i 

2a - 2b - 2e = 2(a - b o) 

4xr - 4y8 - 8y ^ ay(2x - 2y -'4), 



7a X + l4ax 



ail 



- 7ux{a + a - 5x) 



3b' + 6b^ - 12b - 3b(b^ +" 2b -rt) 



lOx' + 2x^ = Sx'(.2x'' 



- 5x^ + x) 



.(fJ.^x'* 

Mvi a prime factorization of eaoh of the following^ If 
posalble, ' a; . 



(a) 3x + 


6 


(k) 


5x + lOx + 20 , 


(bfS^ + 


24 ' 


(1) 


2a + l8a^ 


(c). aa = 


18 - , 


.(.) 


6mf - 9m .« 


(d) >y r 


35 




* Sko 6ad + lOabd 


(e) 6x + 


9 


(o) 


x' > x2 + 


Cf ) , 8m + 


l6b + ajc 


(P) 


3.x^ " 12x' + 6x 


(8) + 


ab 


(q). 


2 2 
bx + by 


(h) c' + 


0 d . 


(r-) 


2b' = 6b- = 


(1) a' ; 


2 

a + Sa , 


(8) 


3 ax + 15ay - 9a'^ ' 


(J) c^n^ 


2 

- Gn 


(t) 


Tab^x - 63bc^x 



13-'+'. Quadratic Polynomials . 

In previous ohapters we learned to find producta such 

(x + 5) (x + 3) *. 



5n 



y^lng .-thfr properties of 'the Operations we f Irtd'^that' 

. ( * • , (x,+ 5)(x + 3) - (x +(5)x + (x 4. 

r \ • ■ " ' 2 

> --. ^^ ■ » (xf 5x) + (3x + 15) ' . ^ 

' ? ' - ■ ^ ' ' ' 

- x ^ (5x + 33^) + "15^ 
^ X® + 8x + 15. 

Cheek to' eaa if you can follow each of the steps In the above 
process , ^ . . 

Thm above' illustration makee it clear that' 

. - - - - _____ _ __ i -. 

^ (x + 5)(x +*3) Is the factored form Qf x" + 8x + 15^ 

If 'we were ^igiven the polynomial x . + 8x + 3.5 and were told to 
.faitor this polynomial, our ariswter would have Ho be 

"TOe quertlon is thisvj How w^uld we have been able to write the 
factdred form > J" 

^ ' (X + 5){x + 3). 

if we had^ not known the factors ahead of time? We see that -the 
process of factoring Is^def initely connected with that of finding 
products. In £act, It is really a matter^f going through the ^ 
steps ''backvmrds'' . -But this is not so easy. Have you ever 
been asked to say the alphabet backwards? You can do it, but it 
usually takes longer and requires, some thinkings 

In the above exarnple the process of going backwards might 

have been easier if >/e cou^ have started with the next to last 

o 

step. Instead of the problem df factoring "x^" 4- 3x + I5" 

suppose we had been asked to factor^ the polynomial 

2 _ - = ■ . 

. * 1 - X + 5x + + 15 . 

-If Ve Took at the first two terms by themseives, we see^that 

+ 5x could be written as (x + 5)x 

by the distributive property. Llk^ise, 

3x + 15 could be written as ^ (x + 5)3 ^ 

Thus, we cduld say'that • 

+ 5x + :5x + 15 ^ (x + 5)x.+ (x + 5)y. 



If Vim look at the expreasion 

(x + 5)x' 4- (x + a)?! . / , ^ 

wa ean think of It as ^consisting of two parts *' (x + 5)x" . and 
"(x +/'5)5". It ^ould te clear that exprae&lon ''{x + 5)" 
in parenthfSM is a factor which is "common" to both parts. 
Supposa now that' we apply, the dlstrlbatlve property in which we 
think of (x + 5) as a single numeral. In other words we 
"factor out" (x + 5) as thou^ it were a monomial factor * 'n*e 
result is as. follows I ' - . ' 

(3^ + 5)x + (x + 5)5 ^ (x + 5)(* ' - 1 



Thus we have 

2 



+ 5x + 3x + 15 ^ (x + 5)(x + 3) 



In other words, we now see how the factoring operation can be 
carried out onoe^>fe. have an expression of the fo™ 

( , X" + ax + + ab where a and b are integers , 

A few examples. and exercisfs of\this type will help strengthen 
the idea . Consider the f oilowlng . See if you .can .follow the .,'* 
'steps in each case. 

x" + 3x + 2x + 6 ,(x + 3x) + (2x + 6) 

/ ' ^ (x + 5)x.+ (x +.3)2 

\ ^ (x + ,3) (x + 2)^ 



2x^ tOx + X - 5^^(2x^ - lOx) + (x^^- 5) 

- (X ^ r \^ X - 5)1 

- (x - 5)) 1) 

Check Your Reading 



1 . How many times was the distributive^ property ueed in obtaining 
(x + 5)(x + 3) - + 8x + 15? 



the result 



\ 

576 



Gh©0^ Tour Rtadltis 
9^ (oontlnyeA), ' 



In the expresiion (x + 5)x + (x + 5)3 what faetqp^ls 
contmon to bo.th tarme? « 

How many terms are there In the expression 

(x + 3)x + (x + 3)2? What factor do these terms have in 

common? . 

Faetoring is the reverse of what operation? 



^ Problem Set 13-4a 

- i- 

Oroup the following polynomials 'in^o two terms, 

(a) b^4^b + b + l ^ ^ (G) a^^ 12a + 2a - 24 

(b) m^ + 2m - ^m - 6 (d) - 6b - kh + 24 ^ ^' 

J ^ 

Group the following polynomials into two terms and if aotor ^ 
-^aoh term using common monomial factoring.^ 
Example! x^ - 3x + 5x - 15 ^ (x^ - Jx) +^ (gx - 15) ' 
, ' ' (x -'3)x +' (x- 3)5 

2 1 ' 

(a) e + 3c + 3c +' 15 ^ 

(b) 9c- + 12c - 12c - 16 

(c) 35m -'28m + 1.5m - 12 ^ 

(d) 2x- + x +'l4x + ? 

Group the following ^o^nomlals Into two terms , factor each 
term* using common monomial factorings and complete trie 
factoring as in the example* , 
Example: x - 3x + 5x - 15 ^ (x"^ jx) + (5x = 15) 

- (x 3)x + (x - 3)5 

- (x - 3)(x + 5) 

o 

(a) m'^ + 2 m + 3m + 6 

(b) y- + 3y + % + 12 

(c) z^-2z+3z-6 

(d) x'^' + 5x - - 20 



577 i^J 



Problem* Set 13-4a 
^ (continued) 

ft. Factor the following polynomials (as In Exercise 



(a), 
tb) 




4r 



-. 6 
15 



(c) - 6q^ - IQq + 9q 

(d) 8y- - 20y - 6y + 1^ 

(e) iHn- + 2m + 2m + 1 

■ (f) ,.lSa- + l6a + 3a. + k' 
Pactcfc* the fQliowlng polynomials 



(a) 



-,"^x + bx •- 4b 




(b) ,"5c + 5d + ac + ad 

(c) 9ma + '6ab + 12m + 8b 

(d) "^-2 

(e) ,5x 



abm + na - 2bn 
5y + ax -■ ay ' ' 



(f ) 6s" + 9a + 8s + 12 



W0 ^t^etur^^^ag&ln the Job of factoring a polynomi^al such as 

+ 7x + 12. ^ , : 

Thus far we have learned how to factor this tirpe of expression' 

after it is written^ln the form^... * ' 

2 \ c ^ ^ ^ 

^ + ax + bx + ab , 

■ We must now find a wax to "Gh&nge the.^^first form to the second. 

To accomplish this let us see how the integers a and b. in[ the 

second form are related to the 7 and the 12 in the first, A 

study of this particular case will give* us some general ideas^ 
which we can apply to other . examples . 



Using the dletributlve property we can write * 

' 2 ■ 

5^x *+ ax + bx + ab ' -^-/^ 

3P - ---- - - ^ , » 

as X + (a + b)x + ab , 

If we now examine the two expre^ione: 

X + (a + b)x + ab and x + 7x + 12, 

we see' that the product ab represents^ IZ ^^and the sum (a ^ b 
rep;rtsents 7» Thus our problem is to find two Integers whqaa " 
^sum la 7 Md whose product is 12. What are these two Integers 
1£ wa eonslafer all pairs of Integers whose product is 12, we , 
Qdmm up with these choices* 

1 -IS ,2-6 3 *4 7 

Do you see which pair has a sum of 7? The correct choice j^lll 
shdw us that the form 

X + ^ + bx + ab 

^":£or this example is 

V ' - ^ - g^'v- -. . . 

prfvtous methods we can now show that i ^ 

X + 3x V 4x + 12 m (x + 3)(x +4) ^ , 



whifh means that ' ' 

^ x^ + 7x + 12 - (x + 3) (x + ^) . 

Is t^ls a prime factorization? 

The problem of finding two l^teger^ with a specified product 
and a specified sum is a familiar one^whrth we studied in 
Chapter 11. The method involved prime , factorization * When the 
sums and products are fairly small , the answers can often be 
obtained by inspection or some form of systematic jguesslng. On 
the other hand the use of prime factors can be of help in dealing 
with larger numbers T The following examples will lead to 
greater understanding. See if you can follow the reasoning in 
each case . 



t3-« . - , , 



■ 9 



For the form x" + ax-+ bx + ab we want Integers 
- a and b whose product is 2k and whose sum Is 
* 10, Possible ehoices : . 

Milch do you take? The correct chblce should give 
you the following result. ' , . 

= (x +=-4)x + (x +^ 4)6 
V = (x + 4)(x + 6) . ^ " '« 

^ Sample 2 , Paetor x - ijk + i6 ^ 

: Here we might find It helpful to write the polynomial 

x^ > {-17)x +16. 

This tells us fhat we are looking for two Integers 
with product io ^ ^and sum '{*17).' For the product 
l6 we recall that the factors must '^ba either* both 




-' ' , positive or both fiegatlve/ Si^6# the sum .must be 

negative, V^at Is, {-17) j wrfat do we concluide? 
Possible choices of two negative factors are 

{-1){-161 

^ Vftiat is your choice? Do you see that 

x^ - 17x + 16 - (x - l)(x - 16). 

The intermediate steps have been omitted. You should, 

however, write them down to be sura that you under- 
stand^ them , 

- _ P 

Example 3 ^ Find the prime factorization of w - w = 20. 

_ _ ' ""■^ = ' 

Thls^we can write as , : 

*^w^ + (-l)w + (-20) . . ^ 

Our ^nteger^j^nuBt have a product of (-20) anfl a sum 
of (-1) . ^he product is negative. -Whal does this , 
tell UB abaut th^ factors? Do you see that one must 
be positive and the otham^^hegatlve? ^'he sum -1) 



58t , ^ 




Is'also ntgatlve, Thli tj#ls us that tha negatl^ 



faator has the greattr absolutp value. With this 
infermatlon In mind we e'an limit our ohoio'es to thf 
following palrii 

(l)(-20) (2)(-10) ' (4)(-5) 

~^fly^^nm of these patrs has a sum equal to (-1)* 
Do you mmm which one It la? The proper oholoe gives 
us 



w^ - w 



20 ^ (w + ^)(w - 5) * 
'Again you should complete the Intermediate steps. 



Example j^. 



'factor 



27y - 90, 



weN 



/In this example we shall upfe prime faotors tio illus- 
trate the'^method , We wish (^ntegers with product * 
(-90) and sum (-27)* The prime ^aotorlEatlon of 
(-90) with an additional factor 1 gives us -/^ 

2 ' ^ 

90 ^ 1 '2'3--5. 

Before thinking of posslbla*eomblnatloni 
should note two things. The negative product (-^90) 
requires one positive and one negative factor. The 
sum (-27) tells ua^ that the' negative factor has 

greater absolute value^. To select our ohoioe we 
grofp factors iiy^^he following way: 





The correct combination gives us 

y- - 27y - 90 = (y + 3)(y - JO) 



\ 



i 



& 3 



.4 



Che^k YQur Reading 
2 



If we think of the ^xprfes6lbn 

2 

form X + (a + b)x + ab, wi 
represent?. 

aiv0 all palre of integers whc 
poeslble S^ims of these fact^rt? 

Glva the pair cf integerB^whose -product is 1^ 
sum is 7 * / , 




+ 7x + 12 as having the 
ers do a + b and ab 

oduct 1^ 12, l#iat are ail 



and whose 
s 



Oral ExerclBes 



For each of the following pairs of numbers find two Integers 
such that their product Is the first number of the pair and 
their sum is the second number of the pair, 

■ {&) a, 9 ^ : " 

(h) a, =9 • 



(a) 10, 7 

(bf 10, -7 

(c) 8, 6 

(d) 8, =6 

(e) -a, -2 

(f) =8. 



(J) 1. -2 
(k) -2,. -1 

(1) =S, 1 

2 

Express each of the rollowing In the form x + ax + bx + ab . 
Example: x^ - x - 20. We want intlgers a and Buch that 



their produot It 













2 

X 


(a) 


yt' 




6x 


+ 


8 


(b) 


ci 

X 


+ 


9x 






(c) 


x^ 




6x 




8 


(d) 


x"^ 




7x 




3 


(e) 


x| 




2x 




8 


in 


X 




£x 




8 




-1 



Thus 



/ 
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- ^ Problem Sat 13 -4b . = 

1. Exprees each of the following In the* form x + ax + bx + ab; 



(a) + 8x + 15 


(f) 


2 

m 


km 


- 12 


(b) r- - 2r - 15 


(l) 


2 

a 


7a 


+ 12 


(e) 8b - 9 




2 

+ 


lOy 


+ 2k 


(d) t- + 5t + 6 


(1) 




■11^ 


'+ 50 


(e) - low - li 




2 


Sc 


- 2k 


'actor each of the 


rollowlng polynomials 






(a) + 12t +, 55 


• (f ) 


--2 

E + 




- 21 


(b) - 7w + 10 


. (s) 


' 2 

a + 


6a 


- 55 


(e) - 15r + 22 


(h) 


2 

y - 


7y 


+ '12 


(d) a^ - l8a + 77 


; (1) 


2 

X 




- k 


(e) + Jm '- l8 


' (J) 




9b 


+ 8 



Factor each of the following polynomials 

(a) y^' = 7y = 18 

(b) q.- + ksL - 5 
(o) x" - 7x - 50 



O 



6k - 7 
'15x - 16 



(d) 
(e) 



8w -+ 16 
6w - 7 



(f) 
(g) 

(h) X- ' llx"+ 18 
(1) m^ + 0*m - 16 
(J) + 2t + 1 



A polynomial such as 
±B called a Mriynomial of the seoond degree , or quadratlQ poly - 



nomlal 



InithlB polynomial 
.2 



-3x 



and 



is called the ^cond degree term, 
is balled the first degree term ^ 
is called the constant term. 



13-^ • f 

We aliQ say. that 

k la the ooefMclent of In the .second degree term, 

&nd -5 Is the coeffieient of x In the first degree terra, 

^e GonBtant teryi 2 can also be called a coaffielent/ 

Thm degree of a polynomial in one varrlable is given by Its - 
tej^ of hl^est degrfee . ThuSj 

5x + 7 . is a flri^ degree polynomial, and' ^ s 

, ^ Sx + 6x- - 1 is a third degree polynomial * 

In this same sense we can call an expression In the form of a non- 
zero Integer such as 7 or -10, a polynomial of degree lero, 

l^e factoring jproblems. whiah we have Just beeft -studying 
involved quadratic polynomlale of the form . 

' ^ ^* / . + 7x + 10, 

in whloh the coefficient of the second degree tera is 1, , Suppose 
now we were asked to factor a quadratic polynomial such as . » 

2 

^ 6x" + 7x + 2, * 

in which the coefficient of the second degree term(Bpmetimes 
oailed the -leadlnpg coeff Iciient ) Is greater than 1 , How would we 
go about this? 

Up to now we have been able to write our answers In the forrn' 

' (x + m) (x + n) , . 7 

where m' and n are Integers and the first term in each factor 
is the variable itself. However, we see that this will not be 
possible In our present problem, since multiplication of the 

Q 

above factors will give us a second degree term of x , Because 
our saaond degree term is 6x , we shall need factors whose first 
terms are 6x and x, or Jx and 2x, Are the r^Tsa^-^^^ t he r 
possibilities? 

The constant term of 6x~^ + 7x + 2 Is 2. Thus our second 
terms in "^each factor must hjj^e a product of 2 . you see why? ' 
With these facts in mind, we can list the following/aholcesi'V 




"1, 



56'+ 



15-4 . - 

(6x + l)(x + 2) 
(6x + 2)(x + 1) 

(5x + l)(2x + 2) 
( 2x + 1 ) ( 3'x + 2 )' 
Multiplication of the first twoJtf;aotors gives us 
(6x + l)(x + 2) B (6x Jl)x + (6x + 1)2 



= Sx"^ -f X + 12x -f 2 
: ^ 6x- + I3x + 2 

Everythlni^i'^^S • all right except the first degree term. We have 
13x. We "^nt 7x . Find the other productB', Do you see that the 
last one gives us 

' (2x + l)5x + (2x + 1)2 ^ 3x + 4x + 2 

. 6x^%Jx + 2? 

We ftave found the correct factors a sort of "trial and 
error" process. You might even have guesBed the right combin- 
ation the first time. However, there are disadvantages to a 
trial and error method* esrpeclally if the number of cholceB Is 
fairly large . 

Let us look Instead at the ideas we used for the previous 
type (with a leading coefficient of 1) and see if we can 
"extend" these ideas to Include the new type. 

In factoring polynomials of the previous type we first wrote 
a second form consisting of four terms with ax and bx -as the 
second and third terms . Let us now write a second form for the 
polynomial 

6x- + 7x + 2 

o 

jas follows: Sk' + ax + bx + 2 

Our task is to find the correct integers a and b. We can then 
factor this form in much the same way as before. 

In the first place it should be clear that we want the sum 
of a and b to be 7* So far the process is the same as 
before. But what about the product (a)(b)V To answer this it 
will help to examine once again the multiplication operation, 
which is the reverse of factoring. Let's use the answer we got 



Dy trial and error. We recall that this was (2x + l)(7x + 2). 
cDmittlnE the first step we see that 

(2x + 1 ) (3x ^4- 2) - Sk"^ + Jx + 4x + 2 

This tells u e that a s h o if 1 d be,. a n d b s h o u 1 d b e 4 . 
Thus we see that in the correct form (a)(b) ^ ( ) ( ^0 12. In 
other words, t:i,he product a'a> Is not equal to the constant term 
2 as In the previous t5rpe . However, note that If we multiply 
the constant term 2 by the leading coefrlcient 6, we also get 
12. This suggests an important question. Is it true that the 
product or a and b should be equal to the constant term 
multiplied by the leading coeftlclent in ever-y case? If so, then 
we can "extend" our previous method of l^actorlng to Include the 
new type as to 1 lows: To factor 

f-)x" -h 7x 4- 2 

v/rite the ferrm f x" & ax + bx +- 2 . 

r 

Determine IntPKern a and b such that 

a + b - 7 

and (a) (b) (6) (2) - 12 . .. ^ 

In this casej w^-^ have found that a = > and b - '^ , To factor, 
we note that 

+ ;ix + ^'fx + ^- (2x+l):5x+(2x + l)2 
- (2x 4- 1 ) (^^x + 2) . 

Vie have not answered the question as to whether or not this 
will "work" every time. Let's look at one more example, then see 
if we can arrive at a satisf'actory prool' for the general case, 

Flr'St, see .1.1' we can factor 

-:^x'- iOx :^ , _^ 
Second I'orm: Mx^ + ax 4- bx 4- ;^ , 

We must now find integers a and b whose? sum is 10 and 
whose product is 2--, There are several possibilities, but a 
little thought will suggest the integers and 6, Thus we 

biave 

^^x'" 4^ ^^X 4- r^X ^ ^ (2X 4- 1 ) ^x 4- ( 2X l)^ 

^ (2x 4^ 1 ) ( '^X + "1 ) . 

1 : : 




If we multlpiy the iant Uwo factors, we obtain the original 
polynomial 

Hx"^' + lOx + 5 ^ 

V/e shall nov; examine the method to find out it It v/orks for 

s 

all cases. Beroi^e doing thlSj hov/ever, we must realize tha't when 
we speak or a method "working" wr are afieumlng that the quadratio 
polynom.ial in quest jD.ri can be Itaetored lo^ -06510 with. There are., 
of; cqurse, many quadratic polynomials v;hiah cannot b(? ractored 

over t^ integers . For example the polynomial ' ' ' 

o 

2x" + ':x -f ^ 

cannot be expressed as the product ot tv/o polynomials over the 

integers, (You may try to i'lnd them, uut don't v{ork at it too 

1 on ^ I ) -f^ o t he r two r d s , this 1 s a n e x a m p 1 e o i" a p r i m e po 1 y n om i a 1 . 

But now let us assume we. hav polynomial which c^n be 
tactored, and that.- the i'actore.d torm Is "V 

- ( cx -H d ) ( ex 4- ) 

where the letters c, d, e, and i' represent integers. To 
form the product v/e see that 

(ex 4- d)(ex + t) - (cx + d)ex 4- (ex 4- d)t 

2 

= cex 4- dex .h- cl'x -+ di" . 

Here, the steps have oeen carried out exactly as in the previous 
illustrat ions , 

We now w i sh t o f 1 nd ou t whe t her o r n o t ^ ou r so -c a lied method 
works . In^ the above examples we suggested that the product of 
a and b^.-^ln the seeond f u r m o i ' f o u r t e r n 1 s y h o u 1 d be e q u E 1 
the c o ns t a n t t a rm multiplied l y t h e leading c oe 1' 1' 1 c i e n t , -l^ow 
examine tlie polynomial 

Ge:?x" + dex 4= c f x + df . 

=. 

Do you see' that de and cf take the place of a and b 
respectively, and the constant term J.s df and the leading 
coefficient is ce? It nov; remains to be seen whether or not the 
two products a re e q a 1 . We a s k t h e q u e s 1 1 o n , . 1 s t he sentence 



(de)(cf ), - (ce)(df ) . 

true for all Integers ^c, d, e, f ? Because of the. asBoc^ative 
and commutative properties of multiplication, we see that the 
^nswer Ig yes , , * f 

A few more examples should serve to. Ax tJtife ideas firmly in 
your mind . - 

V 

Example 1 . Factor Sk"^ - llx + h . 
' ^ -■■ .t . 

o 

Second '■form: 6x" 4- ax + bx + 

Requirements for a and b: a 4- b = (^11) 

(a)(b) = g't , 

Since the sum is negative and the proyuct fs positive, ^ 
we know' that both .a and b are negative. Will > 
i j (-^3) and '(-8) give us the correct results? - 

" J- 3X - 3x + 4 (2x - l)3x + (2x ^ Di^li) 

- (Sx - l)(3x - ^4) , , 

Example 2_, Factor . Jx" - 5x - 2, 

.. 2 

Second form: - 3x + ax + bx - 2 

Requirements for a and b: a + b - (=5) 

• ' , (a)(b) = (-6) 

We see'' that (-6) and 1 will satisfy these 
requirements . Thus 

ix"^ - 6x 4 x - 2 - (x ^ 2)3x "K, (x - ^)1 
- (X - £>){3x 4 1) . 



Check Your Reading - 

1 . What is the degree of the polynoTniai ^x"^ +■ 5x + 2? 

What is the coefricLen't ot x in the first degree term? 

2 . Wha t i s' the leading c o e i ^ 1 c 1 e n t' a nd t he constant t e rm o f 

- 2 

the polynomial ^ r.x -f- 7"x -f > ? 



Check Your .Reading ^ 
' ^ ' / (aontlnued) 

What is the sum and the product of a and b when 
6x^ + 7x^ + 2 is considered in the form nx'^ + ax + bx + 2? 
How do you determine what the sum is? How do you determine 
what the product - is? 

If the polynomial 8x^ lOx + 5 la considered in the form 
8x^ + ax + bx + 3, what is the product of thte leading 
coeff iaient and the constant term? Vftiat Is the ^product of 
a and b? 

Oral Exercises 13-^c 

Given^^h£ following polynomials: 

& 2 2 _ 2 

yxr -*5x, X -f 5, X - 2x + 5, 3x 7, 2k~ , <- 

■ 5x, ' J H- 2x 5x^, 5 - 9 - x", X- + jx' 

(a) Wlii^ are polynomials of the first degree? 

(b) Which are polynomials of the second degree? 

(c) ^-^ilch polynomials have a second degree term? 

(d) Which polynomials are not quadratic polynomials? 

(e) Which polynomials have a second degree term and a first 
degree term? 

(f) Which polynomials have a constant term? 

(g) For each of the polynomials which has a fMrst degree 
term, name its coefi'icient . ' 

f ■ 

(h) For eaoh of the quadratic pol^/nomial s ^ name the leading 
coefficient ' , * 

Consider each of the foilowlng polynomials in the form 

2 - ' 

5x" + ax + bx + 8, Find a and b - for each. 

(a) ^x^ - llx + B (d) px"^ + lOK - B 

(b) Jx^ 4- lOx + H (e) :ix^' + ^ 3 

(c) <x^ - 2ox ^ 8 ^ ' {■'] -^x' ^ 2x - 8 



T 



Oral Exercises 1>-^Iq 
(continued) 



(g) , + 2ox + 3 

(h) ::x'' = l-x + 



V 



Problem Set 1^:.-' 



Factor th^' rollov;lng polynomials: 



(a) 








-f- 7 


(i) 


:jx' + SO'x - 7 


(b) 






ry 






-jx'" - 2x - 7 


(c) 








+ 1 






(d) 








+ 1 


(1) 


'm'"^ - 12u + 9 


(e) 






5x 




(m) 


4- 13v 36 


(n' 


9x" 




1 




(n) 


6x^ + P3x 4- 21 


(s) 




- Iph 






I'^t"" + 7gt + 10 


(h) 


7x' 




rx 


1;; 


(p) . 


:oy" - ^ay 4- 7 


'ac tc 














(a) 


3x^" 


+ 


I'Pl 


X + 1^ 


(1) 


^^^x" = - 15 


io) 


3x" 






^ I ■^ 




Sx "" 7x = 15 


(c) 






Pox 


- 13 


(k) 


hx' ^^X = 13 


(a) 


*'.^^X' 


4- 


'^7x 


= Id 


(i) 


■'x'^" 4- P9x + 15 - 


(e) 


8x^\ 






+ 1 


(m) 


liyx - 1^ 


(f) 




-f- 


P?x 


+.13 


(n) 


Hx'" -f- ^^^X + Ip 


(g) 






1 




(o) 


"x" = 2>X + 1:3 


(h) 






igx 


- Id 


(p) 


■^'x^ + P6x + 15 



rroLlein Set 1.::--g 
( Gont:lnuf?d ) 



Factor , 



(b) -h' + 1-h I 9 • (g) -/"'f :--y + 

(g) + O'Z = ^ '^'^ (ii) . x'" + llx :.0 

(cl) V ^ + 2v> + 1 ' (i ) , -jx'- :-K - 7 

(e). ?y"^ - y - (j 



I'j^o. Dirrer*eriG^ of Scares . 

In t.he previous section v/e h^ve leai^neri a general method i'or 
fact^brlng qu^idratlc polynomials. Thur: v/e have, in n sense,, 
completed the .fob v;ith respect, to unlrj type of expression. 

There are, however, ^ special caaen ror v/hlch the iactoring 
^ process may he greatly Himplli'led. V;e Bhall study two such types 
Gbiq^der the tollov/ing ^quadralftc polynomials- 

VJh at are the special tea tu res which all of' these have In common? 
First we note that the. I'lrst degree ierm is missing in each case; 
that iSj'the coetticient oV this uerm is zero, V/e |lso feee that 
each or tne polynomials shov/s an indicated operation of sub = 
traction. There is a simple and direct v/ay of' iactoring thi^ 
type , To discover this let us i^irst ractor using the method of 
the ^ej^idus section, 



the second form is x' + ax + bx = 9. 

We seek integers a and o 'wFtose product is (=9). V/hat about 
,the sum? Do you see that :.his is zero^ That is, 

{a)(b) (=9) 
and a 4- b = 0 , - ' 



991 
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Frora properties we have studied In Chap^i? 7j we know that thla;' 
last statement la true if and only If b is the opposite of a', , 
* In othar words, our two f*equlrements on a and b for this 
speo^al type are 

/ " • ? (a)(b) - ( = 9) 

Do 70U see that these two requirements will be met if a ^ 3 and 
b i^3)^ lliel'ef ore , we now have 

X® + 3x - 3k - 9 ^ (x + 3)x + (x +'3)(-_3) 
- (x 3)(x 3)/ 

^ Likewise for 

N" - 16 

we see that in the form 

+ aN + bN ^ 16, ^ a ^ 4 and b = 



will meet the requirements. Hence 

I 



^ 4N - 4n - 16 - (N + 4)(N) + (N + 



For the polynomial 

m 

- 25 

we write 

4y" + ay + by ^ -gj . 

In this case we note that a + b ^ 0 and that (a)(b) ^ 

(4) (^25) m (^100). The requirements will be aatlsflef If a ^ 10 

and b - ^1%^ Thus we complete the factoring as follows: 

4y^"^+ lOy - lOy - 25 ^ (2y + 5)2y 4- (2y + 5) (-5) 

- f2y + 5)A2y ^ 5) 

Let us now put these three results together to see if we can 

figure out a short cut' for the factoring process. 

^ ■ 
X 9 ^ (x + 3) (x ^ 3) ^ 

- 16 - (N + (N - h) 

- 25,= (2y ^(ay - 5)' 



59^ 
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There are some thlngn which all of th^e results have in common. 
. The first factor in each caoe represent^, a sum and the second 
factor represents a diffenence. In other respects the factors^ 
are the same . Do you see how the terms are formed in each ^ 
factor? )ln -ae list example the polynomial '^y"^ = 25 could^ be 
written as (kfy)"^ - (p)"^. Thin may help us to understand how 
the factors (2y + d) {?y - -)) are formed. A few additional 
multiplications nhoi^d clear up -any doubts. These examples will 
indicate the factgrlng process In reverse 

(y^O(y - - (y + h)y + (y + 6){-6) 

(:x -f nA:ix - 7) - (:^x + 7):.x + (4 + 7) (-7) 
^ m :^x" 4- 71x = 21x - -9 ' ' 

V/e should no>/ ^e in a.poslLlon to i^actor polynomials of' this 
type without naving to wr:te :.h^- lni:ermediate steps. Do you seef^' 
for example, that 

^, ^ 

It should i^e clear ^naL this type of factoring is possible 
only when the leading ooefr'i eJent; and the absoluta value ^of the 
constant term are squaren of lntep:ers , Thus the quadratic 
polynomials 

>: - yind :'y" ^ Ir 

cannot i>e factor'r^cl over the In^^^nrers. Do you also see that 

x' J ^^^—^ 

cannot ue i'actored even thoujm ' is the- square at" an integer? 
Why la thlsv^ 

^ Thu:i tar v;e hive t.^^r^n dlscussmp quadratic polynomials in one 
variable. We can ^also show tnat ^. " 

vx'" - - : '^x -4^ 7y) ( .X - -y ) , 

where mar«' iJiau on^j varlat/le arpears 1 ri !.hc- polynomial. 



1^' 



13-5 

Likewise 



In. this case v/e have a polynomial in three variables. 

It v/lll help no multiply tne tactors in each of the above examples 

to shov/ that tne results are correct , 

Because or the speglal form in which they appear ^It is 
customary to refer to polynomials ol' the type we have studied tn.. 
this section as the 

di f ference o f ' t\m squares , 



Check Your Reading 

'-^ 2 
When x'' = 9 is considerfed In the form x + ax + bx = 9, 



what is the product of a and 
and b? 



Complete the sentence : 
_ of a , 

Complete the sentence; 

V/hy is it tnat - - 

over the Integers'' 



a + b 



and 5y" 



b? V^liat is the sum of a 

0 if and only If b is the 

25 - ( f - (5)^ 

Id cannot be factored 



Does ^^/^ y fall into the category ref erred^^,:to as the 
difference o£ two sqUBres ? V;hy? 



Ural Exercise_5 13^.5 



Factor each ol/ the follov;lng polynomials 

2 



.a) 

:b) 



.E) 



1 



1 



■ n ■ 



(h) 9z'' = 25 
(1) l6a'^ ~ 'lu' 



59U 
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Oral Exe^rcises 1:^-5 
(continued) 

Express each ol' the i'ollowlng produats as a dli'f'erence of 
square G , 

(a) (t + l)(t ^ 1) ^ (f) (,im ^ 2)(im + 2) 

(b) (x + 6)(x - 6) ■ (e^) (u -h v)(u = v) 

(c) (3 + 10) (n ^ 10) (h) (at = u)(st -+ u) 

(d) (x - 7)(x -f 7) (i) (1 + 2k)(l ^ 2k) 

(e) .(2x + l)(2x - 1) (.1) (v; - 15) (w + 15) 



Problem Set l:3"b 
B'ac tor e a c h o f t h e f o 1 1 o v/ 1 n g p o'l y n om i a 1 s 



(a) 




^ 16 ^ ' 


(f) 


w'^ = 1 


(b) 


a. 

X 




(■a) 


J, 


(c) 


■t" - 


. 81' 


(h) 




(d) 


81 - 




(1) 




(e) 


6k ^ 




(J) 


16 ^ 49k'' 



Write ea/ch of the following indicated porcMucts as the 

dlfl'erer^e of' squ)ires , 

Example:^ (x + 5) (\ - :j) - (x)^ = (5)^ 



(a) 


(0 


1 

+ 


iO(n - 


■0 


= y.f - 9 . 

/ 


(w - 


15) (w + 13) 


(b) 


(t 


+ 


l)(t. - 


1) 


(g) 


(x = 


20) (x + 20) 


(0) 




+ 


6)(x ^ 


6) 


(h) 


(mn 


-h 1 ) ( mn - 1 ) 


(d) 


(s. 


+ 


10) (s • 


- 10) 


(1) 


( 2m n 


+ X ) ( r^mn - X 


(e) 


(X 




7)(x + 


7) 


( J ) 


(ax 


+ '0(2x - 5) 



5 
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Problem Set 13=5 
, (continued) 

3* Factor each of the Y"ollowlng polynomials: 

. (a) x" ^ / (g) 6z - l3z" 

f (b) - 2k - 15 • (h) 2t^^ + It = 5 

(o) 5y' - I7y + 6 ^ (l) l - lU4t^ \ 

(d) Da""' + 5a (j) 9k^ + 81 . 

(e) m'" - 2m -f 1 (k) u""' + l8u + 17 



(f) 9^^b^ - 25 * (1) a^b + b^'a 

Try to write a common name for each of the following Indijcated 

products. by doing the work without paper and pencil. 

Example: (:59)(41) Think (39) (^l) ^ (^^0 - l)(^+0 + 1) 

o p 
= 40" - 1" 

- 1600 - 1 

Write (39)(]ia) ■ 1599. ■ 

(a) 18 X 22 ' (f) (17x)(a) 

(b) (s) 58-'f&k 

(c) (29) (51) \(h) ('49x)C51y) 



(d) 48-fy2 . (1) (101)(9'9-) 

(e) (57)(43) (,]) (6)(6)(it)(ii) 

V 

Factop the follov;ing polynomials over the Integers if possible 
(a) n^' ^1 /d) (x 1)'^' - (a ^ 1)^ 



(b) (x + 1)- - 1 ^ (e) (m + n)'" - (m - n)"' 

(c) (x + 1)2 . a- (r) (x" y^) = (x - y) - 

*6 . (a) Cpi H99 be -"i prime number? ^99 = 30' -1'^ 

* / - ( ^0 - 1) (50 + 1) 

^ Is it prime? 

(b) Is .15^9^ a prime number? 
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15-6, ,Perf eo t Squares . 

A second special type of quadratic poT.ynomial can also be 
factored In ^^mple way,- Consider the polynomials 

+ 6x + 9. Y^' - lOy 25, 9N- + 24N +- l6 

The "special features" of this type are nbt as easy to recognize 
The factoring process, hov/ever, will point these out. We shall _ 
begin with the so-called , general method. 

For ^ ' 



+ 6x + 9 



the form + ax + bx + y requires that 

^ ^ ^ (a)(b) - 9 

and a + b - 6 . . 

These requirements are met If a = 3 . and b = 3 * Are there any 
"Other possibij. ities among the integers? Factoring as before, we 
obtain 



x" + 3x + 5x + 9 " (x + 3)x + (x + 3)3 
- (x + 3) (x + 3) 

Next consider 

y'^^ - lOy + 25 ^ 

o 

por the form y'~ + ay + by h- 25 we see that a ^ (^5) and 
^ ^ ,4^5) ^ To continue factoring we write 

o 

y'^ - 5y - 5y + 25 = (y = 5)y + (y. ^ 5) (-5) 

= (y 5)(y = 5) . ■ . 

To factor 

-f^ 2^iN + 16 

we observe that the form 9N^ + aN + bN + l6 requires that 

a + b ^ ?h and (a) (b) - (9)(l6) ^ lU4. 

The requirements are fulfilled If a - 12 and b ^ 12, Therefore 

gn^ + 12N + 12N +^16 - (3N H):3N + (3N + 4)4 

- (3N -f- 4) ( + H) 



W-6 -v.. ) 

' \- " ^ 

Summarizing these results, we have 

. ^ ' + 6x + 9 - (x + ^) (x \+ y) 

" ^ ■ - lOy-^ 25 - (y = - 5)- 



may be written (x + jO"^. <y - S)"^.! ajpd ("IN + 4)"\^ For Chis 



In each case the two factors are the same. In' fact, the results 

reason the general name given to this type of polynomial £s 
peVf ect Square . 

There is little or no difficulty involved in determining the 
factored form, as can be seen. The problem is really one of 
recognition. How can we iHentify this tjrpe? The answer to this 
question "can be obtained .by examining the special nature of a 
and b in the,, second form. Since a and b are equajj it 
follows that a + b ^ 2a and (a)(b) ^ a^. In other v/ords the 
requirements on a and b may be stated in terms ol' a alone. 
To malfe this clear, let's look again at the examples' 

For x" + 6x + 9 we note that 2a - 6, hence ^a =3^ 

If our polynomial is of the special type under consideration, then 

' ' 2 ■ ' 

a must be equal to 9^ 

For y"^ - lOy + 25 we note that 2a - (-10)^ hence a' = (-^5)^ 

2 

Does a - :^5? 

Finally for ,9N^ + 2m + 16 ^ we see that 2a - 24, hence a - is; 
What must a"^ . be ^qual 'to? We see that>-.^ a" ^ (9)(l6) - 1^*^^- ti 
From these ideas we can figure out a v^ay to determine whether 
or not a given quadr.3tic polynomial is a perfect square. We first 
note that I'or perfect squares the leading coefficient and the 
constant term must bpth be squares of integers. (Don't forget 
that 1 is the squc^^e ol^ 1.) If our polynomial satisfies, this 
condition, we can then apply the following test. We divide the 
coef'ficient of the first degree term Ly 2, If the square of'.the^ 
resulting numDer is equal to tffie product of the leading coefficient 
and the const an t t e i^m , t hen the given pol yn om i a 1 i s a pe r f ec t 
square , 
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i Wils test can be described In aymbals , The polynomial 
Is a perfect square if 



. (|)»=Ac. 



we know that m polynomial is 'a perfect square, the 
faetorlng Is simple , For example' 

x5^+ 12x + 36 = tx + 6)(x + 6) 

N^. - 14n + Ug = (N - 7)'(N - 7)*' 




4y^20y + 25 = (2y - 5)C2y - 5) ' 
How do we know these are perfeot aquares? Do you see that 

^ 6 and 6^ m 36? 

Algo 

- (-10) and (-10)^ « (^)(25)- 

Test the sAond^ example yourselft 

Suppose/we were given the expression 

o 

x"" - l3x. 

What constant term fhould be added to make this polynomial a 
perfect square? V/e see that 

(-9) and^ (-9)^ - 81. 

Thus 

o 

x" - l8x + 3l 

is a perfect square. What constant should be added to make 
the polynomial 

^ - 2 ' - , 

yX" + rr'^iX 

a perfect square? Hnra we note that 

~ ^ 12 . and 12^ ^ 14U. 

In symbols the question becomes 

1^^* = (9)(7) ^ 
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yeu ite that the number In question is 16? Therefor© 

+ 24x +16 



is a perfeet iquar© , VHiat la the factored form? To determine - 
this quiGkly, It may help to think of the pplynomifll as 

whieh suggests the faetora 

(Jx + 4)(3x + 4) . 

In certain situations it may be neoesaary to "factor out" a 
common monomial before applying any of the methods of the last 
three sections. Ihe following examples will illustrate this. 

toample 1. 5x^ - 35x + 50 ^ sCx^ - 7x + 10) 

- 5(x = 2)(x ^ 5) 

Example 2. ISy^ - 75 * - £5) 

- 3(2y + 5)(2y - 5) 

Example 7rx^ - 4£rx^+ 65r ^ 7r(x^ - 6x + 9) 

- 7r(x - 3)(x - 3) 

As a general principle It is always wise to check for a 

r 

common monomial factor bafore attempting *to factor by other 
methods * 



Check Your Reading 

When X + 6x + 9 Is considered in the form x + ax -i- bx + 9 
what Is the sum of a and b? What Is the product of a 
and ~ b? What are the values of a and b? 

Complete the sentences If a polynomial is a perfect square, 
the leading coefficient and the oonstant term are both 



Complete the sentences If a polynomial of the form 

2 - B 2 
Ax + Bx + C - is a perfect square, then (^)^ = ^ 
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Check Your Reading' 
(aentinued) 

Vftiat number sheuld be added to x * l8x to fo™ a parfaot 
square? Explain how the number IB obtained, 

Vmat number should be added ^o 9x + 24x to form a perfect' 
square? ' Explain how the-fiuraber Is obtained. 

Complete the santencei It Is always wl&e to eheok fdr 

a - 1 before attempting to faetor by other 

methods , 



Oral Zeroises 13^6 
IrfhlQh of the following polynomlale are perfect squares? 

(a) n + 8n + 16 ^ (e) t - 20t + 100 ' 

(b) + 16 (f ) 36b^ 
(o) x^ ^ 5x + 25^ (g) - 25 

(d) 5x^ ^ (h) 4x^ + 4x + 1 

* 

In each of the following Incpmplete expressions, what must 
be placed In the parentheses in order to make the resulting 
expression a perfect square? 

(a) + 6x + ( ) = 

(b) n^ ^ lOn + ( ) 
^ (c) x^ + 4x + ( ) 

Factor the following. 

(a) + 8x + 16 (d) ^4y^ + 167 + 16 

(b) - 6n + 9 (e) l6m^ + 8m + 1 

. (c) x^ + 2(xy) + y- (f) Ua" + 4ab + b^ 
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problem . Set 3.3-6 ; 

1. For aach of the following polynofSlale, answer "yes" or "no" 
' to the queBtlon, "Is the polynomial a perftet square?". 

(a) ! X® -H 6x + 9 , ' . .(e> + 2cd + # . 

(b^ X- + 6x + 36 (h-).'^ +.cd. + d 

. (e) : + 36 . . it) ^9x^ 

o ' 2 

(d) n - lOn + 100 (J) *x + 2x + 1 

' o fe ' 2 ' 

(e) - lOn + 25 (k) 4x + 12xy + 9y 

(f) rfi ~ 6k ' ■ (1) (x - 1)^ - 6(x - 1) + 9 

2, Complete each, of the following so that the resulting 
polynomial li a perfect square. (This process is often 



called "completing the square".) 




(a) 


x^ - 8x + (* ) 


(i) 


- ( ) + 25 


(to) 


x^ + 8x + ( ) 


(J) 


'a^ + 12a + ( ) 


(c) 


+ 2n + ( ) 


(k) 


+ 4st + ( ) 


(d) 


+ lot + ( ) 


(1) 


2 

( ) + 6xy + 9y" 


(e) 


y^ = I6y"+ ( ) 


(m) 


4s^ + ( ) + 9 


(f) 


x^ + ( ) + 16 


(n) 


( ) + 40v + 25 


(g) 


y2 +■ ( ) + 144 


(o) 


49x^ - ) + 16; 


(h) 


9a® + 6a + ( ) 


(p) 


(v + 1)^ + 4(v + 


FaDtor each of the following 


polynomials . 


(a) 


x^ + 12x + 36 


(f) 


36k - 12k + 1 


(b) 


4a- - 12s + 9 


(g) 


12t^ + 36t rh 27 


(c) 


2m^ + 12m + 72 


(h) 


a^^ - 2a-b +' kb^ 


(d) 


Ju^ + 6u + 3 


(i) 


8t- + 8t + 2 


(e) 


v'^ - 2vt + t""' 


(J) 


- 20x + 100 



1 
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* , ' proWerti Set 13-6 t ' 

^ ■ ^ (eontlnued) ^ , 

^ ,' PrevlouB exeralBea haye pointed out the foljowlngi. 

+ 2ajt + ^ (x + a)* 

* _ • • ° 

Thli tmBUlt gives us a rule for squaring expresalpns like 
X -f a and x - a -without the usual^ multiplication process, 
r Perform the, indicated operation for each of the following. 

Examples tx + 3)^ - x^^ 2(3)x + (3)- ^ - i 

2 

* s X + 6jc + 9 

(a) . (x + 2)^ ■ (d) ^(x ^ 7)^ . * ^ 

^ (b) \(a ^ 3)^ * . . (X ^ y)2 

^(c)/(y.# 10)2 ^ gj2 

5, Using the fact that the aentenoes "(a + b)^ = a^^/^Sab + b^' 
and "(a = b)^ ^ a^ = 2ab + b^" are true fbr any ^eal^ 
numbers a and b^ some indicated products of numbers ban 
be simplified easily. Try to write a common name for each 
of the indicated products below. . 

/ Example: (31)^ - (jO +1)^ " 

- (30)2 ^ 2(30)(1) + (1)2 
= 900 +60+1 

^ 961^ 



(a) 


(21)^ 


(f) 


(51)- 


(b) 




(s) 




(c) 


(19)'^ 


(h) 


(99f 


(d) 


(39)'^ 


(1) 


(10l)(lOi) 



Problem Spt 13 
(oontlnued); 



Factor each af the followln 


p6lynomlals * 


(a) 


- 8y + 12 


(n).' 


2X^ + 5x + 2,^ 


(b) 


+ 6x + 9 


. (o) 


' 8m^ - 8 ■ ■ 


(e) 


2 2 - 
am + an 


(p) 


4y^ - % + 1. 


(d) 


Jt^ - 7t - 6 


(q) 


ax^ +-Max + 25a 




9s^ - 16 




3r^ - m . 


(f) 


2 ' 2 
u + 2uv + V , 


(8) 


4x^ - 20x 


(s) ' 


ox = X - 7 


. (t) 


5m - 20 


(h) 


3y^-3 


^ Cu) 


jkx^ - i5ax + iSa 


(1) 


+ 5u - 14 


(v) 


3t^ +_8t + 5 


(J) 


y- - lOy + 25 


(w) 


a X - b x 


(k) 


1 , 


(x) 


2k^ - 2k --12 


(1) 


+ 3i + 2 


(y) 


'k ^ . 

t - 1 


(m) 


8y^ + 8 


(z) 


5y- + l8y - 72 



13-7 , Polynomials over the Real Numbers . 

When we stated that an expression su^h as 

- 5 

2 

could not be factored, this meant that x -^5 could not b 
expresBed as ^ the product of two polynomials over the Integers . 
However, If we form the product 

(x + ^)(x v^), 

we see that this is equal to x^^ - 5^ Check this by multipll- 
cation! In other words, x" - 5 does have polynomial factors 
But these factors are polyn%nials over the real numbers, not 
polynomials over the integers , 



In the'btglnnlng'fof tht eKapter we ^stressed the faat ^hat 
th# problem of faotorlng Involved finding factors ^whioh were 
axpriaslo^ of the same tCT® as the particular expression being 
factored. How does this Idea relate to the exa'mple considered 
'above? The answer Is this* The polynomial 

■ = ^ " \^ 

Is^a' pqlynomlal over the Integers * However, since 5 is also ar 

^ ^ ' *^ _ 2 

element in the set af real numbers, we eoulfl regard x~ - 5 §$ 

a polynomial over the reals as well . - We thus have two possible 

situations . ^ - 

(1) If we are working with the basic set of integers aj^ , 
coefficients J then we say that - 5 can not be 
factored, 

(9) If we are working in the larger set of real numbers. 



r 



2 



then we say that x -^5, ai a polynomial over the 
reals, can be factored. 

In short, the question of whether or not a given polynomial can . 
■be factored depends on the basic set of numbers from which the 
Qoefficients may be chosen, ' 
It should be noted that' the polynomial 

can be factored as a polynomial over the Integers and also as a 
polynomial over the reals , In both cases the factored form is 

(x + 5)(x ^ 3)\ 

Itie expression 

9x^ ^ 2 

cannot be factored over the Integers . It can be factored over the 
rea^sT^ The factored form is 

(3k + ^) (3x - J2) . 

Check this by multiplication! 



0. 



"Ghtck Your Reading 

2 ' 
1 . Is X - 5 a polynomial over fthe integers? 

as a polynomial over the real , numbers? 

-2, Does - 5 ..have factors If It Is co^MA^tSred to be a 

polynomial over the Integers? Does it have factors if It Is 
considered to ^e a polynomial over the real numbers? 

3, Factor - 9 over the '^lrttegers . Factor^lt over the,- reals 






i a u u 4 tr Lip vi V c i i 4 1 


Intefferfe*^ Factor 


the reals , 








nr*^! Fxprf i Res 1 




Factor the following 


expressions over 


the^ real numbers * 


2 % 

1 . X - r 


f ^ 


9x ^ ^y 


a'; - 11 


ax - 5 


3 * 9m^ - 5 


i 

3. 


2 2 2 
25a^y" 7b^ 




9 ^ 


- 




^ 10. 


a" - c , c > 0 




Problem Sat IJ 


-7 


Factor the foil owing 


expressions *over 


the real numbers , 


1 . m'~ ~ 0 


6 , 




2 . t"^ IC 


7' ^ 


k' - 7b" 


5 . ^x^ - 7 ' 






. -y- - 9 


9 ' 


^x" - 2 


p. a'b-^ - - 


10. 


r^ - c , c > 0 



ID 
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13^8* Polysemlals over the Rational s , 

. i- ^ ~ ^^^^^ ^ ^ ~ * " ^ 

L#t us now c&niider the polyi^mial * . ' 

1^2 4.. 4 , 

This^ Is m polynomial' over the Rational numbers^ It oan be 
faotoredj slrfee rational numbers are allowed a^fiiotori. In this 
example we want ^ to "factor out"' the monomial^ i * and obtain 

/ ■ * ^. 

Do you i(ie that in this way we have abtained a'- factor on ^e 
right wHleh if.a polynomial over the integers as wall as over the 
rationals? In this particular cas^ It is alio perfect square, 
The complete factored' form if 

i(x + 2)(x +2). 

Let's now look at another polynomial over the rationals. 



This can be written as 



If we factor out y , we get 

, ^ |(y'^ = 9). 

This result should also be checked by multiplication, Again the 
factor on the right ie a polynomial dver the integers . In this 
instance we have the difference of two squares . Thus further 
factoring is possible . The final form is 

|(y + 3)(y - 3). 

In each of the above examples of polynomials over the 
rationals we have factored out a rational number thereby obtaining 
a polynomial over the integers as the other factor. Is this 
always possible? The following example will provide a clue to 
the answer. 



' I'll 

'07 



1 



If we Goniider th© foflowln|, eKpressloni 

1^ . 1 



7"" 



w© eeesthat It can be written as 



Can you f 1 
leave a 
written as 




rational number which, when factored out, will 
oihlal over the integers? Our expression can be 



fx + 2) 



Although the faetor on the rzght Gannat be factored any further^ 
we do see that It Is a pol^ynomlal over the Integers , 

It should be clear that the rational number which was 
^factored out In the above example Is related to the oommon 
denominator of the fractions in the original polynomial. In fart 
it is the reoiprOQal' of this commdn denominator. Do you see, 
then^ why it is reasonable to conclude that * ^ 

any polynomial over the rationals can be written 
as the product of a rational number and a 
polynomial over the integers , 



Check Your Readin 



12 4 4 

Complete the sentences + — x + y is a polynomial over 

the ^ 



What is the first step In factoring ^y - 6 over the 
rationals? ^ ^ 

Is it always possible to "factor out" a rational monomial 
from a. polynomial over the rationals so that' the other factor 
is a polynomial over the integers? 
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15-9 

Oryi Exercises 13^3 

Ixprass each of the following polynomlale over the ratlonals as 
a produet of a rational number and a polynomial over the Integers, 

6. 



2^ 



g 
2 




1 



1,2 4 

Eg 4 



IS ^ 1 
W + 2 



9. 
10. 



1 a 1 

^ + gffl + 1 



^ 1*2 



Problem Set 13-8 

Express each of the following polynomlalB over the ratlonalB as 
a product of a rational number and prime polynomial ( s ) over the 
integers . 



1 , 
2, 

3. 
4 , 



1^2 9 



yy + f y + - 



1,2 k 

r ^5 




10, 



1.2 

5 - 



13-y. Truth SetB of Polynomial Equations . 

A polynomial ecju .1 1 1 o n Is '^n equation In which each side is 
a polynomial , An open sentence ol this t.ype can be put In a' 
form in v;hich the lelt side is a polynomial and the right side 
is 0. If we can iactor the polynomial on _ the left side, it will 
Le very nelpful In I'lnding t:he truth set of the equation, 



f 

Example I Find the truth set of ^ the equatirfh 

X" - X - 6 - 0. 

Our first Job le to factor the polynomial, If possible ^ Onee 
this is done we can write the equation in factored form as 
ollowa: 



(x + 2)(x - 3) - 0. 



You should check to see that these are the,.^rreot fetors , If 
X la a real number, then each of these fact^s can be thought of 
as a real number , 

Our equation, then, is of the form ; 



a*b ^0 

wHtre a and b are each real numbers . In Chapter 4 we 
learned that if any two real numbers are such that their product 
is equal to zero, then either* one or the other of the numbers 
must be zero* We also learned that If either a or b Is ^ero, 
then the product a^b must be zero, 

We can now make an important atatement about the equation 

(x + 2) (x - 3) ^ 0. 

We can say that the sentence is true if 

(x + 2) ^ 0. 

It is also true If 

(x - 3) - 0. . ^ : 

The sentence is not true under any other conditions . 

We can see then that our problem has been changed to that of 
rinding the truth set of the compound sentence 

(x + 2) = 0 or (x ^ 3) ^ 0 . 

We see by the addition property of equality that the truth set of 
the left clause is (--2} and the truth set of the right clause 
is {3)- From this we learn that the truth set of our polynomial 
equation is 

[--2, 3)^ Check this in the original sentence. 



fao 



13-9 ■ , I 

As a^aeeohd example, let us try to find the truth set of , 
the Benttnoe , 

To put thli sentenQa into a form in which one side is zero we^muit 
first apply the addition property of equality. We add 

(-4x) and- (-5) 

to both sides . Our sentenoe then takes the form 

- 4x » 5 ^ 0. 

We must now write the polynomial on the left side in faatored 
form, Can^you see that our. equation beoomes 

(x ^ 5)(x + 1) - 0 ? = 
Its truth set is the same as that o^ the compound sentenoe 

or x + 1- 0* 

The truth set 'of this compound sentence, and hence that of^^the 
original sentence x - + 5* is 

(5j -1]. (Check these values In the original sentence.) 
Now suppose we were asked to solve the equation 

x^ - ^x - 9 ^ 0. 

Notice that we have used the expression "solve the equation" to 
mean the same thing as "find the truth set of the sentence". We 
shall do this often throughout the book. 
When we try to factor the polynomial 

x'^ - ^x - 9 - 0, 
^ we find that there are no two integerB whose product is (-9) 
■and whose sum Is (-4) . Therefore; we cannot factor this 
polynomial over the integers. This does not necessarily ^an 
that the truth set of the sentence is the empty set. It rrteans 
that we cannot find the truth set by this method of factoring. 



I 
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CheGk Your Reading *i 
1, What do wa call an equation iuoh ae x jk -6 = 0? 
a< If a»b p 0, what do you know about tlthef a or ''b? * ^ 
3. X + 2 = 0, what Is the value of x? 

,,1X X - 3 ^ 0, what li the value of x? ^ 

5 , Miat property la used to find the value of x In questiona 

'% and 4? "^"^ ' ' ' -■ ■ . ■ 

6* How can you write x ^ 4x + 5 so that It-i Is a polynomial 
0quati6n in whloh one rtde Is zero? 



Oral Exerolges 13_^. ^ - 
Give the truth set of each of the following^ 
1. (x +^3)(x + 2) - 0 • \ (c - 5)(e - 2) ^ 0' 

a. (b - a)(b + i+) = 0 5. (a - 9)(a + 1) = 0 

3. (m -%3)(m + J) = 0 6. a(a - 1) = 0 

Problem Set lJ-9 
% % 

1 . Find the truth set of each of the following polynomial 
equations , . 

(a) x'l+ ^^/^ » 5w = 14 ^ 0 

(b) x"' - 5x + 6 ^ 0 (f) t"' + 2t - 15 - 0 

(c) a- + 5a + £ ^ 0 (g) b^' + 17b + 72-0 

(d) b-^ = Ob - 9 0 (h) a""' - 2a + 1 ^ 0 

V 

2 , V/rite each of the followli^g as a polynomial equation with 
one side zero* Then find the truth set of each equation* 

(a) t'' + 2t ^ 15 (e) - 66 + 5^1 

(b) x"^ + llx - -13 (f) ^ 13a + 30 

(c) y"^ ^ - ^-iy . (g) x"" ^ 5x - 6 ; 

(d) ^- ^ ^ t-b *(h) I'i 4'7x - - 0 



/ 
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Problem Set i:=9 
(continued ) 

:Ci) ^x"^ - llx + 30 - 2x- ^ 2x + 10 ' 
^(k) x"^ - -8x - ^6 

(a) The square oV a number is 7 greater' than time*s 
the number, VJhat is the number? 

(b) The length ol' a x^ec tangle is 5 inches mcsre than its 
width, Its area is ^^^^ square inches. Find its 
width . 

(c) The square of a number is 9 less than 10 times the 
number, What is the number? 

(d) If one number is 8 less than another and their product 
is 3^^, IPind the numbers. 

(e) The product of two consecutive odd numbers is 15 more 
than 't times the smaller numDer, V/hat are the 
numDers? 

^(r) Find the dimensions oV a rectangle whose perimener is 

2H feet and whose area is 2^ square feet. Hint: li' 
the perimeter Is 2i feet then the sum of the length 
and width is 1 feet: if .J^ represents the number 
of feet in the measurement oi' the length then (l^i - ) 
represents the number of teet in tlie measurement of the 
width of the rectangle, 

■ ( g ) A r^e G tangle a n d a s qu are have equal 1 re as. The 1 e n g t h 
ot tbie rectangle Is ^'i feet more than the number ot 
I'eet in a side oV the square . The width of the 
rectangle in f> feet less than the number of feet In 
a fiide of the sc^uarc , 

( 1 ) Fin d t h e n u m b e r of T e e t 1_ n a s i d e o V t h e '"' - 
square , 

._.(^"') Find the dimensions oi' the rectangle. 



Summary 

In this chapter we have been concerned with certain types of 
phrases called polynomials. In forming our deilnition of a 
polynomial we oei^nn uy considering t\\e set oV integers: 

I - (--n. i-X). 0, 1, % ..J, 

and certain variables, A polynomial was then deiM.ned as 

^'any numeral tor an element in the set, or any 
varlaLle, or any exprnsnlor] which indicates 
, ' operations: qt' addition, su utrac tion , multipli^ 

caT:lDn> or taking opposites of any elemants 
nr" the aet and the = variables 

Thus, + %K 7 is a polynomial; t--;—^ Is not. 

■^>' .1^' 

In criooaing the original set of coefficients as the set of_ 
intogers we v/ere' really forming what should have been called , 
poIynomia-iB Qver the int_eg ef^:j . However, t'or convenience we 
agreed to refer to thi^ type simply as polynomials . If the 
original set of cocfficlentB is to be the rational, or the real 
numoers, then in tiie future we will z'efer to the latter types of 
polynomials as polynomial s over t_he_ ratlonals , or polynomials 
over the re^l s 

Factoring has been dlscus^ied as a study of the ways in which 
c e r tain t y^:: e s o f p o 1 y n o m i a 1 s c a n u e wr 1 1 1 e n a s p rod u c t s of' other . 
polynomials of the same t^vT-^e . The two principal factoring methods 
e X am i n e d w e re: 

(1) Common :^onomial fa^jtor. 

Example: ^^st + tsf" ^ J^-'s'^t ' ^ ^^3t(l =f Jt - 7st^) 

( ) Tne Quadratic Po lynofnJ.a I . 

Examples': x"' - t:: 1 p ^ ( x -h 5 ) (x 3 ) 

^^x^" - iK - ^ i[:>x ^- 1) (cX - 7 ) 



1 
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Two special t.^/j^eG oV quadrat ia polynomials v/ere conaldered 
which, because of their partlGular roi*mat ion , could ue t'aotored 
by inspection. These were 

(2a) The differenae or two squares. 

Example: ' ^ - 9 = ( + < ) ( = i ) 

(2b) Perfec2t Squares. 

Example: ^^x" = 1 2x -f 9 - ( - ) ( 2x - 3 ) 

^ Consideration has been given to ractoring polynomials over 
the reals . 

Example: x"^ - ? - (x + v/?) (x - Jl) 

With respect to /nomials over the rationals the property 
was established that ^ 

any pol yn om i :\ 1 o ve r the rat 1 onal s can be wrl 1 1 e n 
as the product gt a rational number and a 
polynomial over the integers , 

Example: ix^ - 2x + I ^{yi.'^ - lOx 4- 25) 

- i(x ^ J,)(x ^ 5) 

We have also studied the solution of polynomial equations 
by means of factoring. 

Example: x - 7x + 12 - 0 

This may be written as . (x = :5 ) ( x - 4 ) ^ 0 , . ^ 
From this we ob tain the 'c bmp ou n d s e n t e n c e ' 

X - 3 - 0 " o^ . ^. X = ^ ^ 0, 

which becomes x ^ o-^ k '-^ ^' . 

We conclude that the truth set li {i, ^^]. 
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Revlav/ Problem Sej^ 
Find a common name I'or Gaoh of the lollowlng Indicated sums: 
(a) l;.- + 7 

(u) 22 + {^() . • . • , 

(c) ' + ^ 0 
id) + 1- 

(e) 10 + (>r'l) 

(r) (-9) + (-17) 

(g) (-0 + 1'' + l-o) + { = '0 

(h) -6 + (-ro) + .f (=9) 

Uae liie rJlstr'itjut.ive properuy v.o oollect terms In each of the 
i'oliiov/lng: 

(a) + Ta (r) 7d - ;.d - 2d 

(d) on +i( = :r;) (h) 10a - J;a + ia - I4a 

(c) (=oa) + ya (L) 5g + '!b - Jc -,6b 

(d) + ^ ■ -tcii + ;:jn + 7m 

(e) ^t = 7t (k) Jx 3y + 'iz 
(r) (=^ia) + (=7a) 

Find a common name for each ov the follcjv/ing indicated 
pro due t a : 



(a) 


(10)(7) 




(h) 


(=5)(=7)(17)(0) , 


iV) 


(=')(9) 




(1) 


(2a) (-n) 


(c) 


(•J)(-V) 




(J) 


(-?m)(r,) 


id) 






(k) 


{-f-rn)(-:) 


(e) 






(1) 


(1.25a)(=5K 


(f) 


1^7) (7) (^1) 




(m) ■ 


(^)(-^--0 


(e) 






(n) 


( .9a)(='i)(5)(= f)(Q) 
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Review Problem Set 
(Gontlnued) 

Use the distributive property to simplify each of the 
f ollovring: 



0 



( a ) a ( b =f c ) 

(b) a^D + (-C 

(c) m((^a) + (=b^ 

(d) 2m(n + 5p) 

(e) (^;^m)(m = 9n) 
(r) (--^a = 5b)(ocX 
iz) (a + b -f c)(=I) 

.(h) (=1 ) (^^a " '^u jm = f) 

(i) ( = ^'X = <y -I- -^x iy) (-Prnn) 

Find a common name for each of the following: 

(a). I-I = |?1 (ci) - 1-^ 



(.1) 


(a + ) ( a + 


2) 


(k) 


( m - 4 ) ( m - 




(1) 


(a + 6) (a - 


") 


(m) 


(Pa + i)(:5a 


+ 


(n) 


( 'ib -+ 1) (Pb 


- 1) 


(o) 


(:^c - 2) (5c 


= 6^ 


(p) 


( Hrn = 3'n) (m 


- 5n) 


(q) 


(■'in - n)('-m 


+ n4 


(r) 


(a + b ) ( c + 


d) 



(b) = 

(c) 171 - liol 



(e) 

in 



aimplify the I'ollowing expresbiony 
possible.) 

(a) (5k - 6) + (ix + 1) 

(b) :)y 7 + 2y - '^30 

t >X - X - 
n ■\- n -\- 2 



( Collect terms if 



(c) 


X" + OX + 


(a) 


^-^n = 7' - 


(o) 


(;"^a ^ b) 


(■■) 




(k) 


( ^- ^ ^■ 


(h) 




(L) 


(:^x = y - 


(;) 





( I - I,) 

((-Mo -t- -c 

( m - n + ' ) 

)x t- ' y 
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Review Problem Set 
(continued ) 

1 . Factor the following into prime f aotOrB , 

(a) 6a -f 12b (l) = 3a - 70 

(b) G + 3q ^ . (m) m" -+^-7m - 8 



(c) m'" + ?mb + m (n) 3c" - llcd + lOd" 

(d) ^5a -h Oh ^ 12c ' (o) 2ab'"' ^ gabc + 2ac 

(e) 2ab + Sax - lOay , (p) abm"^ - 64ab 

(f) x"^ V 7x + 3x + 21 (q) 



12G-t 75d^t 

(g) 6mr + Ihr + l:;ms + 35s (r) x" - l6x + 64 

(h) . ac - ad + be - bd (s) gx"" + 60x +100 
(1) 15m^ + 21mr ^ 20mn = 28nr (t) 20ax + 25a' 

(J) 15ac = 20ad - ^bc + Ubd (u) 5 - Hs^ 

o 

<k) b"" + lib ■+ jO f 
Simplii'y each or the? rollowlng: 

2 h 

/ ^, \ 1 ^ ( \ a b a b 



(b) # + 5 



(d) 




1 ym n 



TT 



10a- 



(n (|)(^) ^ (1) 



Review.. Problem Set ^ 
(continued ) 



(m) 




:n) 



6mx 

— ?~ 
7c d . 

12mx 



Plnd the truth set .of each of the i'ol lowing open sentences 



(a) 
(b) 
(c) 
(d) 
(e) 
(f) 
(g) 
(h) 
(1) 
(J) 
(k) 



2x - 7 - 25 
3(3x 7) =24 
5(x - 2) = 2(x - 1) + 15 
10 - (^i- + 2x) = 12 + 2(2x + 5) 
- 31 = 0 

,ix"' - ax - 1 = 0 
a 



?(x" + 2)"e 9x 

- -jx + h ^ 2(x + 2) 
(=i)y + 27 > (-5)y +13/ } 
|y - 3l < '» 
|y| < (-10) 

Translate each of the following into open sentences and find 
their truth sets- 
(a) The perimeter of a rectangle Is 30 ft. Its length Is 

3 ft. greater than its width. Find its length and 

width. 



In 12 years Ann 
Find their present 



(b) Ann is 'three times as old as ,Jerry 
will be only tv/icc as old as Jerry 
ages . 

(c) ' The number of girls if an algebra class of IB pupils 

Is 2 less than the riumber of l>6yB . Find the number 
of each . ' 



Review Problem Set 
(continued ) 

(d) The sum of tv;o numbers is l^j and the sum of their 
Squareo is 1;7, Find the numcers . 

(e) The altitude of b triangle is inches less than iti 
base. Its Firoa I r I- square Inches, v:hat is the 
length of itn uasp.-':' 
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Chapter 14 

RATIONAL EXPRESSIONS . ^ 
pQlynQmials and Integers , 
In the previous chapter^ it was seen that expressions such 



as 



2x + 3 and - 2x + b 



are called polynomials over the integers. Any two such poly- 
nomials can be added^ subtracted, or multiplied. Furthermore, 
the result in each case is another polynomial over the integers. 
For example J using the two polynomials above, the sentences 

(2x f 3) + (x^ = 2x + 5) x^ f 8, 

(2x + 3) - (x^ - 2x f 5) - -X- + 4x = 2, and 

(2x + 3)(x^ ^ 2x + 5) - 2x^ ^ x^ + 4x + 15, 

Illustrate the f^t that the sum of these polynomials, their 
difference, and their product sf^e also polynomials over the 
integers. 

We can say then that the set of all polynomials over the 
Integers is closed under addition, subtraction, and multipli- 
cation. What about division? Are these polynomials closed 
under division? UslVg again the two polynomials at the beginning 
of this section, their quotient might be Indicated in this way: 

X- - 2x b 
2x + 3 ■ 

Is the above expression a polynomial? Obviously, it is not, 
since the definition of polynomial (see Chapter 13) does not 
permit the operation of division. Thus, dividing one polynomial 
by another does nut always produce another polynomial. That is^ 
t he s e t of pD 1 y n om i a 1 s o v e r the 1 n t e g e rs i s not closed under 
division. 

Earlier^ in our study of the real numbers, we met a set of 
numbe rs wh 1 c h is closed und -^r ad d 1 1 i o n, su b t r a c 1 1 o n , and 
multlpl lea tion, but not under dlvlslgn^ This was the set of 



14-1 
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Integers , 

[, , , , -3', -£', -1. C. 1, 2, 3, . . .}. 

Do you recall that thQ sum of two int^^gers^ the difference of 
two integers, and the proauet of two integers are also integers? 

HowevePj the quotient of two integers Is not always an integer-^- 

1 " ^ 

for example, ^ ia not an integer. 

In this way, then, the set uf InLegers Ls like the set of 

polynomials ever the integers. Both sets are closed under 

addition^ s u b t ra c t i o n , a nd mu 1 1 i p 1 1 ca t i o n ^ bu t no t under 

division, though we do not discuss 'them at this timej there 

are other ways in which the "behavior" of the integers is similar 

to the behavior of the polynomials over the Integers, We shall 

make further use of this similarity later In the chapter. 

Check Your Reading 

1. Using the polynomials, "2x f- 3'' and "x"^ ^ 2x t 5," 
which of the following are pjolynomials over the 
Integers? 

{^x r 3) ^ (x" ^ 2x ^ (2x \- 3) ^ (x^ - 2% f- 3)> 

i 

2. Under* what operations is the set of polyndmials over the 
i n t e g e r s c lose d ? / 

3. 3 and 2 are Intei^^ers. Whioh of .the fiHlowing are 
integers: 3 t 2, 3-2. (3)(2), 4' ^ ^ 

4. Under what ooeratlons Is the set of lnteR;ers closed? , 



Problem .'.cz I '-i - 1 

5 U rn p 1 1 f y e a c h a f t- he foil o w i n g g x p r e a s 1 o n r s . 

la the resulting/ pxpreaalon a polynomial in each case'' 

(a) (3x r 2) + (2x =4) 

(b) (7x - 4) = (Sx 7) 

(c) (ka + 2) + (a ^ 3) + (7a ^ l) 
f 1) (a ^ l)(a - 1) 



Problem Set 14-1 
( continued ) 

(a) (a^ + 3a - J + (2a^ + 2) 

(f) (3a^ ^ 2a) ^ (2a = 1) 

(g) (Sx + 7)(a ^1) 

(h) (x ^ 5)^ ^ . 

(i) (1 + 2y + y^; = (y" + 2y l) 

(J) (5x^ - 3x^ + 2x) - (2x^ ^ 3x + 7) 

Find the truth set of each of the following sentences by 
simplifying polynomial expressions where necessary, 

(a) (3x -H 2 - x'^') + (2x + X- - 1) ^ 0 

(b) (3a - 7) - (2a + 4) ^ a - 5 

(c) (4x - l)(x = 2) - 4x" - C3 

Two triangles each have a base of length 4 incHes. The 
height of one is 3- the height of the othei^ The total 
area of the two triangles is 15 square inches. ^What Is 
the height of each triangle? 



4^2. Quotients of PQlynomiala , 

h3 observed in the previous sect Ion j the quotient of two 
olynomials is not always a polynomial. However^ an expression 
uch as 

x^ - 2x i- 5 
2x >- 3 " ' 

hlch is the ^indicated quotient of two polynomials j is an 
mportant klnl^ of exp)re^sion. It is important.^ that we be able 
0 wo r k w L t h b\ c t) exp re salons , to add t hem and to mu 1 1 1 p ly 
hem. We shall turn our attention to these operations in the 
ol lowing sections. Firsts however, the problem of restricting 
he domain of a variable in such expressions must be considered. 

An indicated quotient in whl^Tt the denominator Is 0----for 
xample, ^ ==-does not name a real number. Therefore ^ If we 
re to wo rk with 1 nd 1 c a t e d quo 1 1 e n ^ s o f po 1 y nom i alSj we must be 
a re fill to exclude values of the variable which make the 



1 



q23 



Example 2 , 



Exampl e 3 . 



denominator zero. We shall then be able to say that the 
indicated quotient of two polynomials represents a real number, 

f Earlier, we have seen examples in which the domain of a 
variable had to be restricted. Below are some additional 
examples which may help you to work the problems that follow. 

ft n !! 

Example 1. For what values of x does ^ - - ^ represent a 

real number? 
It ^ \\ 

~ J "g - names a real nuYnber provided that the 

denominator is not 0. 

If X ^ 2, the denominator is CK 

No other value of x' makes the 

denominator 0, Therefore > in 

wor'ang with this expression, it 

must be stated that x l£ not ^ 

It could also be sa^d that the 
domain of x includes all real 
numbers except the number 

What restrlatlon must be placed on the domain of 
y in the expression 

3y 2 ^ 
(2y ^ 5)(y + 7) 

y - |. (2y - o) is 0, If y - -7. (y + 7) 
1 s 0 . In e 1 1 h e r c a s e , t h e d e nom i na t o r of t he above 
expression is 0. (Why?) 

Therefore, the domain of y Includes all real 
numbers except ^ and -7, 



What is the domain of 
4n - 1 



in the expression 



4n > 1 



4n f 1 



n^ T an -^^ ^ In- rjTTTTTT ^ 

Therefore, it murit be stated tliat n 4 =2 and n / =1 . 



fi24 
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Example 4. ^hat reatrlction must be placed on the domain of z 

— " 2z " 

in 1 

+ 3 

If z = 0, z" ^ C and zhk denominator - 3" 

is 3. For all other values of z, z^ is positive, 
and the sum of a positive number and 3 is not 
zero. Therefore j'^there Is no value of x that 
makes the denominator zero. 

The domain of z Is the set all real numbers. 



Check Your Reading 

1. Is — the name of a real number? 

n 11 ^ 

2, Does ^-^^ — ^ represent a real number for ever^^^ value of x? 

3. What restriction must b^^ placed on the domain of x in the 

1 1 ) 1 1 

expression o 

" 3v + 2 " 

4, What Is the lomaln of y In the expression ^ 6y \ i.^ J( ^ y \ — yj? 

b- Does — r^^present a real number for every value of 

z"" H 3 



Oral Exercises l4^2 

1. What values must be excluded from the domains ^of the 
variables In the indicated quotient of two polynomials? 

2. For what values of x does — -^-^ name ^a real number? 

3. Explain why the domain of x for the expression =-4- 1 is 
not the set of all real numbers. 

4. Tell what numbers. If any, munn be excluded from the domain 
of the variables In eacn of tY^- following egressions. 

(a) 3x + 1 (e; 



0 ^ X 



(b) i .. I ^ (r) 

(a) ^ k'mx - m' (g) |a| 



(d) /x" fr.) i(x i 7) 



. t 

i 



( / 



Oral Exercises \4-2 

(continued) ^ 



(k) (a + b)^ (o) ^/(x + 1)^ 

(1) ^,2=^ ' ■ 



Problem l:et l4~g 

State the reptrictlons^j if any, that must be placed on the 
domains of the variables in each of the following expressions, 
or sentences . . 

1. + 2x 9. ^'^ 



2a 




a - 




3x 








a > 




+ 


5 


3x 


+ 2x i- 



10, 



11 



12 



13. 



(7x + 4)^ 

gx ^' 7 
(x + 3)(x ^ 3)=(x^ 



x 



x^ + 5x + 6 



n 



n 

n" > n 



n h a " 3 

l-^' (a + 7j(a - 3j 



yxy y 
8 , I a 1 b ■ 



14.3 ' 

l4*3, Multipiying Quotle^^ts of Polynomials 

In working with real numberej It turned out that the basic 
operations are addition and multiplication. Subtraction and 
division can be defined in terms of addition and multiplication, 

Slnotj with n#6esiary reitrLctloris on the variable, 
^quotients of polynomials represent re|Ll numbers , our principal 
concern in worlcing with such expressions will be with the 
operations of multiplication and addition. In this section, we 
consider multiplication. In section 14^4, addition is 
considered. ' . 

Let us begin by looking at the expression 

- 3 



which is the Indicated product of two "polynomial quotients." 
(Remember that the definition of polynomial allows, us to 
consider "x" and "4" 'as polynomials,) :F,lrstj^^what 
restriction must be placed on the domain of x? x ^^nb^ be 5, 
Howevir, If not 5^ then both ^ _ ^ and ^ 

represent real number&, and the sentence 

For all real numbers a, b^ dj b ^.0, d ^ 0, 

b ' d ^ bd * 

ma^ be applied as follows:^ 
»* 

X gx - 3 x(2x - 3j ' 
■ 4 = (x - &)4' 

- ' 2 - " 

^ ^^3x ^j^g result Itself 

- - is the quotient ^ 

of two polynomials. 

Thus^ multiplying €^o quotients of polynomials Is not 
really a new idea &t all. In fact, we have worked with such 
expressions in previous chapters. Below are two other examples, 
11 lustra ting the kind of prcblems you are asked to consider in 
the problem set. 
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I7d 



simplify 4v V 4 • This e^cpresslon la th« 

^ ^ ~ Indicated prodiot of 'tw© 

polynomial quotients , 

The domain of^ y must be reatrloted so that the 

denominators "4y" and "y - ^" are "not zero. 

This means that y cannot be 0^ and y oannot 

be 4, 

If y |/ 0 and y ^ 4, 



■^■V^ "l^-l, . na.. for 

"^1, if y ^ 0.. 

(1) . .y 3 

y(y - ^) . 

V + 3 

^ y/y 1 4) ■ This result may 

^v/ ' also be written 

" V + 3 " 

h # which 

, y - 4y 

^ is itself the 

quotient of two 
polynomials , 



Simplify ^ 

*2 6x J 3 ^ 3 3(gx ^ 1) 
2x ^ 1 3x 2x - "1 ■ 3x 

Notice thatlthe phrase "6x - 3" In the 
original expression Is not pfl^lme. In the 
first stepf it is expressed as the product 
of prime factors, 3j2x ^ l). This is 
often a helpful step In simplifying. 
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3 . 

If % ft Q, %y ^ , 

^ ' 3^gx - 1) 3f3(ax - 1)\ 



3 



(3(gx : ij) 



s a name 



3 3(gx ^ 1) ^' 3(gx ^ 1)" 1 
X ' S(6x I 1} 3{ax I 1) 

■for 1, If X ^ I 



(1) 

X ^ - 



3 

X 



Again the result Is 
Itsalf the quotlarLt 
of two polynomial^. 



Check Your Reading 

Complete the following sentencV: For any^ real numbers 
a, 'b, c, d,- b ^ 0, d;/0. |^|-_ . ^ 



Complete the following sentence: If x ^ 5j 
X gx^ 3 



xfH^ y J* || — ^ is a name for what number? 

Complete this spntence: If x ^ g-, x ^ 0, x Ijlx = 1 ] 
may be simplified to . 

If two quotients of polynomials are multiplied^ is the 
result also a quotient of polynomials? 

4 

^ Oral Exercises l4^3a 

/ 2x =1 • 

For what values of 3^ ia it true th4t |^ _ ^ ^ 1? 

State the restrictions on the domains of the variables and^ 
then, if possible, simplify each of the following expressions 



6S9 .J Si 



14-3 



Oral Exercises l4-3a 
(eontlnued) 



(c) 



a 4- 2 
m X 



a 



,' \ m M + g 



"fx — TT^ 
is) —5 ^ 



(h) (k + 3).^i^ 



Problem Set l4-3a 



Perform each of the following Indicated multiplications, almpll 
fylng where pOBBlble, State the restrlctloiS on the domainB of 
the variables . 



6. 



1. ^ ' ^ 



n 

X 



ab 
e 



2. SJL . ^ 



a_ 

be 



3(x - 1) 
X +.2 

3a + 36 
"Tb 



a + 12 



bm 

Sm + m 

a - b 
a + b 

a ^ b 



4m 4 g 

5 

2a + gb 
3a ^ 3b 

g 

b - a 



8. 



10. 



11 , 



12. 



13, 



_ 2 
3a bo 

Sa 

2 ^ 
ax + a 



7b2c2 



l4c'^ 







f' 




1 




+ 


IS 










4 








+ 




2x + 


6 


,6x 




18 


S 

X 


3x 




+ 


1)( 


X - 1) 





X + 1 



(x + l)x + (x + l)g 5 

X ^+ 2 " X + 1 



/ 

630 ' ^ 

182 



1**3 ' 

i 

No matter hew "eomplteated" the polynomials may be, the 
fllmpllf leatisn of an indicated product of two quotients of 
polynomials can be jiccomplished by the following^ 

(1) Restrict the domain of the variables so that 
the indicated quotients represent real 

/ numbers J 

(2) Apply the sentence , "For all real numbers 
a, b, c, d, b^ 0, d ^ 0, I' 1^ Hj " 

(3) If possible, use the multlpllcigElon 
property of one to simplify" the resurt. 

2 

Example , Simplify — -% " - 

X" + 3x 

Pour polynomials are present^^n the expression above. 
AS mentioned earlier, it is often helpful tp express 
each polynomial as a product of prime poJ^omlals^ 
In this case with the following result: 




x{x + 3J ix - 2){% - 2) 

If X fi, X ^ -3> and x ^ 2, 



(x 5)(x^ 2) 
x(x + 3) 



^ gx + 10 
x'^ - 2x 

Again / the ' resul t ia^a^slngle Indicated quptient 
of poiynomiala. 



^S3 . "i 



Problem Set l4^3b 



Perfprm eaeh of the following Indicated multiplications i 
simplifying where posslblt* State the restriction^ on the 
doraainB of the variables. 



3% - 6 
1, ^ 



m + 5 
m - 5 



5x + 10 

15 

m^ - 25 
3m 




y y - 25 



X - X - 6 X 
■ X + 2 



x2 . 1 



X 

X - 2 



X - 3x + 2 



a- + 12a + 36 a - 12a + 36 
a = b ' a + b 



Qb + 9b^ 1 - b 
^ ^ g . — 

9 , 9b 1 + b 



8. 



p 3 

3m 2m m m 

^ — — " ^ 

m- m + 1 



9. 



P 2 - 

X ' X + f ' 73^- 



10, (Sm + 2)(a^) 19^ 



m -, 1 



11 



a x - bx 



ji^l2a + 36 
a = 3o 



12, 



5 x + 4 
Sx 



7x 

4x + i 
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13. 



+ 5a + 6 5b 
. _ ^ — 

3a a + 9a + 90 



Probltm Set l4-3b 
(continued) 



5y - S(ar) - y iSy^ 

Splva eaoh^ of tha following pro^enii . 

15\ Separate So into two parte such that half of the larger 
part. Increased by five times the smaller part, results in 
the sum, 76. 

16. The sum of the digits of a two digit number is 12.' The 
tens place digit is three times the units place digit. 
Find the number. 



14=4. Adding Quotients pf Polynomials , 
The expression 

5 



Soa'^b 24b^ 

is the indleated sum of two "polynomial quotients." In this 
se^ion, we shall work with the simplification of such 
expressions . 

Just as with mul tlpl Ication j the simplification is baaed 
on the way in which real number's are added: 

Pc3r ahy real numbers a^ bj and Cj b / 0, 

a c a + c 

b b ^ " b 

The fo^lovMng numerical example is similar to ones --t 
considered in Chapter 11. The steps Involved in the slmpllfl^ 
cation were carefully explained at that time. 
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Example 1. 



Simplify ^ + ^ 



^* W ^ 2.1.3 + 



1 5 , 5s . 1 /g • 3 s 



The least common 
denomlnmtor la 
2 ■ a • 3 • 5. 



-i 



31 
5o 



Below are two examples Involving variables. Once necessary 
rastrletlons have been placed on any variables Involved ^ the 
expressions In these examples may be aimpllfied in exactly the 
same way as in the numerical example above j since they represent 
real numbers. 



Example 2. Simplify 



if + 

^ a? 



(a 0) 



3x , 
5F * 



3x 



3x 



(I) - 



a^a 



2 ^ a ■ a^3 



The least common 
denominator is 
2 * 3 * a ' a. 



3ax ^ 15 

6a" 



6a 



3ax + 15 



The result is a 
quotient of 
polynomials . 



Example 3, 



Simplify j^g- - + -^^ 



36a b 



a 0, b ^ 0 



36: 




^ g 3 + j 

72a- b- 72a b 

^ ^tt — - The result le a single 
72a-b- Indicated quotient 

of polynomials. 



Check Your Reading - 

In questions 1 and S^j complete the statement, based on the 

reading and the examples of this section. 

1* For any real number's and Cj with h ^ d i- + i- - 

2, If a 0, + ^ 



6a 6a' 



If 2 * 2^ 3 is the denominator of one fractionj and 2 * 5 
is the denominator of a sfecond fraction^ what is the least 
common danominator? 



If 2 *|3 ' a is the denominator of one fractionj and 
2 • a ^/e is the denominator of a second fraction, what is 
the least common denominator? 
2 2 2 

If 2 * 3 * a * b is the denominator of one fraction, and 

3 3 - 

2 ' 3 ' b. Is the denominator of a second fractionj what is 

the least common denominator? , 

If two quotients of polynomials are added ^ is the result 
also a quotient of polynomials^ 



Oral Exercises l4^4a 



State the least common denominator of each of the following 
expreaaions: (It i^ assumed that the domains of the variables 
are correctly restricted. ) 



1 . # 



2. 



1 



6a 



3a^ 



1 

X + 3 



1 



3 ^ - 5 



^7 

c 



ac 



a c 



X - 2 



3m 



1 

2mn ' 



10 



11 , 



12. 



1 



Ibab 



1 

ISa^ 
1 

9^^ 



_1 
5b' 



' 1 1 i 1 



35 



30a' 



S(a ^ b) 



11 
SOb 

1 



6(a ^ b)^ 



15(a^ bj 



Problem Set^ 1 4^ 4a 



Gimplify each of the following expressions. Indicate the 
restrictions on the domains of the variables. 



b 7b - E7 — ¥ 



^ ' WS ^ oa ■ ZZ7 2mn 



_1 • _ 3 _ 5 



Problem Set l4-4a 
• (eontlnued) 

10. —SI y+ — ^ 16. 



12. i + i+i 18. r-^.-a 



a b e HP a - b b - a 



13 



■ ^ , . + 3 ^ . g y - 5 ^ y + 5 ^ ^ 

■ ^ y y 



Although the polynomials themselves may be quite compliemted 
the process of simplifying an Indleated sura of polynoralal 
quotients remains the same. The process may be outlined as 
follows: ; ^ 

1. Restrict' the domain of the variables so that 
each quotient represents a real number. 

^ 2. Detemine the least common denominator by 

expressing each denominator as a product of ^ 
prime factors; then use the multiplication 
property of one to express each quotient in 
te™s of this common denominator. 

3. Apply the sentence: For all real numbers 
a. b, c, b^O, 

't. If possible use the multiplication property of 
one to simplify the reauit. 
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14,4 # ■ .1 



7 2 
Example 1. Simplify ^ ■ + =^ 

y- + y - IS y- - By + 15 



7 2 7 'jZ' 

_1 + _^ =. ; s 1 . + 

^)^y - 3) (y - 5){y 
y K y 3^ y ^ 5 



y^ + y - 12 8y + 15- (y ,+ 4)^y - 3) (y - 5){y - 3) 



0 

' (y + 4)\y _ 3)(H-4^ ^ (y = 5Hy = 

The least common denomlnttor Is . 
(y +. ^)(y - 3){y - 5). 



V 



7(y - 5) + g(y + ^) ' ■ 

(y + 4j(y\ Il(y - b) 

/ ^ ^^\/ — TT This result may be 

(y + ^)[y - 3)(y ^ ^) gimpufied by the 

mul tlplicatlon pro- 
perty of 1. 

^ .?(y ^ (y - 3) le a factor 

(y + ^Hy - 3J(y ^^^^ numerator . 

and denominator, 

/ " X ^ 7— ti f / ^ \ ^ — w 1^ a name 

y - 3 (y + 4)(y ^ 5j y - 3 

for 1. If y ?^ 3. 



f ^"rf ? 1 Now the numerator 

.y + Hy 5/ gy^d denominator have 

no common factor. 
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BKMBPle 2. Simplify jj^-g'- g^^^ • 



This expression Indicates the subtraction 
of one polynomial quotient from another. 
However, x ^ 3, both quotlentB represent 
real numbers; and the definition of 
subtraction may be used to restate the 
expression in terms of addition, as follows* 

1 jx ' 1 ^ / gx \ - 

ax - $ - 5x = 15 ' - 5 + V- 5x - iB' 

1 ^ -gx 



If X 3, 

3x^ 9 * 5x"?i5 " S(x^ 3) + $(x^^ 3) 



The least common denominator 
is (3)(5)(x - 3). 

1 f5s , -gx / 3 \ 
3(x - 3)^5^ + 5(x - 3)^F 



5 , -6x 

i5(x = 3j * iS(x = 3) 



15{x - 3) 



_ 5 - 6x 
iMx = 3) 



This rfSult may also be 
written as 

^ " 5 - 6x . 
15x - 45 ^ 



Problem Set l4^4b 

Simplify each of the following expressions. Indicate the 
domains of the variables. 

1 1 ,5 5 13 gx 

JX J X ^ x^ + 2x 
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Problem Set l4^4b 
(continued) 

Q I ^ a + 1 iQ 7 . 6 

. a- ^ 4a ® - a"^ - Sab + 

4. 13. -^.^ 

0 0 + 2c . 1 X + 2x + 1 

4 b = 2 ^ , Ax ^ 3 



b b ■ - 5b X - ^ 7x - 8 X - 6x + 5 



7 + -5 



(b - 1) 7b '- 7 V + V* - 12 - "Sv + 15 

-= — y - ^ 16. — + 

y- +^3y (y + 3)(y - 3) y- = 2y - 8 y - ^ ; 

3 - . X + 2 3x a 

-75 — ■ — + 1 1 . n — 

x-1 x+1 . 2X+X-1 x+1 

IL^ '18. -,^-^2 



y 



- + — ^— 10. ^ — ^ ^ + — ^ — 

+ 2P- 8 y V < 3x^ 2x ^ 8 2x ^ 4 



x +2x 3x+6 a -l a-l a+1 



11. -J + g gQ^ ^ 



7m ^ 12 m + m - 20 z" - 25 '3z + 15 2z - 10 



14-5, Rational Expregsiona and Rational Numbers , 

AlthougH the numbers 3 and 2 are Integers ^ the 

' _ 3 ' 
Quotient of these numbers, — j Is not an Integer: It la, 

howeverj a rational number. In fact, a rational number is any 

real number that can be narT^^as the quotient of two int^^gera, 

\ ' At th^ beginning of this chapter it was suggested/that 

-polynomiala over the integers behave something like th€ 

Integers themselves. If, Instead of starting w^h two integers^ 
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we start with- tfio polynomials, say "2x + l" and "x. W 3,". 
y the Indleated quotient of these polynomials may 'be wrrtten as 

' ' - 3 . 



This Indioated quotient is not a polynomial , However, Just as 
^.4?s called a ratlor 
ti^ intagerg, so Is^ 



^.4?s' called a^ rational numtiar because It Is the quotleHt of 



2 ' ^ 



2x + 

* f ' ' " . ^ " . . 

called a rational expression because it is the quotient of two 
polynQmlals over the Integers. " ' 

:,;^,^ThuSj the indicated quotients of polynomials with which we*. 

wo^eeW;4tf-'sec and ^14-4 also be. called 

{'Vatlonal expressions. Listed below are three more il^Justratlons 
of rational expressions: . 

3 ^ ' 2x^_- x^ _+ 4 ^2 



The first two are obviously quotients of polynomials , ;^The third 
may not appear to ^be so. However^ remember that ee 



in Imtegerj 
I Itvcan be 



say for example 5j Is also a rational number since Itican be 

5 ^< / _ _ 

expressed as the quotlant f- . ^In^ the sam^'way, a polynomial 

- 2 ^ 

over the integers, such as 3x" - 7x - 5 is also a rational 
expression since it mWy b,e written ._ . 

The f^^lowing pairs of statements are very simlla^. One pair 
concerns intege^^s and. rational numbers. The mother pair deals ^ 
with pblynomlals and rational ej^resslons, 

Every integer is alstf^ rational number. ^ 
However, not all rational numbers are integers.' ^ 

Ever^ polynomial ov^ the integers 13= also a^ 
rational expression. 

However, not all^ rational expressions are 
polynomials. | 
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,Al though ever^ ratibnal nui^ber hkn tse named as the ' 
quotienfc of two Integers, It %^ p^slbla to uae^ames for 

ratlbnal numbers'' that are not qu&tlenti' of Integers. For example 

1 ' - 

-starting with might add^ 7j ; Uke this: , ; . 

The expression above is. -^ot the quotient of two integers* 
However J it does name a rational number; it can be simplified 

to., _ ^ ^ . , ^ ^ . r , 

In the fame W|y,' we m.ight begin, with the poiynomial 
auotient ^ and add (x ^ ^ like this: 

■ ^ . 2x + 1 ^ ^ ' 

The resulting expression is not the indicated quotient of two 
polyi^o^ials . But It* Is coftsidered to be a rational expression.^ 
it can be^ aimplif led ^to the indloated quotient of two 
polynomials. ' ^ 

It is possible* to write Q^i^ complicated names for both 
^ratlonaL numbers and rational expressions, as the illustrations 
below suggest. 



2 ^ _ ^ 
-X + X - 3_ 



2 ^ I . 2X. + 1 » 



This rtumeral names a This expression is a 

rational number, It can - rational expression. It 
be simplified to read as can be simplified to read 

the quotient of two as the quotient of twp 

Integers, polynomials over the 

integers. 

The above illustration of a rational expression suggests trfe 

v., i 
fo^l lowing definition: 

- A rational expression is one which indicates 

at most^the operations of addition, subtractionj 
multiplication^ division, and taking opposites. 



Cpmpare this with the .definition' of a p^yndttilal In 



Chapter 13* 



Thty differ onli- that the operation gf division Ip not 
permitted In a polyn^lal but Is ^rmltted In a rati 



sion. 



4. 



The phrase at moatj" pcdurrlng In the deflnltionj means 
that no^ operations, other than the f ive tmentloned in the 
, definition can be^tndlcated In a rational expression. It does 
not mejmj of course * that a rational expression musq indicate 
all flve.^f the operations^ 



fixample 1 . ^^-1% 



X + 3 



a rational expression? 



^'5 

It is iwtj since the operation of "takl 



root Is indicated, and thle operation 
of the .five peiTnltted 'In a rational ex 



□nal expree 



ng a square 
is not one 
tfresslon* 



Notlct that the definition above does not say Ihat ,eve'i%,; 

_ _ - =4 

rational expression is the quotient of tM% polynomliils over the 

Integers, since this is not true. However j it Is t:^ue that 

every rational expression can be simplified to a' fo :m Indicating 

the quotient of .^two polynomials over the ^rTtegers . 



Example 2. Simplify 



2 1 
2x :+ ix 

, -■5 - ' £x 



This expression is already the indicated quotient 
of two ' polynonifals ; howeverj they are/not both 



pdlynomlals o^ver the integers. The ifi^ 
property of one may be used^ to obtain 
simplification. 



liltlplleatlon 
a 



5 - 



3^ (2xf + |x )(3) 
J- (b - Sx)(3) 



bx +_ X 
l9 - fax 



This expression Is the 
Indlcatep quotient of 
two pol>nnomialB over 
the integers. 



^95 



ExMPle 3. Simplify (1 + <^ ){x - l), 



This Is a rational expres8"lon. The only operations 
. indicated are additionj lubtrftationj multiplioation j 
. ' ^ and diviiloni all of these are included In the 

' definition of a rational expreasion, 

% ^ ■ ■ . . . ^ 

Howeverj the estpression ii not in slraplest fonOj 
slnoe it la not the indioated quotient of two * ' 

- JK ^ 'I^^^^^ ^ polynomials over the integers, , . ^ . 

^^5?"' If ^ fit l; then ^ , as well as "l" and 

- 1", repre^nts a real number. /The distributive 
property may be applledj as follows i 

(1 + Ht^^* ' 15 = 1) + (i^Hx - 1) 

i^l. ' * ' *(x/l) + l 



Check Your Reading^ 

1. What name Is given to numbers whach can be expressed as • 
quotients of Integars? i / ^ 

2. ^ What 'name^ is. given to expressiona which can b# written as ' 

^ quotients of polynomials over rihe integers? ^ 

3.. Which of the following statements la true: 

Every polynomial is a ratflonal expression; 
Every ratiDnal expression Is a polynomial ? 

4. In the definition of a rational expression, five pennl^slble 
operations are stated. What are they? 

- ^ ^ -x^ + X - 3 

5. Is the expression ^ — ^ - - ^ — ^ a quotient of 

- V . . 2x + 1 ^ ^f^^ 

polynomials over the integers? Is* it a rational expression? 
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* ' ^ Oral Ixarclsts l4^5 

Giva an exampls Qf a rational exprasslon whlah la a 
polynomials Explain why it is a polynomial. 

Oiva an exampla of an exprassion whioh is not a rational 
axprassion. Explain why it la not. 

Olva an axampla of a rational expreaeion in three variable 

For aach of tha following expreisions state whether it la 

(1) a polynomial 

(li) a rational expreaaion 

(lli) naither of these 

(a) 

s + b 



2 2 

a + 2ab + b 



(c) 

(e) 
(f) 



2a + 5b 

„2 



+ 2x + 1 = 0 

^^2 



3$ - 2x 



2x 



X + 1 

(g) %/x- + y2 
(h) 



(1) 
(J) 
M 
(1) 

(m) 
(n) 
to) 




X + 

(x - 5)(x + 2) + (2x - 3) 

.2 



+ 2a + 5 
a + 2 



X 4- 5 



Problem Set 14^5 
^ct^i6f the following ^is 
f 

preselon 



State wheth 

(1) a pb 
(ll4 a rational 
(lii*)^ a Sentence 

and In i>ow man^t variables it is written, 




2 2 
a + 2ab + b ■ 



(a) 



(b) (x + 5)^(x ^ # 



(c) 
(d) 



4(2m + 3) (m » 7) 

+ 2ab + 
a + b 
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^ ' Problem Set 14^5 

' (continued) ^ 

(e) | P) (I'j 7x(y + m) 

(f) 0 (m) 7+5 " .' 

u) 5(2x.4)= ■ („) (,\' (A 

(h) la + b| (o) ^^a + b + c)® 

(1) X- + 2x - 1 - 5 (?) = 3 

(J) I ■ (q) 

(K) (x + y +,z)^ ^ 



Write an" expression In one- variable which Is 

« 

(a) a porynomial 

(b) a .rational expression but not a polynomial 

(c) a non-rational expreselan. 

Simplify. State tha dor^lns of the variables. 

1 m 1 ^ 1 

^ m -t- — 



{£) (f) 

■ 3 + i ^ ■ 

(b)"-^ (g) (3 + -^)(x + 2) 



(c) (1 ^ |)b (h) ^ 



(d) ^ + 5 + 1 



X 



1 + i 



_3 

(1) 



(e) ^ — ^ ' ' 3 + i 



-2 =^ 



14.6 . . . . ^ • ^ 

14-6, • Dividing pQlynAnlals : * ' ^ 

2 

t/^j* ^ le a rational 'ekpre'ssion^ In simplest formj it 

is th© Indiosted quotient of two 'polynomials over the Integers, 
and the numerator^ and denominator do not have -a common factor. 
( Nevertheless J there are times when it Is. desirable to change. 

this expression to another form. Let us first look at a similar " 
situation In^ arithmetic', where both polynomials are simply 
integers- -"for example, ^ ^ ^ 

is a name for a rational number. Another name for 

thl» number is "15^." In arithmetic, you may have spoken of 
this as "changing from an Improper fraction to a mixed number," 

The "mixed number"* name may be ^obtained^ by long division, as 

_ J ^ 

follows: 5 , 

^ " ■ ^ ^ 15 

llj^ I6l 

' 11 . ' / 

■ - n ■ • •- . • 

The division process above is well known from arithmetic. 



However, there are certain joints this process that. S 

should be understood before a corresponding, process for division 
of any two po^nomials is discussed, ^or this reasorj, the 
following form of the process is^ given. 



11 } 168 om Take away 10 "11 »s" from l68, 

(10)(11) - .110. 

58 (5^ Next,, take away 5 mwe^ll's." 

\ ^ ___V_=— (5)(ll1 - 55, 

3 3 is less than 11. Therefore, no 

more "11 's" are taken away, 
■ 3 is the remainder . ' 

. The explanation above shows that division may be thought 
of as repeated subtraction. "11 were subtracted from l58 
Until a number smaller than 11 was obtained. First, lO "ll«s" 
\were subtracted, then 5 "ll's." • T.^e number 3 ""rem.alned. 



The^forej may wrltle 

• . 168 ^ (10)(11)-^. (5)(11) - 3 
168 ^ 10(11) + 5(11) + 3 
168 - (10 + 5)(11) + 3 



1^8 - {I5){fi.l) + 3> 
dlvldtnd j dlvl'g or 
quotient 



/ 



remainder 



.Tim underlined words 
are names eoimnonly 
used in division. 



The sentenea on the^rlght below may be obtained from the 
sentence on the left by multiplying both sides by 11. A^d the 
sentence on the left may be obtained from the sentence on the 
right by multiplying both sides ^ ^ ^ The sentences are 
equivalent. 



15 + -3- 



168 = (15 



V 



In fact, the sentence on the right represents a, familiar method 
of "checking" division: multiply the quotient by the divisor, 
and add the remainder; the result should be the dividend.. 
^ ' Following is^^ahpth^r example. In which division Is 
approached from the point of view of subtraction. A^ln, the 
reason for this lies in preparatlofr^r division of polynomials. 




(30){£4) - Z£0. 

720 is subtracted from 821. 



(4)(24) ^96. 

96 is subtly cted, 



5 is less than 24, 
Therefore, tha remainder Is 

5^ 



The same division process is exhibited below in a way familiar 
from arithmetic, ,The proc^is la really the s^e ; notice how 



the "30" 'and the "4" sho^ up. 



Pi in 



The fo'llowlng statementi* are equivalent: 

, V ^ = 34 + ^; • 821 = (34)(24) + 5 

dividend T divisor 



quotient Remainder 

In general j if n and d are porttlve integers and n < dj 
then J may be eKpressed in "mixad^Tiumber" fom by t<ie ^-^^r^S 
division process, indicated ^roughly by the following' 
diagram i t 



d \ ^ Sf^y n and d satisfying thi 

* \ above conditioner a number q 

- can be found such that^O < r < dp 

^ where r and q ^ are Integerp 



The following true statements can than be made: 

n r - ^ 

J = q + J , n = qd + r. 

Check Your Rea_j4ng 
1/ What process is used to change YT^ "mixed 'number" 

name "15^"? 

2. In this section/ It^ is pointed out that division of integers 
^may be thought of as a repeated application of what 
operation? 

3-^ ^ In the statement "l68 ^ (I5)(ll) + 3," identify .the - 

' dividend ^ the divlsorj the quotient, and the remainder. jT 

U\ The remainder is always le^s than what number? 
6. Give^^. statement tha| is equivalent .to E ^ q + £ 



5. Giva/ a statement that is equivalent to "^168 - .(,15) (11) + 3." 



64g 
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j6ral- Exercises 1 4 ^ 6a 



1. , Tell riow ^ can^e written in saveral ways as the mum of 
3 positivs^ Integer and a positive^ rational number. Which 
of ^ these. Is In -the form J^^ + g'* 0<r< d?^ 

g.. If In i division process ^the quotieht is Sj the remainder 
. is 2 ind the 'divisor Is 5j what is the dividend? 

3, Write as the sum of anHntege*r and a rational number. 

4. Pind'^the values of the variables for which the following 

sentences are true, , 
^ \ n , r ' 

d - ^ + d 

IS - , 2 

T" = ^ ^ d 

H = 5 + I ^ ' ' 

d ^ d 

TT = ^+ ^ 

5 (J ^ 

5 " * H 



Problem Se^ l^-6a 

Pei-form each of the following Indicated divlslona; then write 

' n r 

the results In each of the forma n = qd ^= r and J d" ' 

ssq . ^ 18 ' ' . 



* 


n q ' d + r . 




(a) 


ij ^ 3 ' d + 0 


' . (f) 


#(b) 


27^^ q.^ 10 + 7 


(s) 


(c) 


49 = 9 = 5 + r 




(d) 


n - 8 " 6 + 2 










(e) 


93 ^ ? ^ d 5 


(jJ 



^'23 10 

. 192 • • ' 7 -2S_ 

3- T5T. . , 3" 

768 ' - . 8 is 



9', A man walked a distance In ml-les fch%t was ^ times the 
number of hours he walked. Write an expreaalon for his 
rate of speed. > 
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Problem Set l4=6a 

(eontlnued) ' . 

10. *A stack, of quarters was divided Into three equal piles 
with a pile of 2 remaining. The total value of the 
quarters was $29*75* -How many were in each pile? 
Translate ^his into an open sentence and find its truth set. 



16B 
11 



is the indicated quotient 
of two integers. 



It may be changed to ^" mixed- 
number" fbrm by the long 
division process. 



* — ^ is the 

X - 3 

in)Hicated quotient of 
two polynomiai^ over the 
Integers . • ^ ^ 



The similarity betw$-en 
the behavior of integers 
and of polynomials over 
the integers suggests 
that this rational 
expression may' be changed 
to a fom correipondlng 
to "mixed number" form, 
by a long division 
process , 



Xet us follow the long division process for integers^ and apply 
it to the polynomials "^^ ^ "" ^m,.*^^^ 
the dividend. 



2 

2x + 



2x 



X - 3," the divisor, and "fix + x ^ 5," 

\ 



= s 



t3X 



7x - 5 



7x ^. 21 



©' 



lb 
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Subtract ('2x)(x ^ 3).^ 
This is suggested by the 
fact that (fix)(x) * 2x-. 
.(2x)(x - 3) ^ - 6x. 

Subtract ('7)(x 3). This 
is. suggested by the fact 
that (7)(x) - 7x. ^ 
(7)(x 3)'- 7x ^ 21, 
lb is the remainder. 



2. 



you sa© that the subtrAptlon approk|h was used with division 
of* polynomials. Just ap It was with' positive Integera in the " 
previous section!? First (2x)(x . - 3) was 'sutej^racted, then 

*07)(x - 3) was subtracted] the number 16 remained^ ThuSj , 

' .■ - \ , — ' " ^ / s f ■ . , 

/ + X ^ 5 - {2%){x ^ 3) ^ (7)(x - 3) -.16; 
: Sx- .+ X ^ 5 - (?xr(Tc ^ 3). t ^ (7)(^ - 3) + 16; V 

^2 ' / ^ ^ . r ■ : ^ 

2x- + x.^ 5 - (2x + 7)(x 3) + 16/ . % 



dividend / , divisor 



/ 



quotient ' - remainder 

Provided that x ^ 3, .the following two^ sentences are 
equivalent: . - ■> , 

^ ^ 2x^ + X - 5 ^ (2x + '7Mx ^ 3} + l6; 




Thls^ts 3 Thie Ig another*fo™ of the 
ratiohal expression correspondjng to . 

expression the "mixed number'^ form of . 
arithmetic . ^ - ■ 

^ In dividing positive integers ^ we stopped whenever the 
ren^inder wa^ less* thanvfche^di visor . You may wonder why we 
stopped with l6 in the example above ^ since it mak^s no 
sense to say that 16 is "less" than the divisor x ^ 3. When 
^ dlyidirig polynomials other than two integers^ the remainder 
must be of d'esree less thaS the degree of the divisor, the 
example above, ^ ' ' " ^ 

The divisor x - 3 is of degree o^ne. 
'» _ - - " 

The remainder lb is of degri^ zero. 
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&low Is another 'example. 



r 



Change the rational ^axferess Ion 



8x2 . 



2F -• 7 



to 



another form by the long division process. 



2x 



= 7 ) 8x- + 4x + 2 



8-> 



:2 =- 28x ^ 



Subtract (4x)(2x'- ?) 
suggested by the ^fac4 
that T^x)(2x)^ 8^^, 
(i^x)(3x ^ 7) - 8x^ . 28xv 



3?x + 2 



32x - 112 




Sab^ft^act (l6)(2x ^Z?) 
suggested by the fact 
that (l6)(2x^ - 32x. 
(l6)(2x^- 7) - 32x = 112 



114^ 



The degree of /'ll^" ^ is 
less than the degree of 
the divisor "2x - 7." 
Therefore, 114 is the 
remainder. 



In this example^ (4x)(2x = ?) was subtracted from 8x^ + 4x + 2, 
Than (l6)(2x ^ ?) was subtracted; Altogether, (4x.)(2x - 7) 
+ (l6)(2x -'7) was subtracted. That is, using the distributive 
property, ( 4x + l6)<2x - ?) was subtracted, with remainder 114. 
Thus, 

^ ' 8x- + 4x + 2 - J4x + l6)(2x ^ 7) +" 114; ^ . . 
8x"^ ■+ 4x f 2 ^ ^ 114 

Check Your Readinp; 

1. When dividing positive integers^, it was stated that the 
remainder Ls less than the divisor. What Gorresponding 
stf'atement is made In this section concerning divrsion of 
polynomials other than Integers? 

What is the de^reA^of "x = 3''? 



2. 

3. 



degre^^^ 
What is the d#gree of "iq''? 



■\ 



Check Your Reading 
( continued ) 



4, 2x is the product of x and what other factor? 

5. ox'^ Is the product of 2x and what other factor? 

i 

6,. If X 3 .is the divisor, identify the .dividend , the 
quotient J and the remainder in th^ sentence 
"2x^ + X - 5 - (2x + 7)(x ^ 3) + 16/' ^ 

7. ^.If X ^ 3 is the divisor, give a sentence which is equiv = 
alant to 2x^ f x = b = ( 2x f 7 ) ( x = ,3 ) + l6 , 



Oral Exerc ises l4-6b 
"jl . Give the degree of the following polynomials. 



?x +. 1 



( b) 3x- ^ 5x + 1 

(c) 3x. 



(d; 



lb 
2x" 

= 3x + 5 



dive 'the first tar'm of the quotient for ea'ch of the 
following: 



(b) 
(o) 



X V 1 

X +,.,7 



3 a 



9a" + 5 



^7a^_3 



4a' 



(f) 4m 4- 3 



3, In each of' the following aubtri^t the bottom polynomial 



from the top polynomial^ 
3 



(a) 



bx 



bx " 



3x^ 
3x^ 



(c) 



^3x^ 
^3x^ 



4-- 2x f 1 
= 2x 1 



2y^ . 



V ^^y 2 (d: 



llx^ 4- 7x 
llx" ^ 7x + 2 



Db4 



0 ral Exerc IseS' 1 ^ = 6b 

(continued) ^ 

(e) llx^ + 7 " (h) 5x'-^ + 3x ^ 2x^ f 7 

Ux ^ 7x + 2 ^ 5x^ - 2 



(f) 7x^ - 3x" ' ^ (i) 3x"^ - 2x^ + X 4- 1 

' k 1 3-2 

7x + 2x 3x", - 2x + X 4- 1 



Problem Bat 1 4~ob 

- n r 

The following sentences are given in, the form 'j ^ ^ ^' ^ ' 

For each write an equivalent eentence in the form ^ 

n = q ^ d + r. Identify the dividend ^ the divisorj the^ ^ 
quotiant> and the remainder. 

(a) 5x!^J^. 5x .3.^ 



The following ■ sen tences are given in the form n ^ q - d + r, 

^ n r 

For each write an equivalent sentence in the form J " ^ ^ 3" ' 

Identify the dlvldendj the divisor, the quotient j and the b 

remainder. , 

(a) x^ ^ 2x^ + 2x + 1 - (x^^ ^ X l)(x ^ l) + 2 

(b) , + 4x- ¥ 3x = b - (x""' f 2x ^ l)(x + 2) + (-3) 

(c) 3x^ ^ lOx - 3 - (3x + 2)(x ^ 4) f 5 
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Problem Set I4l6b- 
(continued ) 

State the monomial needed in each of the followiner indicated 
multiplications so ^laat the indica ted jj^ibtrac tlon results 



In. a luwer degi^ee polynomial. Write tffe resulting 
polyn6mial , 

(a) (x^ + 2x2) _ ^^j^^ ^ J 

(b) (4x^ ^.^3x3) = (?)(x f 3) ' 

(c) (-bx^ + 3x + 4) ^ (?)(x = 2). 

(d) ^ 2x^) ^ (?)(3x + 1) . 

(e) (I2x^ ^ 2x2) ^ (7)(^2 + Sx + 1 ) ^ 

(f) (x^ ^ 2x f 1) -'U)(x +^1) 
(s) (3x^ + 5x = 7), = ( ?)(x ^ 3) ^ 

(h) (4x^ ^ 7x2 + 2x + 4) ^ (?)(x ^ 1) 
(1) (3x^ . i+x + 7) - (?)(x2 . 3x 4 2) 
.(J) (£x^ - 3x^ + 2x3 _ ^2 ^ ^ . 2) _ 4- 2x2 ^ 



The long division pro'cess for two polynomiale may be shown 
in a way exactly like tha/t used in arithmetic to show the 
long division process for two Integers, Examples 1 and 2 
illustrate this. . v ^ ^ 

- o ' ■ ' 

Example 1. Divide^ Bx'^ h= 4x + . by 2x ^ 7. 

This problem Is the same as the last example 
^ In the previous seWlon. Compare the work 
below with the work done at that time = 

4x -\ Id 



2x - 7 ) 8x^ A- 4x f 
3x2 _ 



32x . t ' 2 
32x lis 
1 1 4 



20^ 



.4.6 



'xampVe 2. ■ Change ^ ^ ^^g ' — 'to another' form by long 



division , 



X - 5 



J 



+ 5x - 13 



-aSx - 10 



38x ='10 



^ asx 



■ = 13x - 10 
-13x + d5 

Therefore, provided x / 



Note that t^ere is 
no "x " tem in the 
dividend. Hence , as 
a matter of con- 
venience > a space 
J.s^aeft. 



x^^ ^ 38x 



X - 5 



The Ibng division process may be used to answer questions 
ibout factoring, as illustrated In Examples 3 and 4, 

Sxample 3. Is o3 a factor -of \b57? 



63 ) "bo?" 

Ml 
0 



The remainder is zero, 



Therefore, 567 - (63) (9) + 0 



63 is a factor oT . bol / 

0 3 
uxamp^^ 4. Is x: - 1 a factor of k~ 



(63)(9) 



- 3x- + 3x - 1' 



_x!^ 2x 

x^ ^ 3x >-3x - 1 
3 2 

" ^ % 

=2x + 3x - 1 
2 

^Px" + 2x 



X =■ 1 
^ 0 



The remainder is zero, 
■J . 



14.6 



Therefore, ^ 3x^ + 3x'^ 1 ^ (x^ - 2x'+ l){x » l) + 0 



- (x" . 2x^ l)(x - 1^ 



X - 1 ii 



factor of X - 3x " + 3x 



' Oral Exercises 1^4 ^ 6 c 

Hp^ do%e '^fe division process §^ ^ q + $ tell you when 



d is a factor of n? 
In which of the following cases is 
i 

ft 

('0 ^ Z ' " - ^ = 



(b) 



+ 6:: + ] C 



factor of n? Why? 

1 , 



(3) 



(^0 



Prdblem Set 1 4-^c^ 

Perform each of the following indicated divlBions until th^ 
remainder is of lower degree than the divisor. In each case 
check your reBult by =mul tlpllcat^on and addition, guided by 
the Mrm n = qd r. 



1, 



x^f 3 

4x- ^ Ix ^ 1 

2x i 1 



;x? + 4x' 



3x + 7 



X + I 

- 3x^ + 7x^1 
X - 3 

= 9x" - 1 



X + 3 
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Problem Set l^-6c ^ 
(continued) 



^ 5x^ ^ llx + 7 n 2^-" + - 5x- 2 



X + 1 X + 1 

9' X ^ 1 ' . ' 3x + S 

10. gx^ ^ .2x^ + 5 ^^^^ ox^ ^ x^ ^_5x + 4 



3x - a 



15. W^at polynomial multiplied by x ^+ 2 results in the 
pot^TOfilal 3x^ +a3x + 14? ^ ' 

16. What polynomial multiplied by j| = 5 results in the 
polynomial 2x^ ^ 9%^ ^ 9% +20? 

_- p 

17. What pblynomial multiplied by x + 3 results^ in the 

3-2 

polynomial 3x" + yx'^ - x = 3? 

18. ' Find the missing factor in each of the following: 

( a ) ( X + _5 ) ( ? ) - -f 7x + 10 

(b) (x - 7)(?) - 3x- = l6x ^ 35 

(c) (x - 3)(?) - 5x- ^ l6x 3 

2 > ^ ^ 

(d) (2x + 4)(?) ^ 4x + I6x + 16 ' 

^(e) (x + 3)(?) ^ x^ ^ 9 ^ 



ivy 



While the sum J difference, and product of two polynomials 
are always polynomials^ the^ quotient of two polynomialB 
is not always a polynomial. 

In working with quotients of po^y nominal 3 it Is necessary 
to restrict the domains of the ^a^'iables to exclude values 
for which the denominator is zero. ' ' • 
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Slmpllf icatlon of an Indicated product of two quotients of 

polynomials can be accomplished by applying the sentence^ 

"For all real numbers a, b, c^ and d, b ^ Oj d ^ 0, 

'a c ac *' 
b ' d " bd ^ 

and then using the multiplication property of one, to simplify 
-"tiie result. 

To simplify an indicated sum of two quotients of polynomials 
we ■ ' 

determine the least common denominatorj 
^ express each quotient in terns of this common denominatorj 

apply the sentence: ^ 

"For all real numbers b^ and b ^ Oj 

a 1 c a 4= G " ■ / 

i^se the multiplication property of one to simplify the 
results, 

A rational expression Is one which indicates at most the 
operations of addition^ subtraction^ mul tipllcation A 
division, and taking of opposltes, \ 

k rational expression can be expressed as a quotient of 
polynomials. 

If p and d are polynomials in one variable such that 
the degree of p is riot less than the degree of dj then 
there are polynomials q and. r satisfying , the condition 

p ^ -qd +, r, ^ ^ ' 

where the degree of r is less than the degree of d. 



/ 



He%^iew Problem Set 

Which of fche following are rational expressions? polynomials? 
Which are pcjlynomials in one, variable? polynomials over the 
integers? over the rational numbers? over the real frtmbere? 

(a) (s^ = t)(3st + 1) + 5(s ft)' 
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I 

(b) 7x" -f ^ 2x - 5 
2 

( c ) ax" + ^bx + c 
(d) 2u + V 



(e) 



Review Problem Set 
{ continued) 

a - b 



>(u + Jv) 



(f) u + |v 



(g) i(4u + 2v) 



(K) 
«(1) 



(h) (i). 



(n) 
(o)^ 
(p.) 
(q) 



+ b 



(m ) a*^ - b'^" 
a + b 
r - 5 r + 
3+2 ■ s - 



r ^ 5 s + S 

s + 2 ' r 5 

1 , z 

3 = z F + z 



1) 



CD 
(J) 



(r) (i 



s + 
) 



Simplify each of the' following expreaaiqas'. 



18 



(c) 

\ 

(d) 
(e) 



(g)' 
(h) 

(1) 
(J) 



+ 3 Vi; 



/ 2 




C 



simplify each of tl-i^ f*ollowlng expreagions, 
,(a) 3(yF+3) .. {6)j{'^ + .,^f 

(b) •/2[^6+^/k ] (e)' ( ^+ v^)( vf =/5) 



v^{2 - v^T) 
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Review Problem Set 
(continued ) 

Factor each of the following polynomials Into prime factors 
over the integers, 

(a 5 3a + 6ab (h) " x^"^ ^ y^- _ h-^ ^ hy 



(c) ^ 3mx « Qx -f- 19xy ^ 3x 



J) 6a'' - ina + 10 



^ llx +30 ^ 

*{k) 6a'' + 11a IC 



22x 



(1) 6^'x^" ^ lOCo^ 
(:n) 3-2a" l62 



(c)^ (a + b)(a ^ b) ^ Ma ^ 

*(n) m- + ^n + n' ^ a 
Simplify each of 6^e following expre^Glons 



3x . 



f" - 9 x"" + 9x ^ 3 

Perform ea "!i of the followinr^ Iniil^'ate i 'cilvialons and ^:heck 
the results. 



3x^^ - IQX ^ ^-0 
X - 



- 1 



662 



> 



Review Problem Set 
( continued ) * 



7. Find the truth set of each of the following sentences. 7 



(a 



(d 
(e 

(f 
(S 



2x + 3x - 4 =. X 

X - 7 < 3^ + 2 

2x X 1 
T - 5 ' 3 



(1) 



X + 2 



(J) ^#^43 - 



(1) 



X = 3T 



= 7 
20 ' 



= -1 



(x - 7)(^x +■ sr = 0 



I3x + 46 



*(m) 3|xr - 2|x| = 0 
Hint: factor ^ 

♦(n) |x|2 + 1x1 = 12 
*(o) |x - 51^ > 9 



Hint: Consider 

separately the 
cases (x ^5) > 
• and (x ^ 5) < 0 



8;'^Show whether or not (x ^ 3) is a factor of the polynomial 
2x^ + X - 20. 

9... Which of the following numbers are rational? 
(a) ; (d) 



8i 
100 



(c) ^rrr 



(e) 



^76 
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< 



10 < 



Find the average of 



Revltw Problem Set 
(continued) 

3 X - 3 



and ' 



Solve each of the following problems, 



'11 , 



12. 



The square of a number Is 
number. What le 



^1 more than 0 



times the. 



the number? ^ 
The sum of|^he' repfprocals of two successive integers is 



What ar# the integers? 

J. 



R o ^ -^ ^ f 

f 

One leg of a right triangle is , 2 feet more than Jbwlce 
the smsller leg, The hypotenuae is 13 . feeJt, Find the 
length of each le| 



1^*^ A jet travels 10 times as psfst as a passenger train. In 
one hour the Jet will "^travd'l 120 miles farther than the 
passenger train will go in 8 hours. What is the rate of 
each? r 

15^ a" candy store made a 4o lb, mixture part of which had 
cream centers and sold at $1,00 per pound while^ the 
rest/had nut centers and sold at $1.^0 per pound, The 
final mixture is to sell Tor $1,10 per pound. How 
many pounds of each kind o'f candy should there be? 



-Two trains 
One i 



l6o miles apart travel towards each other. 



traveling j 



fast as the other. 



How fast is 



each going if they meet in 3 hours and 12 minutes? 



664 
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Chapter 15 ' ^- 

TRUTH SETS OF OPEN SENTENCES 

15-^1 - Egulvalent Open Sa-ntence.s. , ^ ^ 

As seen "'earlier, equivalent sentence's are open sentences 
with the same truth set. \^e truth s^t of an open sentence may 
be fqund by forming a crtain of equivalent sentences , a pr^es^ 
illustrated below in finding the truth set of "3x -H 8 = 20 . 

3x ^- 8^^ 20 

3x + 8 + (-8) ^ 20 -H (-8)* ^8 is added 'W both sides, 

resulting in a sentence 
. equivalent to thgr original one 

3x 12 * 

1 1 ' 

(-^)3x ^ (~)"l2 Each side Is multiplied 



resulting in a sentence 
equivalent to the one above 



X ^ 



The truth set of the last sentence, ^ 4," is clearly [4], 

However, since we formed a chain of equivalent sentences ^ [4) 
is also the truth set of the original sentence in the chain j s 
''3x -H 8 ^^20.'' . . 

Do you see how the chain of equivalent sentences was formed 
in the above example? Two ideas^;, studied earlier and reviewed 
below j were applied. ^ 

' a ^ b The same jau^er may be 

is equivalent to added^ to^both sides without 

£1^+ c - b -f- c, changing. the truth set, 
for a n y real n um b e re. 

a = b Both sides may be multiplied 

is equivalent to by. the sam.e non-zero number 

ca ^ cb, without changing the truth set 

for any non-gero real 

number c . 

Evan though we know that squlvalent sentences have the 

same triith set^ it is ^^^^ wloe to "check" truth numbers in 

the original ' s^n tonce , as a ^^^uard a^^alnst arithmetic mistakes, 
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Thus^ in the above example, the number 4 may be Qhecked in 
the^ santence' "3x + 8 ^20," as follows: 

3(4) + 8 - 20. . 

^-ifhls 3t,nt'ence is true (both sides are* names foi" the number 20), 
showing that ^4 Is | tru^h number of "3x f 8 - 20.'' 

As a second exar^|de in which equivalent^ sentences occur^ 
consider the open sen^^^ce * ■ 

V ^ 4y^,+ 7 ^ y + ^ 

4y ^ 7 + (-7) -^y f 28 + (^7) ^-7 is "added to both sides. 

4y ^ ^ + 21 \ . ^ ' 

4y + (ly) ^ y ^ 21 + (^y) ^y is added to both sides. 

' . ^ 3y 21 

(f)3y ^ (#)21 Both sides are multiplied 

by 

y = 7 . • 

* 

In the .jshain of^ equivalent sentences above, notice that in one 
a^tep -7 was added to both sides, and in another step -^y was ^ 
added to both sides. Actually, these steps may be combined 
into a single step by adding =7-^y to both sides, as follow'sT 

4y > 7 ^ y + 28 

% + 7 + (^=y) ^ y + 28 +- -(=7=y) -7=y is ad^ed to both 
» sides. 

3y - 21 

(^)3y ^ (^)21 ^ Bo til sides are murtl- 

■ ^ plied by 

y - 7 . , 

In either case^ we arrive at the sentence ''y ^ 7/' whose 
truth set Is easily seen to be [,7]. "^^^ also the truth 
set of the original sentence, " 4y -v ^% y + 28,'' 

When we first solved open sentences by forming chains of 
g^qulvalent sentences, the truth set was verified by "reversing" 
the chain, that* is, by reversing the steps in the chain. If 
this were done in the last example above, we would start with 
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"y - 7," than go ^"up the ladder" to obtain + y + 28." 

However J sueh a demanstratlort 1^^^ not neoeasaiy If we can be 
sura In advance that each step taken Is reversible. The 
question Is^ thenj what steps are of this type? In other words, 
what kinds of steps can we reverse, or "undOj" by another step? 
As one example, the step ^f Vaddlng 5" may be /r^Vfrsed by the 
step of "adding -5^" As a matter of fact, we have already^ 
Ipamed tliati ' ^ - ^ " . 

--^^^^—^ seal number Is revfrsiblev- 

Such a step can be reversed by adding the 
^poslte, 

. Multiplication by any non-gero real number 
Is reversible. Such a step can be reversed 
V'rir • by multiplying by tftte .reciprocal. The ^ 
* ' numti^^ zero has no reciprocal; that^ is the 

rtaion we must exclude multiplication by 
/ ' ^BTQ as a ravarslbla step. 

■ "-'i ■ ■ ' / / ^ 

-^Tha^ solution of ,^-4y + J m y + gS" above i3^iistrated botff 
of these kinds of steps. The number (-7-y) wa^ added to ^oth 
sides. This is a reversible ^etep, since It may be reversed by 
adding ^th^ oppp site of ( -71^3^), that is, by adding. 7 + Also 
both sides were multiplied by This IS a reversible step; , 

it, can be reversed by mul^iply^lng by the reciprocal of ^, that 
Ift^ by multiplying by 3. 



Ch^k Your Reading 

1. What is meant by the ^rase '"equivalent sentences"? 

2. State two ways in which a sentence equivalent to a given 
sentence may be^ obtained. 

3. What step reverses the step of adding 5? 

4. ^ Is the addition of any real number a reversible atfp? 
;:5. What step reverses addition of (-y-7)? '\ .4 

6, y/hat step raveraas multiplication by — ? 

7p Is multiplication by any real number a. k^everslble step? 
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, Oral Exercises l5-la_ . , 

Desarlbe In each ease the step whteh reverses tto^.glVen 
step, ' 

Examplei i adding 7 # reverie step i adding =7 1 

V multiplying by 4^7T-reveree itep^ multiplying 



(a) 


adding 6 


, 1 
by ^ * 

(f) 


3 

multiplying by ^ 


.(b) 


adding -10 


(g) 


adding ( ^x-6) 


(c) 


multiplying by 5 


(h) 


multiplying by ^ 


(d) 


2 

adding ^ 


(1) 


multiplying by -6 


(e) 


adding (y + 7) 


(3) 


adding W 


Qlye 


the truth sets of 


the following sentences. 


(a) 




' (e) 


Sx ^ 20 


(b) 


X + 5 - 6 




3y ^ 1 - 


(e) 


3w m 6 

Sy + 1 ^ 7 


(i) 


2w + 5 - 5 J r 


(d) 


(h) 


4x - 3 




Problem Set 


IS^la 


Two sentences are equivalent if they have the same truth 
Show whether or not the^f ollowing pairs of sentences are 
'equivalent by comparing truth sets,^ 


(a) 


3x - 6;^ Ux - 8 




(b) 


5t ^ -10; t + 6 


^ 44 





f?^) yt^^3; 



(d) IS ^ 4xj 3x ^ 12 



Two sentences are equivalent if one can be obtained from the 
other using reversible steps. For ^he following pairs of 
sentences show that the second can be obtained from the 
first and the first can be obtained from the second. 



, (Gontlnutd) 

t 

Lei> 0t + 7 - 10; 5t?* 3 
Solutloni 5^ ■ 3 is Qbtat^ad from St + 7 - 10 ^ adding 
^ ( -7) ' a&oh mydrn . 
5t + I 10 is obtainafl from 5t ■ 3 by adding 
7 to #aeh side. 



(a) 3x - S - 12; 3x - 20 > 

(b) % - I2j;. y - 3 

Je) 9t + 7 - St; 7t ^ 7 * 0 

(i) ,7% - 2 - 3x + 5; 4x - 5 

(a) 3 + 5 ■ 3t + 5| 2 ^ St 

ff ) |h - 1 - 3h = 4 - 4h 

(g) I I - I - I* k + 2 • ak ^ 1 

(h) 3x? - 27;^^ « 9_ 

(1) 14 + n ^ 25 + 3ni 1 ^ 12 + 2n ^ 



For each of the following pairs of aantendas, determine 
whether or not the sentences are equivalent. You can show 
this by beginning with either sentence and carrying out 
operations that yield equivalent sentences j until you arrive 
at the other sentence of the pair. If you think they are 
not equivalent ^ try to show it by finding a number that Is 
In the truth S|t of one, but not In the truth set of the 
other. 

(a) 2x ^ 12j X ^ 6 _ 

(b) 12 + 3n ^ Snj ^ 12 ^ 2n 

(c) 5y - - 3y 4^ 8j ,y ^ 6 ^ " _ 

(d) 7s - 5s - 12j s ^ 6 _ . 

(e) 3x + 9 = 2k ^ 7x - 12; 3" ^ ^ 



(f ) 2x^ + 4 ^ loj x^; ^ ^ 
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V Pre 

(continued) 



^ Problem Set 15=la - ^ ^ ' 



For each, pair of sentences below 
sefttenfces are equivalent. 


, decide 


whether or not 

. ■ K " 


'(a) 


^ 2x' m 10; X a -3 


i 


■ ? ^ «f ■ - 


(b) 


ISx + 5 = 10 - 3xj = ^ 






(c) 


-=it = 0| (w - g)(w + 2 


) - 0 




(d) 


ax - 2 - 4x + 6 = Oj -X + 




- ...... 


(e) 


0 = ti- 3| ^Ht - 3) = 0 






(f) 


3y - .3 = ,0; y = 1 






(s) 


0 =. x.^ -! 2xi 0 = x(a - x) 






(h) 


2(h +,'25 i 2<h + 3) = 27i 


^h + 10 




Solve (that ;iB, find the truth set of)i 




(a) 


3x + 6 ^ 12 - (g) 


s - 6 ^ 


s -h 6 


(b) 


8 = 5x - 2 , (h) 


3 ^ 


( 


(c) 


6 - y = 7 (1) 


y + 2 - 


3y - 6 


(d) 


32 s lit + 21 (J) 


X 1 

2 2 




(e) 


;6 - s-= a + 6 (k) ■ 


0 

x'" + 3x 




(f) 


s - 6 = 6 - a ( 1 ) 


|x - 17 


-33 ■ \ 



In the sentences whlc^ we hive been solving so far we have 
obtained equivalent sentences by addition and multiplication. 
We have been abuLe to ^dd expreBSlons which contain a varlabTLe, 
such as X + 7 or x - 3j and get equivalent sentences* Thla 
Is true because we know that such phrases represent real 
numbers for all values of the variable. We also know that 
addition to bath sides Is permissible for any "t^eali number. 

However, in the case of multlpilca'tlon, we h%ve bfeen multi- 
plying 'only by expresslona which do not contain a variable. We 
gould be sure' of obtaining an equivalent sentence as long as 
the number^ we were multiplying by was. not zero. 
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We -Will 'now look at aoma txamp Les which Involve 'multipli- 
cation by an expression which does (contain a variable. Wa will 
dlBCo^ferj* In such eases/ that we do not always obtain an 
equivalent sentence. , For;^examplej donsld^r the following open 
sentence. 1 

1 ^ ' xix 3) 2(k ^ 3)^ * 

If we experiment a bit, we will see that this sentence has the 
truth set [2, 3], Nqw, suppose we had wanted to use the method 

have been working wlth^^ namely that of obtaining equivalent 
'-sentences. It would have been natural to multiply both sides by 
the expression 

^ 1 . ^ ■ 



X ^- 3 



This would give us 



Which becomes 



X - 



But this last sentence has the truth set {2], Is this last 
sentence equivalent to the f-i^st? It should be clear that the 
artsf^er is no, since the truth set of the first sentence is 

(a, 3). . 

.The question is, "V/hat happenedo'- 

; T! If 

To answer this we must look carefully at tlie expression x \-~ ^ ' 
Remomb e r tha t o u r rule s ta t e e tVm t i f w e mu 1 1 Ip ly both sides of 
an open sentdnca^by a non-zero rea 1 number , we will obtain an 

equlvarent sentence, Now it is true lhat the expression ~ ^ 
doei represent a real number for most values of the variable x. 
For example J if, x has the value* 5, then the expression is a 
numeral for i . Do you see this? - 

On the, other hand j suppose x has the value 3* In this 
case we see that the denominator has the value 0. What does 
this mean? It means that our expression does not represent 
a real number when x * 3* 

In Sther words ^ jthe phrase ^ ^ ^ does not represent a 
real number for all^ values of the variable. This helps to 
explain why the second sentence was not equivalent to the first. 
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Let's consldeT another exampla. In this eaffe we will not - 
b# attemptlhg to iorve a sentanee*^ We will, however* learn some 
more about equlvalenoe. We begin with tlie open ^entenoe " 

We now multtpiy both sides by w and obtain the sentence 

^ ^ ■- 

. 2 

w ^ 5w . 

Question: ="ls the second sentence equivalent to the first?" 
The best way to answer this Is to look at the Wo truth sets, ^ 
The truth set of the first Is clearly (5)* Whftt li the tmth 
^et '^of the s'eebnd seritenea? iT^e" experlSeh t w 11 f f Ihd tTfft 
It has two 'elements. The set Is [5, 0), because* 

5^ ^ 5(5) and 0" ^ 5(0) are both*true,. 

Our answer, then^ must be^that the two Sentences are not 
equlvalentv " 

(Agi^ln we must look'^at the multiplier. It is the variable 
w. Surely this always represents ^ real number. But w can 
also hav€i' the value 0* ^and our rule states that ^we will, 
always obtain an equivalent sentence If we multiply both sides 
by a^ non-zero real number^ 

The above examples have 3^wn us that we do not always 
obtain equivalent sentences when we multiply both sides by an 
'^i'Xpresslon which contains a variable* In fact. In both of our 
probljems we did not obtain an equlyalejit sentence. It Im / 
natui^l to ask if this always happens/ The Answer, as we will ^ 
soon sini, is no. We often obtain equivalent sentences even 
when the multiplier does contain a varl^^ The important 

thing 'to remember, is that .we mWt In all nese cajtes be 

especially carefu^ to check the truth setB, since we cannot 
always be sure that the final sentence Is equivalent to the 
original one . 
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1, 
2, 



Does 



-1 



■represent a real number far all' values of x? 



Are th# open sentenoea "x(x - 3) 
aqulvalant? Why or why not? 

2 



Are the open sentences 
Why or why not? - \ 



^ 2{x 1 3)" and ^"x -2"^ 



and 



W = 3 



equivalent? 



are multlplftd^ by an 



If both jildefl^.of an open sentence 
%xpi!iti8ion Involvi^ng a variable ^ is the resulting sentenoe 
necessarily equivalent to the origi i^l ona? Give two 
examples from thls^eection that support y 6 u r ¥n s w e rl 



Oral Exercises l5-lb - 
1* each of tj^a pairs of sentences below , explain why they are 



equivalent 6r why they are not equivalent. 



1, 

5. 



X ^ 3 ; 
X - 3; 
Tx - 7; 



3x ^ 9 
2 



7 7' 
7x2 



X = 1 _ 
X = 1 

- 7x; . 7x = 7 



6. 
7. 

8. - 

9. - 
10. 



1; 



jjn ^ .1 

5{y -1) = y<y - i); ^ 5 - y 



6 = mj 6(m - l) - m(m - l) 



X ( X + 1 ) = 0] 



X ^3 - 0(i) 



^ 



Problem Set 15-lb 

For each of the following phi^seSj find values of the vari- 
able for which the' phrase is (l) zero^ . (il) not a real 
number 1 ^ . 



(b) 

t - 2 



5f - 3 
1 



(e) X ■ 

(f) (t = 2)(t'= 3) 

(s) 



(h) 



t ( + 1 ) * 
(X - IHx + 1) 
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Problem Set 15*lb 1 

(contlnuad) > ■ 

For eaeh of the following phrases, decide whether the phrase 

le ^ . = _ / ; • 

(i) zero for soma valu6 of the variable, 
(it) not a real number for some value or values of the 
variable, 

(ill) a non-sere real number for eveiy value of the . 
-variable, s 

(a) ' y + 5 , ' («) j-i=B- ^ ^ ^ ^ _ 

(b) x2 ^ 



(f) 



(e) + + 1 

td)' I ' (g) (x l)(x - 2)(x - 3) 

You oan write *your own practice exercises tiy chooslhg a V 
aentence which has an obvious tlnabh set and then building, 
up a mora complex equivalent sentence, ' . ^ 
For example: - > 

= .. - " ■ ' ' X 2 ' • ^ 

X + 7 ^ 9 adding 7 to eacli side 

3x + ^ 9 :+ 2x *^adding 2x to each" 

side \.. ^ 

?*or each' df the 'following sentences, write a mfbre ooniplex 

sentence by parformlng the given oparatlons. Then decide 

if the operations performed guarwitee ^at the new sentence 

Is e^ivalent to tjnfe given sentence and state, your reason* 

(If in ^oubtj che^ck by finding truth sets.) 

(a) X = 2; add x + 3 to each side, 

(b) 3 * x; multiply each side by 4. 

(c) y - 4; add y - 2 to each side. 

(d) X ^ 1; multiply each side by x, 

(e) 'w ^ 0; multiply each side by (w -,3). 

(f) * X ^ 10; add 15 to each side and multiply each side 

by 3^ 



on - 
^4 U 
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Problem Set 
( continued ) 

4, Which of the following operations on a sentence might not 

yield an equivalent sentence? St^e a reason for your 
%^deoislon. f 

(a) Multiply each side by (x - l). 

(b) Add 3x +7 to each side, 

(e) .Multiply each side "by ^x. 

Multiply each side by — • ' 
'(e) Multiply eaah side by i . 

(f) Add i to each si^. 



'5- Solve. ■. ' - ^ 

(a) 'sx + 3 - 2x + 12 

(b) x(x = 2) - 0 

(c) = n- - 3n 
. (d) .y2 . - 0 v - ' ■ ' 



(fi .3 ... 

(p) 2t + 7 ^ 3 + 2t 



(h) =^7(y - 3) - 3 - 5(y + 3) + (y- + 5)0 
(l) X + 3^ 3x - 6 



We will now consider some senteneeg y^hose sides, or 
members, contain rational expressions such as 

1 X + 3 3 __l 

X ' X + £ ' X + 7 ' X ^ 3 ' 

Befor% we begin solving such sentences , however, it is 
important that we review some ideas about the domain of the 
variable. You will recall that the domain is the set of numbers 
from which the value of the variable may be chosen. It was 
pointed out that the domain sometimes depends on the type of 

problem being solved. For Instance, if a problem involves 

I) 
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finding the numbtfr of people^ wt rule out fraetlpne and 
nagatlve numbers. The domain then becomes the set of whole 
riijunbers, ^ 

We have ftirejid In gene^^al that unless something ^special 
is said^ the domain will be the real numbers. We further state 
?that if we are given an^open sentince, then the domain will be 
the set of all real numbers for which the sentence has a meaning* 
For examplej the sentence , ^ 

3x + 5 ^ 26 ^ i ' ' . 

has a meaning for all real numbers. Therefore^ In a sentence 
of this type, we will* assume the*.4omain to be 'tha set of all 
real numbers. 

However, suppose we look at the following sentence. 

3 ^ ^ M . 

Do you tha^ the sentence has no meaning if x is 5, sli^e 
thii wouyd give us 0 for the debohiinator? We^wllL therefore 
assun^ /ha t^ the domain of the variable of this particular open 
sentence Is the set of all real numbers except the clumber ,5, 
Pqr *the sentence ^ * ' 

: ■ ; - 

WB would say that the domain Is the set of all real numbers -= 
except 0. Do you see why? 

By. now it should be clear that the domain of the variable 
of the sentence 

X , 3 ^ 5 * 
X ^ 4 X + 3 X 

is the set of all real numbers except 4, and 0. 

We will now return to the problem of finding truth sets of 

open sentences whose members contain rational expressions. 

Consider the sentence - 



We first see that^the d^matln oij^ x ^cannot include the number 
3. We now wish to multiply b^h sides by the expresslorl (x - 3) 
The qUe&^tlan is, "Will we th^ get an equivalent sentence?". 
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c 



'pomains x ^ 3) 



To ^^(Rto thi&, W€ "hpte that In this paFt^^lar problem the 
doAftln dots not Inolude 3* ^herafort (x - 3\ reprteents a 
non^zero real number for all values of % In ttie domain, W© 
aan now multiply and obtain 

- 3) - 6(x = 3) 
which beaomes 12 * 6% - l8, ; - 

4^ " - I " ' . 

Adding l8 to both Bides we get 

Multiplioatlon by ^ flnalT^ gives us " » ^ 

. i ^ * 5 ^ X. ,(Domaini x ^ 3)' 

W# aafTnow say that the sentence * 

. ; \^ ^ - 5 - X 

la equivalent to the sentenoe we started with. The, truth set 
of * x" is (5]p Sines 5 Is in our domainj wa know 
then ttiat [5) Is the truth set we want. It is important^ha 
the final sentence be aGeompanied by a statement about the 
domain of flbe variable. This is the domain determined by the 
original sentence. 

Let 'us look at a second example, 

n . 

This sentence tells us that our domain must exclude the real 
number 0. With 0 excluded frorf the domainj we can multiply 
by n and obtain an equivalent/sentence. This gives us 

H ' 8 L 2n. / ^ ' ■ ^ 

1 - * - 

We now multiply both sides by j and get the sentence 

4 ^ n. (Domain: x ^ O) 

Its truth set is (4). This sentence is equivalent to the 
original sentence , We know then that [4] Is the truth set o 
the original sentence, '"^^ 

We see from the above examples that it is ver^ Important 
to examine the sentence we start with before we begin viorklng 



the problem. In this way we can see what the domain must be, 
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It will then be possible t© obtain a ©entenee which la ^ulva- , 
lent t© the first. From this we ^eah datemine the tmith pet of 
the original sentence* 

A final example should clear up this point . Cons'lder the 
open sentence^ 



The fentenoa tells us thiKt the domain for this problem must . 
exclude the number 2. We now proceed' to multiply to (x -^5; 
with this In mind. From this ,we get ( 

fix - 2) = - 2) 



which become^ x ^ 2. (Domain- x ^ 2) 

This sentence Is equivalent to the one we started with. The 
sentence "x ^ 2" has a truth set tS) only in domains . / 
which Include the number 2, Therefore^ in, the domain of this 
particular problem, the truth set ^f 

X = 2 (Domain: x 2) 

is^mpty. From thla we can say that the truth set of our 
original sentence is also empty. We see now why It Is Important 
tha't > statement about domain should accompar^ the final 
sentence , / 

^ Ch_e_cjc. Your Rykdlng 

1. ■ What Is the domain of the varlaj^e in each of the following 

open, sentences - 

3x + 5 - 26, " ^2, 1^ 5. 

2. What Is the domain of x In the sentence ^ j 

3. Does "x - 3" represent a non-garo real number f 
valuee of x in the domain of the sentence ^ ^ ^ = 6? 




x 



/ If g I! . . 

Is ■ the sentence — ^2 equivalent to the sentence "8 - 2n" 

n 
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Chaeic Your Reading ' 

; is , 

* f (eontlnued) 
" __ ^ ^ 1* _^ f g" and' "x ^ 2" tqul^alent? 

6^ Are ^ ^ « ^ ^ ^" and "x ^ S"* equivalent - If 2* Is 
exaluded from tha^ domain of the variable In the ieeond 
problem? 

' Oral Exerelses 15-10 

1, State the domain of each of the following ientenees, 

(a) 'y^=5 (d) q(q + ij ^ ° ^ 

(b) I - m ^ 1 (e) :| - ^=§^ = i 

(c) 8(t - 2) = 5 (f) - r^^' 3 

2, For each of the following explain how the second sentence may* 
be obtained from the first and why equivalence is preserved 
by this process . 

(a) i ^ 5; 1 - 5x (c) 3 ^ " 2) 

(b) 3{x ^ 1) - 6] X = 1 - 2 (d) 3x + 5 - 2x; x - -5 



Problem^Set l.b-lc 

1. For each of the following rational expressi'ons , state the 
valueB of the variable for which the expression has no 
meaning (that is, does not represent a real number^ ^ 
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(continued) ' y 

Por each of the following state the domain of * the variable' 
such that the rational eKpresslon represents a real number. 

(a) X - 2 ■ (a) 2^-1 

,^^V:t(fc = 5j (m - 6){m + 5) 

Explain how the eacond sentence can. be obtained from th© 
first and why equivalence Is preserved by this" ppoeess . 
Examplei ^ -3; 1 - 3(x ^ 2) 

. ^ •Multiply each side by (x - 2), which is a. 

non-Eero real number for m^mry x, since % 2, 

(a) fT^^ 7m+2j 5^^- m ^ (Tm + 2) (5 + m) 

(^=r (y _ i)^y , 3 ) - 3; 1 - 3(y = l)(y - 2) 

(c) ^ = S; 1 = 2 |x| 



^1 . Solve: 

\(a) (d) 6 = ^ 

(b) 1= 1 ■ - (e) 1+^1 = 3 

5. Solve: 



r 
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A sentence may have a variable in the denominator and still 
have as ^"'ffomain the set of all real numbers. The foll^owing 
example is of this type. Consider the open sentence 

+ 1 

Here we see that the sentence has a meaning when the value 
of X is any real number. Do you see the reason for this? 
Is it clear that- the denominator will never be equal to 0? 

' We may ■multiply both sides by the expression (x^ + l) 
without having to exclude any real number from the domain, 
gives us 



Thli 



which becomes 



We may now add 




=3x2) 



+ 3. 

This will give us 

(If no statement about 
the domain Is glven^ we 
always assume that it 
Is the set of all real 
numbers for which the 
sentence has meaning. ) 



This sentence Is equivalent to the first one. Why? 
therefore know that the truth set of 

2 

3 Is (3} 



We 



3x' 



+ x^ 



Sentences which contain rational expressions such as the 
ones we have been studying are often called fractional 
equations . In the previous chapter you have used the Idea of ^ 
least common multiple/ or least common denominatorj in working 
with rational express Lons. We use this In solving the following 
fractional equation: 

i ^ 1 

X 1 ^ x " 
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Here , we note that the domain Is the set of all real 
numbers excluding both 0 and 1. We also see that the least 
common denominator Is the expression x(l - x). If we keep In 
mind the special domain for this problem, we may obtain an 
equivalent sentence by multiplyin| both sides by x(l - x). 
This gives U3 

which becomes 

1 = X ^ X j ■ ' 

Adding X to both sides we get 

1 ^ 2x. 

Multiplication of both sides by ^ gives us finally 

^ = X. (Domain: x |^ l , x ^ o) 

We know that this sentence is equivalent to thq^-one we started 
with. The tTMith s^^^t Is therefore - 

Chuck Your Reading 

1, What Is the smallest value of the expression x^ + 1? 

"3x^' + X " 

2, Explain why ~ ^ 3 Is equivalent to 

x^ + 1 
"3x^ -fx - 3(x^ f 1) 

3, In solviVig the sentence - - each side of the equation 
' is multiplied by the^4east common denominator of the 

fractions. Thus, each side Is multiplied by what axpresslon? 

4, What values of x are excluded from the domain in the 
sentence ^ = ^ ? Is x(l - x) zero for any values 
of X from the domain? 



15-1 

Oral Exercises l5-ld 

For each of the following sentences, state the domain of the 
variable. By what expt-^ession would you multiply both sides so 
that each member of the resulting equation would be a polynomial? 

1 1 _-5 6. ^^/_f^- 1 ^ 

J. . J ■ V y + 1 



( 



Froblem Set 15-lci 



In each of the following begin by first indicating alT'the real 
numbers which can no t be In the domain, 

1 . Solve i - 



(b) I = 10 + § {^) f + jtr " itT 



1 2- 



Solve; 



3^1 " ,,-A i 



■"^ t - t " F '''' t - t'^-x 



(b) — - + ^ = ^ ) — = 3 
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Problem Set 
.(continued) 

3. jSolvei 

^(a) 5x + 17 - 3x V 23 ■ (e) 0 - y(s^^- 3), 

(bKi^ = ii4 (f) ^L™i.3. ^ 



- 3 X - 1 ^ X " X = 1 

f s 4m = 10 -r^ .m~ =9 , s .5 10 

^ ^ m - 3" " F^rr- |x| ^ 4 " IF 

(d) ^ ^ - 2 

X 1 

i 

Solve: 

(a), + ^ = i ' (e) y + 1 = ^=^4 

^ - ' X H- 1 3x . . \ / J y + ^ 1 

) / . 2 
/.s L t + 3 ^ ' (^\ u l6x 3x + 5 

A^^ r^^r^. ^ 3^ + irr^ " x ^ 5 



t 


+ 2 


2 

m 


■¥ 6 


2 

m 


+ 5 


* 2 

X 


+ X 


2 

X" 


+ 3 



m" + 5 y +81 y" + 81 

(d) % " " = 1 . 



15^2^ ' Equa tions Involving Fa c toiled ExpreBslpng > 

In Chapter 13 we solved equati.ons of the forrTi 

(x . 3)(x + 2) 0/ 

Its truth set was found to be [3j -2]. This is the cornbined 
truth set of two sentences: - 

X ^ 3 = 0 

' x + 2 s 0 - . - ' . 

We can now think o f t h is in another way. Y o u r emem be r that 
in Chapter 3 ■ we studied two kinds of compdund sentences. One 
of 'these had the connecting word "and". The other had the con- 
necting word "or". An example of this second type would , be 

" X - 3 ^ 0 or X . }- ' 2 , ^ 0 , ' 
d84 
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We laarned, that this ytypa of compound sezntence, with connecting 
wer^ *'or", 1^' true 'if at least one clause la true; otherwise 
It Is false. In other words the tt^uth set of our compound 
sentenbe Is 

(3, ^2}, 

since' ''x - 3 ^^O" is true when x ^ 3; likewise "x + 2 ^ O" 
is true when x = ^2. From this we can see that the compound 
sentance 

" X 3 ^ 0 D r X + 2 ^ ' 0 

is equivalent to our original sentence 

(x = 3)(x f 2) - 0. 

We can solve sentences which contain more than two factors. 
A sentence such^,^ ^ 

f * (x - 3)(x + 

4 

<- 

is true If 
or if 
or if 

Otherwise J it is false. Do you see that the truth. set is 

- (3, -2, 2) ? 

Check Your Kead_ing 

1. "State a compound open sentence that is equivalent to 
"(x - 3)(x + 2) - 0/' ' 

2, Name the elements in uhe truth set of^ ( x - 3)(x + 2)(x 2 

Oral Exercises lti = 2a 



X - 


2) 


- 0 


X = 


3) 


= 0 


X + 


2) 


= 0 


X = 


2) 


= 0 



1. Which of the sentences, k ^ 3 ^ 0, x = ^ ^ 0, and 
(x + 3)(x - 4) ^ 0, are true if x ^ -3? ' if x ^ 4^ 

2. How do you know that the sentence (x + 3)(x ^ 4) ^ 
false If X is 5? 
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Oral Exercises l5-2a 
( continued) 

,3. What Is the tryth set of x + 3 » 0? 



of X - 4 = 



4. ' What is the truth set of ,(x f 3 )Vx = 4) - 0? 



Pro blem Set 15-2a 



Find the trutli 



Of 



(a) (x + 2)ix\^ ^ 0 

(b) - (t = 3)(t + 1) = 0 

(a) C = (m = 6){u = 6) 

Solve; 

(b) (;:^ l)(J:x - 3) 
( :) , - ■{;■ = 1) . C 



(^i) (St + iMk - 1) = 0 ■■ 

(fc) ^/(y + 3) = c ■ 
(f) iz = 1)'- . C 

( (2k + 3)(3z -h 2) - 0 

(^) (-^^ = = i) = C 

in i^f-- i)(l;/ t l|) = 0 



(a) (; 



(.) ,u( 



f f i 



• ij U - ij = 
- 1)(3::; + 3 
(.1 ^ l)(n + l)n^^ 
(t- = l)(2t = 3) 
(x- + 1)' = C 



Find the truth sotG ai 



ihj 

(^0 



0 ^ l^i 
,•3 



Ot ^ 0 



( i) ^ y ^ 12 - 0 

(g) nr hni 6 ^ 0 

(r) = 2^0 



(a) ^ . 

(b) y'^_+ 6y 



16 



(e) jy^ -^21y ^ 18 
(r) 2::r 7m ^ 15 



6. Solve: (Before solwlng Indicate the domain of the variable,) 



1 10 



(0) 



'm ' rn 



(b) y - ^ = 1 



, 7 . 3(t , 1) , , . 

■ t - 3 " t - 3 ^ ^ 



y 
1 



6 



y - 3 
1 



"ir 



= 1 
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Problem Set lb-2a 
(continued) 

7. For what integers Is it true that the reciprocal of the 
integer Is one«fourth the integer? ' Write and solve an open 
sentence to-^nawa-T. .thia.. ques tion . 

' 10 ■ 

8. An integer is added toMts reclprocar^ and the sum is ^ . 

For what integers is this sen?lnce true? Write and solve 
an open sentence to answer this question. 

^g, A river boat can make a trip 190 miles downst=^am in the 
same time that it takes ^to make a trip 6o miles upstream, 
ir the 'boat travels 15 miles per hour in still water j 
find the rate of the. current. ■ 

(a) Write an open sentence to answer this question. 
. (b) What is the domain of the variable in the sentence 
Tor this problem? 
(c) Solve the sentence, 

(Hlnti If s is the number of miles per hour in'-the 
rate' of the current, then 15 + s is the number of 
' -^^jnlles per hour In the- rate of the boat as it goes 

downstream and >Y^^T number of hburs that it . 

takes the boat to make the trip downstream. By a 
^ similar line of thinking, r*epresent the number of hours 

for the trip upstream. Then you can write an open 
sentence that says that the time for the trip dlwnstream 
is ;the same as the tlm^ for the trip upstream. ) 

10.' The front wheel cf a wagon has a circumference that is 3 
feet les|^than that of the back wheel. If the front wheel 
makes aK^many turns in going oO feet along the road as 
the back wheel doeB go^Yig 90 feet, find the circumference 
of each wheel. -^w-^ 

(a) Write an open sentence to answer the above problem, 

(b) What is the domain of the,-^.^ariable in your sentence ^ 
for this problem? 

c) Solve the sentence and give the answer to the problem. 



& 
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15=2 . ' : : 

In tYfe early part of the chapter we discussed the danger 
of multiplying by an expression or adding an fexpression which 
^ for some value of the variable might not be a real number. 
However i In >he case of problems of the type 

' x(x = 3) - 2(x-^ 3) . 

the domain is the set of all real numbers; in this example we 
noted the following danger. We were tempted to" multiply by 

1 



X ^ 3 . 

which would change the original sentence to / 

X - 2, 

We saw that the truth set of the first sentence was [3^ 20. 
Th^s means that the last sentence, whoae truth set is [2) Is 
n^"^ equivalent to the first. The change in truth sets came 
about because our multiplier 

1 



la not a real nuifiber for x ^ 3; but our domain does Include 
the number 3, ' 

The question then comes up, "What can we do to avoid 
changing the truth set In sentences of this type?". In other 
words 5 how can we Iceep the sentences equivalent? 

This can be done by using addl^tion. We see that the 
expression 

= 2(x ^3) . 

Is a real number tor all values of the variable x. Since we 
are going to ^ use addLtlon and not multiplication we shall not 
be bothered by the fact that the expression becomes eqyal to 
zero for x ^ 3, Adding our expreBslon to both sides we obtain 

x(x = 3) ^ (=2(x ^ 3)) - 2(x = 3) h (^2(x^ 3)) , 

which becomes 

x(x - 3)^2(x . 3) - C 



15-2 ' * = 

Using the digtributlve law we can rewrite our equation as 

' - (x ^ 2)(x ^ 3)- 0. 

Our equivalent sentence Is the compound sentence 

) of 

This compound sentence has the truth set [3j 2]/ Thus we se^ 
that the sentences ''x(x 3 ) ^ 2(x ^ 3)" and . "x ^2-0 or 
3 ^ O" are equlval« 



Uheck Your Reading 

1. What 13 the domain of the variable in "x(x - 3) - 2(x ^ 3)"? 

9.- Multiplication of both sides of "x{x - 3) - - 3)" ,by 

— results in the loss of what element of the truth set? 
X - 3 

3, Why Is "x(x - 3) - 2(x - 3) ^ C" equivalent to 
"x(x ^ 3) - 2(x 5 3)"? 

4. What property is u^Sea to factor "x(^ - 3) ^ 2(x - 3)", 
to obtain " ( x ,^ 2 ) ( x - 3 ? . ^ 

Cral Kxerg.ls4s ib-gb 

In each of thfi f L 1 QWin:^^, i/^ive another sentence which is 
eqtilvalent to the glvantesenuencs . 

1. • = . ) - ^(^ - D 

:■; ■ ^ \ ^(^ 2) - 3(t 1 ) . C 

::i ■ : . -h 'l) ' - ^(^ i) - C- 

- ^ ^ r , ;, ( j . ) 3(1 ^ ) ^ 0 



0^ 



(a) ^ ^ 3x . 
(h) ' + - 
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Problem £et 15-2b 
( continued ) 

Solve : 

(a) ^ m (d) - 1 ^ 6t ^ 6 

(b) =5 . (s.) 3x = 5x- 

(c) j|(2y - 1) = y(2y - 1) (f) 2x + ^^i^ = 
Solve- 

(a) 2x- + 3(x + 1) = x(x + 8) + 3 

(b) 5y(y + l) 3y(y + 2) 

( c ) ^ " a - ^'m 



(c) t(t" + 1) = 2(t-^ + 1) 
" (f) (y - e)(y + 3) -3C 
SolvcM 

f + I = ^ (ci) an^ + 5m = 12 



(.0 3 ^ y ^ ^^^^^ - 1) - 0 

The square of a nurabor i:: four times the number Itself, 
V/rlto on^i Golve an j:)pen sGnterice to find the numbers for 
vihirjh this Id trnnr 

The product of a positlvo int-z^r^er and its suGc^ssor (the* 
sunnessor to a ponitivo Integer n is n -f l) is six times 
the successor. Find the Intor^er for which this statement 
is true by writing: ai; 1 solvJ.n:; an open sentence. 



\ 
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15-3. Squaring, . 

If we begin with the sentence , „ 

X = 5, 

♦ 

and square both sides j we. get the sentence 

2 

Is this second sentence equivalent to the first one? The 
second sentence has the truth set (b^ -5). Do you see why 
this is so? ^Remember (-b)' (^5) - 25, and 5' 5 ^ 25.) 

However, the first sentence has a truth set with only one 
element. Its truth set is [5). 

It should be clear, then, that the operation of squaring 
both sides will not necessarily produce an equivalent sentehce, 
WLll truth numbers be "gained" or "lost"? 

We do know one thing. If there is a value of x whi,ch 
will make the sentence x - 5 true, then thl/s same value ^f x 
will make the sentence x^ ^ 2b true also, /Why? What rfoes 
this tell us? It tells uS that the new >^ut>i set will contain 
\he elements of the old one. It may, hdwever, contain some new 
elements as well. In other words, when^both sides of a 
sentence are squared no truth numbers are lost but new elements 
may be gained which do. not satisfy the original sentence. 

' There are some types of sentences which we can best solve 
by squaring both side^^^,„,In such cases we may obtain sentences 
which are not equivalent . \ The truth seta of the new sentences 
may contain "extra" elemenas. We will need 'to check carefully 
to see which elements in the truth s^t of the new sentence are 
also elements o^ the truth set of ^he original sentence. Here 
^ are some examples , ^ 

Example 1^: Solve the equation 

If -s/x + 3 - 1 is true for some value of x, 
o o 

then ( VV. ^ 3 ) ^ ^ (l)^ true for the same x. 

We square both sides and obtain x -f 3 ^ 1 , 
The truth set of this last sentence is (-2-3, 
We need now to find out whether or not =2 is a 
truth value of the sentence 

.v^TT^ .1. 
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If X - -2 then the sentience reads 



+ 3 = 1. 
.s is true, ^ince 



This 

Thus, we see trtat =2 1^ the solution to the \^ 
sentence " v'x + 3 ^ 1," \ 
In this case no new element was added to the origina 
truth set by squaring. 

Example 2\ Solve the open sentence + x - 2, 

We want to obtain an equation which does not 
contain radicals . 

We try to accomplish this by squaring both sides. 
This gives us 

Which becomes 

( ^ 2( ^){x) + x^ . 2^ 

and this can be written 

.2 



X f 2x ^ + x^ ^ 4 
ilrk 



The sentence atill contai^ a radical- This 
suggests that we should begin with a different step. 
Beginning again with " ./T + x ^ 2," 
let's flr^t add (-x) , to both sides, Th{s will 
^zve us : 

- 2 - X 

Which is equivalenJy to the original sentence. Do 
you see why? 

If we square both sides, we will get 

( . (2 - x)2 

which becomes 

X - 4 ^ 4x + x" , 
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Adding -X to both sides we get 

0 - 4 . 5x + 

which l^^mea 

0= (x ^ 4)(x = l ) . 
This sentence has the truth set [4^ l). 
We know that If there ar§ any elements in the truth 
set of our original sentence, then these will be 
contained the set (4, ij. 

Once again We must check. We that 1 Is a 

truth value since 

1+1^2 is true. 
But ^hat about the number 4? We see that the 
sentence 

\ 4^2 is clearly false. 
Therefore J we know that the truth set of our 
original sentence Is 

[1). 

Evidently 4 is an "extra" element which has come 
in because of the squaring process. 



Check Your Reading 

^ . .. / - 2 

1. Afs "x/= 5" ' and "x" ^ 25" equivalent open sentences? 

2, WhTc^ of"'ffl'€^ following two statements is true? 

Every truth number of "x = 5" is also a truth number 
of "x^ - 25." 

o 

Every truth number of "x^ = 25" is also a truth number 
of X = b * 

3-. If^ both sides of an opWn sentence are squared^ is the 

resulting sentence necessarily equivalent , to the original 
one? 

4. Are 4 and 1 both truth -numbers of, " ^/F + x ^ 2"? 
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oral '^i^ier^'jues 1^ 

Solve each of tha i'ollowln b 

1, s 3 • 

2, + 1 = ? 

3, - 1 = 
h . .^z ~ 1 = 3 



■qua rill"- , 
6. - 



2j€ 



20. 



4- J 

. 1 

3- 

^ 1 



Frobla!- Bet 1[;^3 
GoIVG the following z-:int(nv es by squafJ-n- both alaes: 

■j) Vim? - 1 



(a) yr- 3 

(b) - 



Solve: 

(a) 2jm^ 



(b) t = s/2t + - ■ 

(.) 

Solve: 

(a) - ^ 3 

( b ) t; = v't + y - 1 



4= --: 

Co Iv.:' ; 

(a) :n ) 



r) 



1 + 



- - 1 = y 

) = 9 



1 (Remember: 



I = t -I- 1 
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Froblam Set 15-3 
(eontlnuad) 

5, The Bquart root of a eertaln number Is twelve leas than the 
number Ititlf , Find the number or numbers for whloh this 

^is true by writing and lolvlng an open sentenoe for this 
proble^^ 

6, The siiffi of a number and the absolute value- of that number 
Is 8* Write and solve an open sentence to find the number 
or numbers for which this statement Is tTOe. 

7, The sum of a number and the absolute value of the number 
is 0. Write and solve an open sentence to find the 
numbers for whleh this Is true. 

r 



15-^- Equivalent Inequalities . 

Up to now in this Qhapter we have been studying open 
sentences involving the equality symbol whloh tells us 

that the two si^s name the same number. We have referred to 
these sentences as equations . In finding truth sets to these 
equations It has been very helpful to form equivalent sentences* 

We Will now find the truth sets of, or solve, open 
sentences such as 

2x + 5 > 23 and 
3x - 4 < 20. 

You will re.call that the symbol means "is greater than", 
and the symbol means "is less than". We shall also use 
combined symbols such as which means *'is greater than or 

equal to" , 

In this work, as In solving equations, we will want to 
fom equivalent sentences. We therefore need some ways of 
doing this. The rules are very much like the rules for working 
With equations. However, we must be careful to note that there 
Is one important difference. To recall this, we must return to 
the properties of order which, we studied in Chapter 9. These 
properties, and the fact that certaift operations can be 
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"reversed^"* will give ua rules for forming ©quivaltnt 
sentenaes. 

. The 

addition property of order 

states that If a, b, and c art real numbers and If a < b^ 
then 

a + 0 < b + c. , 

A similar preperty holds for the order relation ^'li 
greater than". Because addition by a real number ean be 
"reversed" J we ean be sure that if we add a real number to both 
sides of an Inequality, we will get an equivalent Inequality. 
Consider, for example, the open sentence 

X + 5 < 8, 

We add -5 to both sides and obtain an equivalent sentence 

X + 5 + (-5) < 8 + (-5) 

which becomes 

X < 3. 

The truth set for this last Inaquallty la the set of all real 
numbers less than 3. This is also the truth sat of the 
original sentence , 
The ' 

multiplication property of order 

Is a bit more complicated and needs to be reviewed carefully. 
In this cast it makes an important difference whether we 
multiply by a positive real number or by a negative real number. 
The property can be stated as follows ^ 

For any real numbers a and b such that a < b, 

(G)(a) < (c)(b) if c Is positive 

but 

{c)(b) < {c)(a) If c is negative , 
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A Similar property holds for tht order ralmtlon "is 
gr^aier than". This can. ba summed up by saying, as we did In 
Chaptar 9$ that If two different numbers are each multiplied 
by the same positive numberj then the order relation remains the 
same. Oh the other hand. If both numbers are multiplied by the * 
same negative number, then the order Is reM'ersed. Multlplleatlon 
by non-zero real numbers Is reversible. We 'can therefore apply 
these Ideas In forming e 
consider the Inequality 



these Ideas In forming equivalent inaquallttes J For example^ 



3x < 15* 

^ ' 1 ^ 

If we multiply both sides by the positive number^ %im will 

obtain an equivalent Inequality 

X < 5. 

% 

Its truth set Is the sat of all real numbers less than 5. This 
Is also the truth set of the original sentence. 

w 

In the sentence 

2x + 5 > 23 

we can add *(-5) to both sides. We may then mu^lply\both 
sides by the positive number i . This will giv# us an 



\aauivalent sentence 

X > 9 

whose truth set is the set of all real numbers greater than 9. 

We will conclude with two more examples. 

3 12 
ExampJL^ Solve - 2 < + ^ 

We may first multiply both sides by the positive 
number 15 to gat an equivalent sentencf without 
fractions. This is ^ 

9y - 3c <^ 5y + 10 

. . Now we add the real number 30 - 5y ta both sides. 
This gives us 



^4J 



Multlplleatton W the posltiva real- number 
then gives ui ^ ; * . *^ 

y < 10. 

The set of all real numbers less than 10 Is the 
truth let of the original stntpHee. ' ^ . . . 

Example g. Solve — A > -1 

^ + 1) ^ ^ 

-(x + l) represents a negative number for all 
^ values of x. Therefore, multiplying both sides of 
the above sentence by -(x + l)j we get the 
equivalent sentence 



.(x^ + 1)(-1) > -(x^ + 1)(-^^ 



2 

X 



+ a.^> 1 ' 



-i^ + 1). 



Notice that the order was reversed since both sides 
were multiplied by a negative number. 
Now we add -1 to both sides and^get 

2 

X > 0. 

The truth Set of this final sentence is the set of 
all no zero numbers . This Is also the truth set 
of the original Inequality. 



Cheek Your Reading 
Give the meanings of the following symbols ^ 

state the operations which may be perfomed on an iaequallty 
without changing the truth set or the order. \ 

What operation changes the order of an inequality? 
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Descrlfte the truth sets of the follot^lng Ineqqalltlfa 

1.. (a) " X > 5 ' ■ • ' ■ (f) y - 1 i f 

*.' (b) . y < 4 (s) ■ 2y < 6 • 

(c) w'^lO ■ . (h) _3x < -IS 

(d) z ^ -6 ' (1) _y ^ .it 
■(e) X + 1 > 7 ' (J) -x + l'< 8 

* Problem Sat 15^ 

1. ^. Solve the followlns^ Inequalities ^by writing equivalent 

inequalities, - 

(a) ^ X ia < 39 . (d) x,+ 3 < 2x -8 

(b) t - 7\ ? 2^ ■ (e) 3x + 6 > 12 

(^) V + / < .-2 (f ) 5x - 2 > X + 10 

2. Solve I 



(a) By - 3 > 3y + 7 V (d) t + 5 < 2t + 1 



a 3 



(b) ix4.|<I ' (e: 

-(c) -3x > 6 (f) 1+ I < 1+ 1 
Solve:, 

(a) |<4 + |. 2 (d) <-o^ 

(t) < 3 ' (e) -t^/i <^/2" 

^ > 2 (D i - i and . X > 0 



Solve : 
h 

t 



(a) - ^ 



(b) ^ + ^ : : ; ' H • 

(c) (X = 2)(x - 3) - (:■: + ^){:: = 



(d) 



(y + + ) " i. + + 'i 



Problam Set 15-^ 
H l(contlnuad) 



(t)^ i < - "i and y < 0 
(f) I - a and m < 0 



Sununary / 

The problem of finding truth seta for open ^sentenaes 
*lnvoiye8 the follpwlng important Idea^, , > 

1* Open aentenees which have the same truth seta are called 

equivalent . * . ' 

2, Santeneea with the connecting symbol are called 

equations . 

3^ Two equations are equivalent if one can be obtained from 
the 'other by . * 
( a ) Addi_tion o_f the sajie^ real numb#_r to both s^ides^ . 



(( b ) Multiplication of both sides by the same non^zero real 

# -- - - - --- 

number , 

4. The following operations will not always produce equivalent 
equations. 

(a) Multiplication of both sides by an exprgsslon 
containing a variable if there is an element In the 
domain of the variable for which this expression does 
not represent a real number. 

(b) Adding to both sides an expression containing a_. 
variable if there Is an element in the domain of the 
variable for which this expression does not represent 
a real number 

(c) Multiplication of both sides by an expression containing 
a variable if this expression can have the value zero 
for some element In the domain of the variable, 

(d) Squaring both sides. 
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5.- UnleiB otherwlst tpedHfled, tha domain of the varlablt of * 
/ an^ ^Iven sentanoe wll^^ tak^n ai thm set of all real 
nimbers f6*r whleti the senApnee haa a meaning, ^ . 
^ A sentence In faotored f^p of the ^pe (x - 3)(x - 4) ■ Oj 
Is equlvplent tOr the oompound aentenee x - 3 - 0 or 
> - 4 - 0. 

7. Tiio Inequalities af'e equiv|tlent If /the staSrtd can be obtained 
from the flrat by addiftg the same number to* both sides of 
the flrtt. * C 
^ Two Inequalltlw are equivalent If tha seeond gan be obtained 
■ from the first by multiplying both sides of the first by 
the same positive real number, ^-7 
'9. Two Inequalities are equivalent if one of \them Is obtained 
from the other one by multlplleation of both sides of the 
first by the same negative real number and reversing the 
order, ^ ^ 

Revie w Problem Set , 

Find the truth set of 1 . ^ ' 

1. X - T ^ 8x 14, 17x + 2h m 2x - 21 



3, 



a " ^ 15 



3x + 2 = 3x + 



' n = 3 ^ n - 3 



17. + 0 

n - 3 n - 3 



H. /3x =3 _ 1 li * 

18. - - , = 1 

X x - 1 

' z - 3 jg, (x - 2)(x ^ 3) < (x - 4)(x - 5) 

6. - itt 

^. |xU^6 - P|x| 20. |-±^ = 0 

8. "Ix + 8 . ix 21. m(m - 1) = ^l(m - 1) 

9. 2(z - 1) = 0 t ^ t - 1 

10. z(z - 1 ) = 6 ' t + 1 ^ t + 3 

11. '2ni + ^' m + 6 2 

10 1 . ' ^3. < 1 

13. ^ < si-^ ^ t > 0 ^ ^3m < 6 
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25. X'- + llx 4- = 0 

26. y m ^5y + .3'+ 

27. 6t^ + 5 « SCt^ + 1) + ,2t 

28. - > 

29. a = a' " 



Review Problem Set 
(contlrJied) 



30. 



z"- + 1 
q ^ ti - q - 2 



32. |xj +.X = 0 • / 

■33. |Vt=1 ■ 

3^* ^+ y - 2 - . 

35. The numarator of a fraction is 7^ less than the dsnomina tor . 
' ^The value or the fraction 1^ |. What is the numerator? 

;mat is t^he J Gnomina tor ? 

36. ,A salosman^made a- trip of 150 miles at a certain average 

rate. The next day by increasing hio rate 10 miles per 
hour he made a 200 mile trip In the same time as the. 
^ previous trip, vmat vibb his average rate on the first trip? 

37. one third of a numher is equal tb | of 3 more than the^ 
number « Find tlie number * 

38* Is there an Integer such that the result of dividing 4 
by five less than the integer Is the same as the result 
of dlviding^ 5 by four less than the integer? 

3(9^. 'Bii-1— nan mow the lawn at his father^ s country cottagp In 
2 hours when he uses a power mower* ^is brother can mow 
- the same lawn in five hours with a 'push^ mower. If the 
boys work together, how long will it take? 



Revltw Problem Set 
. ^ (eonttnued) » 

40* V/hen ^3 . Is divided by 2 more than a certain number the 
resulil is the same as 7 divided by that number, V/hat 
Is the\ number? ^ i 

41, . The Bxm of sevjn" divided by a certain number and twelve 

divided by the square of the sama number is -1. V/hati Is 
the number,? ' . ■ - 

i ^ - 

42, There are go ' students in a high school band, S They are 
arranged' ^n a fobtball fl^ld so that the number of rovjs is 
5 less than the number of students in 'each row," How many 
ToviB are there * 

43, The sum of a. ^certain number^ and Its absolute value is 
greater than 6, V^liat Is the number? 

^^4, The reciprocal of a certain number equals the number multi- 
plied by the reciprocal of 3Si "What is 'the number? 
. _ - % 
- Draw the graph of the truth set of each of these senteneei on 

a number line. 

^5. X + 1 > 4 and 2x m 8 

46, |x! + 2 ^ 7 

47, x(x + 3) - 0 

48, -X - |. 1 

49, s/ X ^ 1 m 4 

50, < 10 

51, + --^ = 0 
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SrfHALLENQ^^PROBl^MS ' ^ 

A. farmer ha^ $10,000 to buy steers at $250 each and cows 
$260 each. If yQU know the number of steers and the numben 
of cows BTB each positive Integers, what is the gfeatest 
number of animals he can buy,. if he must use the entire 
$10,000? \ * 

At What tlTie't^ween 3 and clock will the hands of a 

clock te toeether? At what time will they.be opposite each 
other? 

A rug with area of 2^^ square! yards is placeo^ in a room 1^ 
feet* by 20 feet leaving a ■oviform v/id_th around the rug. How 
,wlde Is the strip around rug? A sketched diagram of the 

rug upon the floor may help you represent algebraically the 
length and width of the rug. 

One leg of a right triangle Is 2 feet more than twice the 
smaller leg, The hypotenuse Is 16 feet. What are the 
lengths of the legs? . \ 

Tell which uf triese numLere are rational: 

If^a two = dLglt namber of the form lOt + u Is divided by ^ 
the suin of Its dlgltB, the q-iotient is and the remainder 

iB 3. Find tilt nairXovr^ Vn^ which this is true. 

1 

Simplify 1 + 1 > 

(a) For what p^^Kltive integral valaes of k Is the poly- 
nomial -h kx f 12 factorable over the integers? 

(b) F^r' what p)r:ltLvt: Integral values of k Is the poly- 
nomial x''' ^ 6x - k [^act arable over the Integers? 

tn) Danormln^ tn- va i.un jf k that x'' - t V 3x + k is 

a p^'Plv 'i. [ i:i.r*; , 



9 r ^ 
^ Ju 




9* For each Integer A show whettier or not the Integer 
(n + 3)^ - n^ Is dl^^ble by, 3. 

10. Show whether or not x w 3 ,1s a faGtor of the polynomial 

* + - 3 I 

11. Suppose that the polyn^aglal 5x.^^^ + 3x'^'^ - 1 Is written 
In the form ^ 

' • . 5x100 + 3^17 _ 1 ^ q^^3 _ ^i) ^ ^ 

whdre q and r are polynomials. 

(a) What ean you say about the degree of r il^ it Is as 

low as possible? 

(b) If r has minimum degree j what Is the degree of q? 

_ 4 . 

12. The polynomial 2x + 1 can be written in the form 

2x^ + 1 ^ 2(x^ + + X + l)(x - l) + r 

where r is an integer. If a value of x is givenj can 
you find r' without carrying out the division process? 
Is there a special value of x for which this is easiest? 

13* The polynomial 5x^^^ + 3x^^*^ 1 can be" written in the form 

5x^^^ + 3x^^ . 1 - q(x ^ 1) + r , 

Where q is a polynomial and r is an integer. Find the 
integer r without carrying out the division process. 

14, A man makes a trip of d miles at an average speed of r 
miles per hour and returns at an average speed of q miles 
per hour, What was his average speed for the entire trip? 

15. Prove the 

Theorem : If a and b are distinct positive real 
^ numbers J then - 

' a + b 



^"^1 — 

Hint: Observe that proving " g > ^ab is equivalent to. 
proving a + b - 2 ^/ab > 

4 1^ ^ 

l6. Solve X ^ 1 by thinking of x as (x^)^ and then 
f ac to ring , 




70b <?5; 



17. 



i8. 



19. 



20, 



21 



t • - ■ 

A remarlcable expreBslon for producing prime nurabera Is 

n + 41. 



7. 



Try It for several Inttgral values of n from 0 to 4o» 

a the result in every case a prime number? Try the number 
4l, Is the result a prime number? If an open sentenoe Is 
true for ^0 values of varlabla does It neeaafsarlly 
follow that the '^Cl^^ value ehosen will also make \lt true? 

Prove: If sl > 0, b > 0 and a > b, then > 
Hint: Use the eomparlion property In an Indiraot proof,. 
That Is^ assume ^/^ S and see* If this leads to some 
eontradlotlon of other eondltions we have set up, or of 
properties we have agreed upon. 

A rat whloh weighs x grams Is fed a rleh diet and gains 
25% In weight. He Is then put on a poor diet and loses 
25% of his weight. Find the number of grams dlfferenoe 
In the weight of the rat from the beginning of the 
experiment to the end. 



A man needs 7 gallons of paint to paint his house. He 
bought three times as much gray paint at $6 a gallon as 
white paint at $7 a gallon. * How many gallons of each 
eolor paint did he buy? (Assume that paint ean be 
purohased in quart size as well as gallon size cans.) 

The sides of lengths x and 
2x ^ 5 of the first triangle 
shown have the same ratio as 
the sides of lengths 4 and 
6 respectively of the second 
triangle. How long are the 
two sides of the first triangle? 
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22^ A reotan^lar bin Is 2 feet deep and Its perimeter la ' 
24 fee^V If the volume of the bin la 70 eu, ft,, what 
are the length and the width of the bin? 

23. Two plywood pantli each of which cost 30^ per square' 
foot^ were found to have the aama area although one of them 
was a sqflNlre and the othar was a rectangle 6 feet longer 
than the square but only 3 feet wide. What were the 
dimensions of the two panels? 

p ' 

24, Prove that df p and q are integers and If x + px + q 
Is faotorable, then x - px + q is also factorable. 

25* Find every Integer p auoh" that x + px + 36 Is 

factorable. For which valuei of p will x + px + 36 
be a perfect square? How are these values of p ^ dis- 
tinguished froin the other values?, Answer the same 
questions for the polynomial x + + 64, if n Is a 

positive Integerj what Is your guess as to the smallest 

" _ 2 2 

positive Integer p for which x + px + n~ Is factor- 
able? What Is your guess as to the largest positive 

2 2 

Integer p for which x + px + n is factorable? 

26. A mixture for killing weeds must be made In the ratio of 
3 parts of weed-killer to 17 parts of water. How raar^ 

^ quarts of wead-klller should be put In a 10 gallon tank 
which is going to be filled up with water to make 10 
gallons of mixture? 

27. Factor each of the following as shown by the example. 
Example: + = - ab^ + ab" + b^ 

^ - a(a^ ^ b^) + (a + b)b- 



a(a + b)(a ^ b) + (a + b)b^ v 
(a + b)(a(a - b) + b^) 
(a + b)(a^ ^ ab + b") 



(a) t3 + 

(b) + 

(c) - 27x3 
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^aetoi*" each of the following as shown by the exampl*. 
Example.! a^ - » a^ _ ab® + ab^ t yb^ 



(a) - t 
<b) 



a(a' 



b^) + (a"- b)b^ 



- a{a - b)(a + b) + (a - b)b' 
= (a - b)(a{a + b), + b^) 
=^ {a - b)(a® + ab b^) 



I 
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GLOSSARY CHAPTERS 11-15 

DEGREE 'OF A PCLYMOMI.mL - The decree' of a pulynornial In one 

variable Lb ,^l7en 1:;/ 1 v,b uerm r f highest ierre^. 
DIViriCN PROCESS - For any two polynnmlals n nrvl d, where 

d is not the liero polynomial, there ^KLSt pnlynomials 
\ q and r> Vvlth^ r of lower de^=ret) tnan d such that 

n - *^id f r 
and ■ 



DCP^^IN CF THE V.^HI^BLH - The domain the variable is the set 
of numbers from which the value of the variable may be 
' chosen, 

H^UmTICM^ = (.pen sentences Lnvolvlng the cnuallty symbol = 

which tells ns ^at the two sides name the same number) 

are referred t>j as equations, 
K^'UIVALKMT PEMTEMCfi^ - C pen sentences which have the same truth 

set arc called enu!. valent sentences. 
HMPC MKMT ^ In th'"^ oxprossirin n'' I n is the exponent. It shows 

how rnany times the baoe r, lo t.^ be use;] as a factor.- 
F/$TC !< - We say a posLtlve intoO'-^r' x is a faotor^ of a positive 

* intc;^er y If y. I s a mul tiol e c f x. 
IHH.-TT'"M.- L NlJMPEH = In the s^o cf real numbors ^ a number which 

^0 not ratic>na: Is rh.o: or; hru^ati''nal number. 
:.;'t ;'T MKt KUtTrpi,-; = T'h^ h-*s;. cf-rn-ncu/ mul t ' oln ^^f two inte;"ers 

Ls th-^ smallest poslth/c Interer that has each cf them as 

a raot.=^r, 

M' ^if^:[m, =- mcur-.-nlal Is a ;^-lyn. mini iw whlcii ih(=^ only indicated 
c P^ r-a n b-'-ns a r'--^ m il t LrH ^ m t if n tak'oo the r ppr^n i_ t*-s , ^m' In 
wh l.^'h . ^ po t h ] ^ ir. 1 1 -a -f- . 

P' r.Y'4:Ml/'h - ' CO ! yro m b'l ' ; > f:./' num^-uo.' fru' an elc"ro*r:t; ! ri n n^t 
of numbers, ..r Muy v^r^r': r ^uiy express Lori wbm ch 

indio^tes op^ratlcns ••-f^ ^^bi't! o: , sub^:rv!- t ! ^ai , mu^ tl.pl i- 
•"^^■tmn tn;cm.-: ^.u- pp L^r i' ■ ti;.^ -h^m'Oitn iu th^ set 

V- rv:y yi : I^r l - ■ b/n do^ - a. :-th-! in 




PRIME F;,CTCHlZnTIoKJ = Every integer greater than one can be 

written as an indicated produce In which every factor is 
a prime number. :juch an indicated product Is called the 
prime factorization of the integer. 

PRIME MUMEER ^ prime number is an LnteEer r-^reatar than one 
which has no proper factor^. ' ^ & 

PRIME POLYMCMI.lL - If. a polynomial cannot be writtenlas the 
product of two polynomials It Is sail to be a prwie 
polynomial , 

PROPER FmCTCR5' - Tn the set of positlvG intef^ers, the proper 

factors of a number are all Its factors except the number 
Itself and one, ^ 

^U/iDR;.riC PCryMGMIAL = A polynomial of the second degree In one 
variable Is known as a quadratic polynomial. 

R sTIONAL ;iX PRr:5'riCM" - Expressions which involve numbers and 

variables and Indicate at most the operations of addition, 
subtraction, mu 1 1 Ipl L :;a 1 n , ulvlsion and taking opposltes. 

R.^TICMmL NUMEER5' ^ Mumbers v/hlch can be expressed as the 

nuotlent of uwo Inteijors (except for division by zero). 



Chapter l6- 

TRUTH SETS AND GRAPHS CP SENTENCES IN TWO VARIABLES 



16-1. Open Sentenceg in two Variables . 

There have probably been /Dccas ions when you felt that it 
would have been convenient to^^xpress the conditions of a 
problem in the form of a sentence In two variables. We shall 
now consider sentences such as 

2x + y ^ 5. 

We say this sentence is of first degree because the phrases 
Involved are of first degree or less. It Is also called an 
equation of the first dGFree In two variables. 

If the domain of x 'id the domain of y are both the set 
of real numbers, then we rr^.;; consider x to be ar% real number 
and do the same for y= '^or example ^ we might choose 3 as 
the value for x, and 7 as the value for y. Then the 



lentencei becomes 



2(3) - 7 - S: 



clearly this is a false sentence. 

Can you select from the set of real numbers a value for x 
and a value for y such that the sentence is true? Do you ■ 
believe that, if the same Question were asked of three different 
people, the values offered for x and y would be the same 
In each case? 

Your selection may have been , x =^ 2 and y ^ 1, W^th 
these values of x and y * the open -sentence 

2x ^ y , 
becomes -. 

2(2) H 1 - 

Which is a true yun^.eoQe, 

There are other pDss%ble choices which make the sentence 
true Rome are shown In the followln^^ table. Notice that the 
choices appear in pa i rg , 
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value »fcjr x 



corresponding value for y 



oa^ pair |^ 
a second pair 3 
a thifd pair q 

Can you find several more pairs which make the sent^ce true? 

As we can see, our truth set has many elements In it, each 
of which is a pair of real numbers. As a matter of fact we can 
choose any real number as a value for x and then find a 
corresponding real number as a value of y so that for these 
two numbers the sentence will be tinje. Can you answer the 
question . I'How many pairs of values can be chosen for x and 
y -SO tha^ "?x f y ^ d" Is. a true sentence?" 
■ ' The truish set of a sentence in two variables contains 
infinitely many elements, each of which is a pair of real 
numbers. ^ 

It is Inconvenient to have to say always "x is 2 and 
y is 1" when we are describing these number pairs. We agree 
to a simple symbol which says the samf things "(2, l)"j 
which means "x Is 2 and y is^ iV If we wished to say 
"x is 1 and y is S" we would use the symbol- "(1, 2)-'> 
In other words, the numeral on the left represents the Value of 
X and the numeral on the right represents the value of y . Thus 
"(2, 1)" and "(1, 2)" are not the same pair. You should 
also notice that the first pair mak^-s the sentence true while 
the second does not. Verify this. 

Hecauae the value of x is given first , followed by the 
value of y, the order of the numbers is important. The 
symbol "(2, l)" Is said to 4-epresent an " ordered pair of 
numbg r^ " . 

Mn ordered [.air belonging to the truth set of a sentence 
with two variables U called a solut Ion of the sentence, and 
this ordered pair is said to satisfy the sentence. We also 
speak of an ordered pa I beinF: a solution of an equation, or 
satisfying an equation. 



VIP 



4 
= 1 
5 



Check Your Reading 

1, Why Is "2x + y ^ 5" a polynomial equation of the first 
degree?' 

2. Complete the sentence: Each element of the truth set of 
''2x + y - 5" is a of real numbers, 

3. How many elements are in the truth set of += y * 5"? 

4, Complete the sentencei The nuraber pair (2^ l) means 
that X is and y is . 

5. Is (2, l) the same number pair as (1^ 2)? 

6, Why do we call (2^ l) an ordered pair of numbers? 

7* Complete thS' sentence* An ordered pair, belonging to the 
truth set of a sentence with two variables is called a 

^ ^_ of the sentence, and this ordered pair is 

" said to the sentence. ^ 

Oral Exercises l6^la 

1. Name several orlered pairs which represent values of x 
and y that make the sentence x 4 2y ^ 5 true. State 
some ordered pairs which make it false, 

2. What does "(5. l)" mean? What does "(-2, 7)" mean^ 

3, Name any element of the set of ordered pairs of real numbers 
and tell what it means. How many numerals are required :> 
name one element of this sef^ 

4, When y and x represent elements of an ordered pair, 
which have we agreed to list first? 

fp. Why is it impossible to list all the elements of the truth 
set of a sentence of first degree in two variables? 

6. How many numbers are there in one element of the truth set^ 
of an open sentence Ln one variable? 

7. How many numbers are in one element of the truth set of an 
open sentence in two variables? 



7i: 
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Oral Exercises Id-la 
( continued ) 

8. Why do we use an ordered pair to list an element of the 
truth 3et...pf an open sentence in two variables? 

9, "Consider the sentence x +■ y ^ 5. Which of the following 

0 rde re d pairs a re solutions of t he s e n t e n c e ? 

(^3. 8) (=1, 6) (0..5) (1. ^) (6, ^1) (7. =2) 

10, !!ow many elements are in the truth set of the open sentence 
' in two variables given" in Problem 9? 



Proole::! :jet 1_9 
•» ~ ~ 

Given tr:o of:f:n .:nntenGe 2k y - 8. Which of the following 
nrder^^-'i r;a i.rn utq -L^MTientrj oV the trutli r:et of the sentence? 
Wnlcr not? ' ^ * 

(a) (Z, 3) (f) (8, -8) 

(b) iO) (e) (=5, 2) 
(u) (h) (0, 8) 

(d) (6. ^h) (1) (1, 6) 
*(o) iO, 6) (J) i-K 8) 

Complete the following ordered pairs such that each 
satLsftes the ope| sentence x + y - d. 

(a) (5. (^■) 3) 

(b) (6, (g) =1^0 
(•:) ( , _) ■ (h) (-9, _) 
i'i) (-=1, (i) ("6, _J 

(e) 8) (J) (-7, _) 



■1^4 



Problem Get l_6^1a ^ 
( continued) 

3. Which of the following sentencRS are true for the given 
ordared pair? *Whlch are^false'^ 



(a) 


ax + ay s 8; (3, 1) 


(c) 


5x 


4- 2y ^ B] (0, 


'0 


(b) 


2x + y s 0; (l, -2) 


(n) 




2y - 3; (7. 


2) 


(e) 


X + 5y = -lOj (4, - 


2) (1) 


X 


5y - 2 - Oj 


(7, 1) 


(d) 


y - 3x 0; (3, l) 


' ' (J) 




- y \ - 0; 


(a, 2) 


(e) 


4x - 2y . =14; (-2', 


3) (k) 


tf = 


6k =■ 2 ^ Oj 


(1, 8) 


(f) 


2x - 3v = 6; (2, 3) 












each of the following 


sentencr; 


B 1 


ist three elements./ of 


thij 


truth set. 








\ 


(a) 


X y ~ 3 


(f) 


x 






(b) 


X + y ^ -2 


(s) 


3 X 


^- y -fr 




(c) 


X - y ^ 7 


(:■■) 




- ^[y .^9 




(d) 


2k - y ^ 4 


(i) 




1 

^ y - q 




(e) 


7x -f y - 9 


(J) 


l ] '■' 






The 


sum of the digits of 


a two dig 




numbor is 11 , 


What 


la 


the number? 










(a) 


Write a sentence in 


two varia 


ble 


s to describe 


this 




problem. 










(b> 


State the domains of 


each of 


the 


two variables 




(c) 


'•Qive the truth set. 


(There a 


,i"e 


eight elements 


J 



If we wish to find some elements of the truth set of a 
sentence such as 

4x + 2y = 5 = 0 i 

we might find it more convenient to wr\te an equivalent 
sentence with y by itself on the left/ side. When we say "by 
itself" we mean^ of course^ with coefficient 1. This can be 
done in the following manner 
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l3 equivalent to 



" which Is equivalent to 



This is equivalent to 



4x + 2y - 5 - 0 
4x + 2y - 5. 



2y 



2 



(V/hat oparatlon has 

been performed?) 

(What operation has 

been perrormad? ) 



This last sentence 



is called the 



'y-form" 



2 

St3ntence 



4x + 2y 



. ^2x + 
of the 

In general, every first degree sentence in two variables 
where the coefficient of y is nojt zero can be written in the 
"y^form" 

y ^ ax ^ b, 

where a and b a re s p e c i f I. c r e a I nu m b e r s . 

We shall see that this form reveals important information 
about the relation oetween vihe values of x and y for which 
the sentence is true. It- also makes It possible for us to 
determine quite easily certain elements of the truth set of 
the sentence. 

R e t u r n 1 n g t o o u r e x a m p 1 s ^ 

y - -ax ^ |. 

some elements of its truth set can ripw be easily obtained. We 
need only replace x by each of Sf>\»eral values and we can 



quickly 


find 


the 20 r re a pencil [If, 


vaiues for y as the table shows. 


If X is 


then 


the s enteric';' 


and 


the c o r r e s p o n ding 


n 

so an element 




y 


- -2x + 1 




y value is 


of the truth 






becomes 






set Is 


0 


y - 






2 


(0, |) 


^ 1 


y - 


=2(1) f i 




1 
2 


(1, |) 




y 7^ 


-2(2) ^ ^ 




3 

^ 2 


(2, = I) 


^1 


y - 


= 2(^1) 4- 1 




i ■ 


(-1, 4) 


. =3 


y - 
y 


-2(-3) ^ 1 
^2(1) ^ ^ 

d c. 




¥ : 

' 2 ! 


,3 \. 4 



^ b 



16^1 

Let^s look at another aentencei: 

3x ^ y + 1 - 0 
Written In the y-form this becomes 

y - 3x + 1. 

Prom this we can describe the relatiun ieUween x and y in 
words. It should be clear that for every value of x the 
corresponding value of y which makes the santenca tmae is 
"one more than three times as great". For example ^ when x is 
2, y is 7; when x is 3, y is ^ 10, etc. Thus the y- 
form makes it easy to construct a table. See how rapidly you 
can make a table giving five pairs In th^ truth set other than 
those mentioned above. 

Check Your Heading 

1, What is the y^form^ of " 4x + 2y - b - O" ? 

2, When a sentence is written in y-fp^'^ni, what is the 
coefficient of y^ 

3. Can every first degree sentence in two variables be written 
In y=form? 

4. Describe In words the relationship between the values of 
tha variables in the seKtence "y = 3x -f l" . 



Problem SeX 1 o = 1 b ^ 

Change each of the following sentences to y^form and then 
state the number pair in the truth set whose x value is 

X value is -1 . 

ux + y ^- 4 ^ 0 
fx . y =. 1= 

-2x ^ y + ^ - 0 

h 

1 Ix + ISy =7=0 



2; 


whose X value is ( 


j; whose 


(a) 


X + y - 7 - C 


(f) 


(b) 


3x f y ^ 1? 


(s) 


(c) 


3x - y - 2 - ^ 


(h) 


(d) 


£x + a| - 1 ^ 


(L) 


(e) 


2x + py = ^C^ 


( ') 




Problem Set lo^lb 
, ( continued ) 

Write each of the lullowing sentences In y-fo™ and list 
three ordered pa Irs in the truth ae t . ti 

(a) X + y - 4 ^ c; / (k) ^dx + 2y ^ :^ 

(b) X ^ y = 7 - 0 (1) X 4- Ity ^ 7 ^ 0 

(c) 3x + y ^ 2 (m) ^3x - 2y + 1^0 

(d) llx = y f 5 - C (n) |x = y - i 
(a)ax+3y-4 (o)ix+2y-^ 

(f ) 4x ^ 2y ^ 9 (p) .7x + . 2y = . 3 0 ^ 

(g) jx=2y = 8^C (q) .2x = 1.5y-.7 

(h) |x + y ^ 2 (r) 3x = |y - 4 

(1) ?x ^ 3y - IC (a) 9x + 21y ^ 6* - 0 

(J) 2Cx 4- 7y ^ I - 0 (t) l,5x = ,3y - 6.3 

Tho sum of the digits of a two digit number is 15, For 
wh^^ numbers is this true^ Write one sentence In two 
varLables which describes this problem, find the truth set 
of^^e sentence J and then answer the questloA of the 
problem. f 

.... ! 



10 = 2. Graphs of Ordered Pairs of Heal Numbers . % 

You wil: remember how convenient it has been to refer to 
the number line to i^^ain more understanding of the real numbers, 
oome' ideas about open sontencos 1:l one' variable were made 
clearer by looking at the graphs of their truth sets. Truth 
sets of sucn sentences consist of elements which are real 
numbers, You r^jcall that the graph of a set of numbers is the 
corresponding set of points on the number line. 

We would like now to be able to construct the graphs of 
truth sets of sentences In two variables. The problem is a 
dLfferent one ^ since our elements are number pairs rather than 
single numbers. It would not be possible to associate each 
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number pair with a alri;.^lr^ point on the number llne^ since each 
point corresponds to a :^'-":f-le number. 

It is likely, thr' ..ra, that:, we will need to consider a 
correspur. iencpj between number pai rs and poinus in a plane. This 
can be done by means of two numbei' .i.IneLO In *.:i.g f ollowing way i 
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The ho r 1 z o n t a 1 1 i n e ( 1 a b e 1 e d x J c o r r e s p o nd s to our 
original numner line. P^^ rpend I aula r to lb at the point 0 is 
^nothtfr number "line (labeled y). One unit above sero on the 
^line we find the point whose conrd inate is 1, Cne unit 
below zero we fi^d the point whose coord ina.te is ( -1 ) . We 
continue to Idenft^^fy coorlinaten of the nuccessiv*^ points on 
our y^line Ir. the satne manner as v/e did on the x = line. We 
put in the parallel lines foming the system of squares for 
conven Lonce . 

Do you see how we can use this system to "locate", for 
example, the p o 1 n t n c o r re s po nd i ng to the numbe r pair ( 3 > 1 ) ? 
We move three units to the right of zero, and then move up one 
unit . 
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16 = 9 

Thus we see that the numbers of an ordered pair can be 
made to correspond to a point in the plane. We can think of 
this p.cint as having two coordinates. In this case the coordi- 
nates are 3 and 1. The coordinate 3 Is shown by a 
measurement of 3 units to the right of zero. It is called the 
x^coordlnate , The coordinate 1 is shown by a measurement 
of one unit above zero. It Is called the y ^coordinate . Thus^ 
an ordered pair (3^ l) corresponds to a point whose x=coordlnate 
Is 3 and whose y^coordinate is r. 

^ Do you agree that the ordered pair of numbers (-2, o) is 
properly represented by the point P in Figure 1? The first 
coordinate of P tells us that P la 2 units tp the left of 0, 
The second coordinate of P tells us that the distance of the 
point upward or downward from the x^llne is zero. 

Do you see that the point Q in Figure 1 corresponda to 
the number pair (2, -2)? The second coordinate of Q tells 
us that the point Q Is twcs units below- 0. 

In place of "x^line" and "y^llne" we shall from now on 
use the words " x-^ax is " and " y ^axis " . We use the plural word 
"axes" wnejn we wish to refer to both of them. See Figure 2, 
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The inters 'Aon (nrosslng point) of the x-axla and the 
y-axls is called the origin . It is the point whose coordlnates= 
are both zero. The pair of numbers (Oj O) corresjjonds to the 
origin. 

Can we associate with each ordered pair a pqAnt on the 
plane? For example, given any ordered pai^ such ."as ,',(-3 , 4) 
can you find a p o 1 n t h a v i n g t h e s e rn b e r s as c o o r d rn a t e s . H o w 
would you do U:? Do you see that you would locate it ""'--3 units 
to the left of the origin and ^ 4 units upward? Loca tirrg-^-^ ^ 
point associated with an ordered pair of real numbers and 
indicating that point by plaGlng a dot in reference to the 
X a nd y =ax e s is called " o 1 o 1 1 1 ng the po i n t " , Does e v e ry 
ordered pair correspond no at: least one point? Exactly one 
point? 

The answer "o both questlonB is yes. For each ordered 
pair of real nu-nn r-n tlyive Gori'eBponds in the plane exac^y 
o ne point, F o r e a c n p c i n t n f t h e plan e the re corresponds 
e xa c 1 1 y o ne o rue re d pa i r o f re a 1 nurnbe r s , Th i s s ta t emen t is 
very similar to ^he one v;hlch v;as made in Chapter 1 about real 
numbers and the number li^j^e. A Garrespondence such as this is 
said tcr be 0f\e - to -one . 

r: h e c ^< Yjjur Reading 

.1. How do we locate in a plane the poi^t which corresponds' to 
;;h'r m irnhe r pa L r C"'- , 1 ) ? 

2, Compleu^' the sta temenu: ThR numoer pair (3> l) corresponds 
to a point in a plane, The number 3 is calted the _____ 
■^)f nh.;> p^lni; and tri-:^ number 1 called the - 

of Uhe Of- Int. 

3. VJhau Is anoth^-:*. name for t'n.; x-line;' 
Wiiau is a:;ot..her nHme fc r the y=i Ine? 

b . What Uo we call th^ oolnt whLnh corresponds to (Oj o)? 

each nu;fiber pair corr-"-3poni to exactly one point'' 

^-^f. Does each point Cf - ri'eapond to exactly on^-* numb^^r pair? 
i'> , What dti w*^ call a (o^rresonnnenoe n ich as that between 
nt im t^>^ pa I r^ri an i p" 1 n "^'n 9 n1 a rn^ ^ 
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Problem Set 1 



1. Draw a pair of axes on a page of graph paper and label them 
as tn Pigure 1 , 

2. On the set of axes that were drawn for Problem 1, plot each 
of the following points and write the coordinates as an 
ordered pair of numbers beside the point. 

(a) (5, 0) (f) (4, ^=3) (k) (5, 

(b) (0, 3) (g) (.2, =5) (1) (-6, 4) 

(c) (3, 5) (h).. (0, (m) (4, -6) 

(d) (0, 0) (1) ■ (^4. 0) (n) (-4, =6) 

(e) (-^3, 5) (J) (6, =4) (o) (=6, =4) 



The x-Goordlnate of a point is usually called the absc lss_a_ . 
The y^-cdordinate is callfd the ordinate 

Suppose, now, w^^'were givep a point in a plane. How would 
we. determine its cootdinati^s^ For examples what are the 
coordinates of the points and S on the diagram below?'" 



4 - 4-'--H 

5 -4 -5 -2 
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Figure 3 
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, We see ths^ the point R Ib located 5 units to the 
right of the y-axls and S units above the x=axia. If we start 
lit the origin we ean get to the point R by moving 5 units 
to therlght and 2 units up, This tells that the coordinates 
of the point R may ^be wrLtten as the number pair 

■ (5, S). 

In this oase 5 is the abscissa and 2 la the ordinate. 
The point M la located 2 units to the right of the y-axls 
and 5 units above the x,-axls. Once again if we start at 
the origin we can get to the point M by moving 2 units to 
the right and 5 units" up. The coordinates of M are (2, 5) 
Do yoil see that the coordiriates ^ Qf S are {-5, 3)? Which of 
theaye 't%fe coordinates is ttW abgclsaa and which is the 
ordir\ate? ^ 

C_he_c^ Your Peadlng^ 

1. What are the coordinates of the point M In Figure 3? 

2. What are the cfaordlnates of the point R in Figure 3? 

3. In the ordered pair (5j 2)j where do you measure the 5? 
Where do you measure tfie 2? 

4. Does i\w ordered pair of numbers (5j 2) name the same 
point as .the ordered pair (2^ 5)? Give reasons for your ^ 
answer, « 

5. Wiiich coordinate Is also named the "absclasa"? ^ - 

6. Which coordinate^' Is also named the "ordinate"? 

j Problem Set l6^2b 

1, Write the brdered pairs of numbers that are associated With 
points E, P, G, H, pr'and Q la Figure 2, page 720* 

2. Write the' coordinates of the point which Is.* 

(a) to the right three units from the y-axls and up one 
unit from the x-axls.-, 

(b) to the left four units from the y-axls and down twg 
units from the x-axls. 
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Problem Set l6-2b 
(eontlnued) 

(e) .to the right one unit from the y-axts and down six 

units from the x-axls. 
(d) to tha left three units from the y=axls and up five 

units from the x-axls. 

In each of the following write the ordered pair which 
corresponds to the statemerrt. < . 

(a) The ordinate Is '-2 and the abscissa Is 5. 

(b) The y-coorklnate la 3 and the x^coordlnate Is 0. 

(c) The abscissa Is 3 and the ordinate is twice the 
abscissa. 

(d) The ordinate is three times the abscissa and the 
abscissa Is »1. 

(e) '' The abscissa Is 5 and the point lies hn the x-axls. 

(f) The ordinate Is -IS and the point lies on the y-axlst 

) - 



The X- and y-axes separate the plane Into four regions 
called quadrants. The quadrants are numbered »I, II, lllj and 
IV beginning .with. the right upp#r raglon and moving counter^ 
clockwise as In Figure 4 below. 
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If a point is located In quadrant I, _ Its coordinates are 
Jboth positive numbers. In quadrant II , on the other handj the 
x-coordthate , or abaclssaj Is a negative number, while the 
^(-coordinate , or ordinate Is a positive number. For example j 
the coordinates of the point P above are (5, S) and the 
coordinates of the point M are (-^, 2)* 

What can you say about the coordinates of points In 
quad^rants III and IV? For example, what are the coordinates 
of points W and' G? Do you see that the cqordlnates of W 
are (-ij -5) and the coordinates of G are (2, -3)? 

Points which lie on either of the axes are not in any of 
the^quadrants , Examples of such points are those with 
coordinates (0, b) , (-2, o), (0, 0), etc. 



Chedk Your Reading 

1. If a point is located In quadrant I, Is Its abstlssa^. 
positive or nregattve? ■ 

2. In what quadrant does the point whose coordinates are 
(^4, -'2) lie? ^ ^ ' 

3. What are the eoordinmtes of point W In Figure 4? Irf what 
quadrant does W^lie? 

4. In What quadrant does the point with coordinates (0, 5) 
lie? ' ^ ' K ^ 

Oral Exe'rc ises l6-gc ' "^'^^ = 

i 

1, In Figure 4 is the x^coordlnate of the point W positive 
or negative? of G? 

2, in Figure 4 Ls the y=coordlnate of the point W positive 
OsT negative? of G? i 

3, Whfft are "the cuQrdlna'tes of point W In Figure 44? of G? ^ 

"4. I Is the abscissa of any pq^int in quadrant III ■ positive 
or negative? "^n quadrant IV? 

5. Is the^ ordinate of any point In quadrant III positive or 
negative? -.Jn quadrant IV? * 
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* = Oral Exarolses 16^2g 

(continued) 

6. In which quadrant might m point be i-f its x-coordlnatf Is 
a negative, number? Its y-Goordlnata a negative number? 

7* In which quadrant (or quadrants) are both the abscissa and 
the ordinate positive numbers? Both negative numbers 

8, In which quadrant (or quadrants) Is the x-coordlnate a 
negative number and the y-coordlnate a positive number? 

9* In which quadrant (or quadrants) Is the abscissa a 
positive number and the ordinate a negative number? 

. . ' ' . Problem Set l6^2c 

From the following list of ordered pairs' of numbers, sort 
the pairs and list them below^ following the name of the 
quadrant to which they belong: 

Ordered pairs: (l, 4), (^2, 3), (4, ^l), (^2, =l), 
(-5, 7), (6, 2), (0, 0), 

(3, »?), (7, 4), (-3. -7), (-7, -3) 

1. All those In Quadrant I 

2. All those In Quadrant II 

3, All those In Quadrant III 

4, All those In Quadrant IV. 



16^3. The Graph of a Sentence In Two Variables . 

We are now ready to draw the graph of the truth set of a 
sentence of the first degree In two variables. For convenience 
we shall, as before, call this th% graph of the sentence. 

Let us consider the sentence 

2x - y + 1 ^ 0, 

whose y-form Is 

y - 2x' + 1. ' 



t 

726 



16^3 

This fonn enables us to d#sarlbe the relation between x and 
y In the following words, "The ordinate Is one more than twice 
the abSGliia/* The table below can be easily construeted from 
this descrlptionj or from the y form. 



X 


^ 0 


2 


4 


=2 


-3 


y 


1 


5 


9 


»3 


-5 



The plotted points would appear as In figure 5. You should 
check these carefully. t 
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Figure 5 
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What do yoU notice atout all of these points? Do they" seem 
to form a definite pattern? Do they appear to lie on a straight 
line? 

Suppose draw a line connecting the point (4^ 9) to the 
Rolnt (-3 J -5') as in figure 6, Does this line pass through 
i the" ?rther po±nts?' ^ ^ - — _ 



4^- 



r 













1! 






1 


t t ! 




























1 1 
































f ^ 




















a 
































6 




















V 


















:.51 
























4 






HI 




















































a 
























































































i 






a 


4 


i 


a 
















-a 


























(h 


») 
























_ 


u 




















! 






! 1 
. 1 
















, -y 








■ 




- T 

i 










T r 1 


• 1 












Flgu^ o 



What does this Suggest about any other point whose ordinate is 
1 more than twice the abscissa? Would such a point lie on this 
same line provLded that the linB were extended in both 
directions? .Suppose we consider the point with coordinates 
(3, 7), The ordinate is 1 more than twice the abscissa, Is 
this on the ILne? . , 

Let us pick two m^^^^oln^r on the llnej the points A and 



B, Do you see that the coordTnates of A are (-1^ -l)'?^The 
coordinates of B are (1, 3). Both of these number pairs 
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2x - y + 1 > 0 



a true sentence* ' , 

Pick other points on the line. Do the coordinates of 
these polnta make the sentence true? ^--^ 

Thus, It appears that any point on the line has coordinates 
which make the sentence tTOe. Although we could not possibly 
check all of themj it seems reaiohable to assume that all points 
on our line have coordinates which aatlsfy the aentence 

Sx - y +^ 1 ^ 0, 

W#.^fuj*ther assume that if our line were extended ^for any length 
in either direction, then the coordinates of all points on the 
extended line would also satisfy our sentence. 

Let us consider another open sentence. In this example we 
shall also develop a convenient method for drawing graphs of 
sentences of this type, Take the sentence 

x^y--4^0.* / 

We select any twp number pairs which satisfy this sentence . We 
plot these points, and then draw the line connecting them. For 
example the number pairs 

(5, 1) and (--2, ^6) 

make ^he sentence x - y - 4 = o true. Figure 7 shows the 
plotting of the points and the line through them. 
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Points P and K are alsV -^bn the "llnlrr The coordinates 
of F are (2, -2). The coordlnatei of" ire (7j 3), Do 

i 

the coordinates of these points satisfy the sentence 
3^ ^ y . 4 - 0? 

Tr^' other points. Of course you cannot try the coordinates 
of all points on the line. But jwhat would you expect to be true 
if such a thing were possible? 

We might look at this In another way. Suppose we start 
with any point on the line. Do you see that If we move one % 
unit to the right and one unit up^ we will then be on the line 
once more% 

How let's consider the Sentence 

X - Y ^ k m 0 , 

We know that the coordinates (5, l) satisfy the sentence. What 
if we add 1 to each coordinate? This gives us (6, 2), Do 
the coordinates (6, S) satisfy the sentence? what if we add 
3 to each of the coor^dlnates (5* 1)? Do the coordinates 
(8, 4) satisfy the sentence? . ^ 

Thl^ suggests an 'idea, If we sta^t anywhere on the llne^ 
move a certain distance to the right and then the same distance 
up, we shall end up on the line. On the other hand, if we 
start with coordinates which satisfy our sentence and add the 
same number to each coordinate the resulting coordinates s'tlll 
satisfy the sentence. 

We thus find it ver^ reasonable to conclude that all 

points on the line have coordinates which satisfy the sentence. 

i m 
It is also reasonable to assume that all number pairs which 

satisfy the sentence are coordinates of points on the line. 

Now let's examine^a point C which Is not on the line. 

Its coordinates are (-2, 3), Does this number pair satisfy 

the sentence x - - 4 = o? The answer is no. Would this be 

the case for any point not on the line? Try some others! 

What do these examples suggest? We have ^^xamlned two 

sentences of the first degr^ee'ln x and y, that Is, sentences 

wh 1 G h could be written In the f o rm^-" 

Ax By +- C ^ C , 

« 
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whare B, and C are real numbers with A and B not toth 
zero* The graphs of these sentences appeared to be lines. 
Number pairs which satisfied the sentences turned out to be " 
coordinates of points on the lines. And points not on the 
lines had coordinates which did not satisfy the sentences. With 
*thli In mind we can readily accept the following statement. 
If an'^open sentence Is of the fo™ 

Ax + By + C ^ 0 , 

where* Bj and C are real numbers wllth 

A and B not both zbto ^ then Its graph Is 

a line . 

We might also ask whether or not every line In a' plane Is 
the graph of a sentence of this type. The answer Is yes. In 
fact It can be proved that for any two points In the plane 
there is one and only one sentence of the above form which the 
coordinates of these two points will satisfy. 

As In the case of sentences Ifi one variable, an open 
sentence In two variables acts as a sorter. It sorts the set 
of all ordered pairs of real numbers Into two subsets: the set 
of ordered pairs which make the sentence true, and the set of 
ordered pairs which make the sentence false. In this sense we 
could say that an open santence^ of the first degree In two, 
variables "sorijs" the points of a plane Into two subsets: 
the points whlc^ lie on a particular line, and the points which 
do not. 



Check Your Readin 




of the truth ,set of th^ open sentence 2x - y + 1 = 0? 

Is the point A whose coordinates are (-1^-1) on the line 
in Figure 6? ^ 

Do the coordinates of point A satisfy the equation 

2x y ^ 1 ^ 07 , - ^ ^ 
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5. 



7. 
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11 . 



What art the coordinates of point E In Figure 6? 

Do the coordinates of point B satisfy the equation 
2x-y + l- 0? 

the line In Figure 6 the graph of the entire truth set 
of tnfes^sentence ? 

Are ibac^^ny points that are not on the line in Figure 6 
,t iatisfyt^fie open sentence 2x - y + 1 ^ 0? 

In Figure 7/ do the coordinates of the point F satiafy 
the open sq^ntence x - y = 4? of .K? 

If an ordlred pair of numbers makes an open sentence' true, 1 
what can w^^^say S/SoUl L^rep^r with respect to the graph of 
the truth set of ^the sentence 



If a point Is on the graph of the 
what can we say about tha coordinates 
respect to the sentence? 



let of a sentence, 
the point with 



What can we say about the coordinates of every point on a 
line that Is' the graph cf the truth set of an open sentence 
In two variables? 



Oral Exercises lD-3a 



1, In each of the fQllowing complete the table of values so 
/ the resulting ordered number pairs will satisfy thi given 
[ \open sentence. 



(a) 
(t) X 

(c) X 

(d) a 

(e) 



X - y 



If x Is 




Q 
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then y is 

If X l3 


-h 
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= 3 


then y ir: 
If X is 




0 




-3 


ti";en y in 
If X ir: 


1 




i") 


-1 


If X IJ 
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Oral Exercises l6=3a 

(continued) # 

2, Is the given ordered pair an element of the truth set of 
the sentence? 

(a) (4, -1); 2x V y - 7 

(b) (0, ^3); 3y ^ 2x - 6 

(c) (2, 3|); 2y - X + 5 

(d) (4, ^2); 3x - 8 . 2y 

(e) (9, 0) ; X f 3y f 9 - 0 

(f) (3, 1); iP+ 4y , 10 - 0 

Problem Set l6-3a 



(a) Plot 2 points whose coordinateB satisfy the equation 
X - y - 2. 

(b) Draw the line through these two points. 

f 

(c) -Are the points that are represented by the coordinates 
(2^ O) and (0^ -2) on the line that you drew in (b) 

(d) Are there "b^er points on this line? 

(e) Does the ordeived number pair (5j 3) satisfy the 
equation x - y ^ 2? ^ 

(f) Plot the point that Is represented by the ordered 
number pair (b, 3), Is It on the line that you drew 
m (b)? 



The two open sentences w?iLch we have studied so far have 

been 

. px ^ y ^ 1 - C 

and X - y = 4 = 0 . 

We have agreed that the Kr^aphs of these sentences -are lines, 

It Is not true that the graphs of all open sentences are lines, 

Fur example, If we wer?? to cionslder the open sentence 
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we would see that the following number pairs all satisfy the 
sentancej or equation, 

(1. 2) (3, IC) . (Q, 1) 

Check these to lee that 

^ 2 - (1)^ +1 

0 a 

IC - (3)- + 1 

l'- (C)^ +1 .1 

all true. However, If you plot these points j you will see 
t they do not lie in a line. Try it. ^ ^ ^ 

There is a reason for-thls. It is due to the fact that 

2 

this particular o-pen sentence contains the term x which,, as 



you rememberj we called a second deRree term. On the other 
hand_, note that equations such as ^ ^ ^ ' 

^ 3x 4y ^ 6 - 0 

and 5y - X - 3 - 0 

have first degree terms, but no terms whose degree Is higher 
than the first. Such sentences^ as we now kn'ow, have truth sets 
whose graphs are lines. 

Check Your Reading 

1, Is the graph of an open sentence in two variables in every 
case a line? 

2, Is the graph of "y ^ + l" a line? 

3, Does the equation "3x + 4y = 6 ^ 0" contain any terms 
whose degree Is higher than the first? 
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Problem Set lS^3b 

For each of the following open sentences write t.hree ordered 
number pairs which are elements of its truth set. Plot 
these points with respe-ct to a pair of axes and draw the 
g^aph of the truth set of each sentence as in Figure 7, 
.Remember, -only two points are^ necessary to detenrilne a 
line. The ^third point should be used as a check. 

(f) 2x + 2y - 5 

(g) X + 3y - 0 

(h) X - y - 0 
(1) 2x - y ^ 3 - 0 
(J) 2x + 3y ^ 15 ^ 0 

2x + y ^ 2 
y ^ X + 1 

y - 2 - X 
y - -3x 

i 

(a) Write three^^ ordered number pairs which satisfy the 
sentence 2x + y = 

(b) ' Draw the graph of the sentance, 

(c) Write two ordered number pairs that do not satisfy the 
sentence. 

(d) Plotr the points cprrespDndlng to the number pairs that 
were written in {c) with respect tq. the same set of^ 
axes on which the graph for 2(a) was plotted. 

(e) Are these two points on the graph of the sentence? 

(a) Find five ordered number pairs which satisfy the 

2 

sentence 2x - y = 0, 

(b) Plot the points found In (a). Do they lie on a line? 
Does the sentence In (a) contain any terms whose 
Ingres Is hL'^hor than the first? 

(a) Find five ordereu nuTib-T pairs' which satisfy the 

2 ■ " ' 

equatlcn x ^ y ^ C. 

(Dj Plot tho points found In (a). Do they lie on a line? 

(c) Do9S the ^ijquatlon In (a) contain any terms whose 
decree is higher than the first? 



(a) X f y ^ 6 

(b) 2x + y - 7 

(c) X + 2y - 6 

(d) X ^ y - 1 

(e) 2x ^ y ^ 2 

M 
(1) 
(m) 

(n) 



V^n wa were asked In Chapter 3 to draw the graph of= the 
sentence 

^ X - 3 V 

on the number line , -. we found that Its graph was a single point. 

1- — I i — H— H 1 • I 

-3-2 -1 0 1 2 3 4 

However, suppose we' are asked to consider this ^ame sentence as 
a sentence In two variables and draw its graph on the number 
plane. This might be puzzling at' first, since the Sentences - 
whose graphs we have been plotting on the number plane have all 
contained the variable y - as well as the variable x;^ also the 
elaments'ln our truth set have all been number pairs rather 
than Individual numbers. 

Our problem can be solved If 'we^con^lder the sentence 

X - 3 

as though 'It had been written 

^ X Oy - J - 0 , 
You recall tha^n writing the. .general form of a first degree 
sentence in x and.y as , = 

Ax + By'' + C ^ 0 

It was stated that A, and C were real numberSj but that 
A and B were not both zero. In this sense we do have an 
open sentence In two variables, even though the coefficient of 
the variable y is zero. We can now consider the set of 
number pairs which will make the new sentence true. What number 
pairs will satisfy the sentence - ^ 

X + Oy ^ 3 ^ 0 ? 

Slncp we are working in the ^number plane, we must think In terms 
of two^ variables even though the y variable did not actually ■ 
appear in the original form "x ^ 3", It should tie easy to s^ee 
thait the follow Ing number pairs satisfy our sentence; 
4 ' ' (3. if (3, i) (3, 4) (3, 5), . 



since tha lehtinces ^ . , ' > ^ : - . * 

' ' ' ' ' 3 + (o)(q - 3^ * : ' ^ " V ^ 
* 3 + (OK^)^ 3 \ ' ...^ . 

V - 3 + (o)C3) - I " ; 

^ are all true by the multlplloatlor^ and addition proparty ot ^ 

i*" Do you alio see that any pair of the form. ^_ 

^ J 3-^. ri)V 

wfeere n repi^esents any speclflad number j will be a member of 
oar truth set? ' ' ' 

Our graph la easy to draw= As' before j we/select two ^ 
polhte, say (3, l) and (3j 5)^ Plot these points , . Then 
draw the line connecting them. Figure . lllustratei the 
graph. , , . ^ 
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Figure 8 



I-n a similar way let us now consider the se^ntence * 

\ ' ■ ■ 

\y - 5. 
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16-3 . ^ 

Do you see that this can be thought' of as^ 

' - ' ' ^ Ox^+ y ^ 5^ C, or y-^^Ox + 

fr we wish tl dr^ Its graph on the numbe> 
Sqm^ number pa4^s^ tn the tnith set are 

" . ■ (1, 3) • / '(^e:/^-. - /(i 5) 

,The graph Is given 'In Figure ' / 
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Figure 9 
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Figures^ 10,^*and 11 lllustTCte graphs of sentences of thl 
same, type.. You ^shbuld check to see th^t-thes'e graphs are- 
properly -drawn . 















y 


































- ! 
































3 - 




0 




2 






















-3- 








=2 








1 1 ^ 















y 












2 


























J ^ 














0 




















i 

































Figure 10 



Figure 11 
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Check Youp Reading 



Ij What Is anbther way of writing the sentence x ^ 3 as a 
^s«ntence. In 2 variables? ^ * 

2. Number pairs of what form will satisfy the sentence 
^x + Cy-3^0?--. , 

3/ Bo th# ordered number pairs (3, l), (3, 2), (3, 3), 

(fli and (3, 5) satisfy the sentence x % Oy ^ 3 ^ 0? 

i 

4,., What is another way of writing the sentence y ^ 5 as a 
% sent^ca in 2 variables? 

5, Name three number pairs that will m^ke the open, sentence 
Ox + y - 5 true^ ; 



f 



Orsl^ Exercises ' l6-3c 



Describe in your own words the gra^ift *df the f ollowln|^,r*^ . 
sentences, ? ' - ' - .. g 

i 

I 



(a) 


X = '3 




X = .4 


(c) 


y = 5 


(d.) . 


y = =2 


(e) 


X 4= 3 = 0 


1 . Draw 


the graph 


open 


sentences 


' (a) 


X = 5 


(b) 


X = -5 


1 (c) 


y = 2 


(d) 


y = -3- 


. (e)" 


X = 1 



="0- 

(h) y..* 3 «'0 

(J) y = 0 ■ 



Projylem Set l6-3_e 
th^ tru 



set 


of each 


(f) 


■ 

"x = =3 


(§) 


y = -8 


(h) 


y - 8 


(U 


X = 0 


(.]) 





With respect to the ^same set of axes draw the graphs of' the 
following equations, 

y - 3x 4- 5 ■ 

i . • ^. 4 

i 
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-i Problem Set l6-3e 

^ (Gont^ued) 

^ y ^ X + 5 

— , ^ y - 5 ' 

3* With respect to the same set of axes draw the graphs of 
the fiollowlng equations i ' ^ * 

y + 4x = 0 

X + ir - 0 j 
" y ^ 0 - I 
3x + 2y ^ 0 i 

What do you notice about the graphs? What Is special about 
^ the equations? 

4, With respect to the same set of axes draw ^he graphs of 
th# following sentences! 

. V y = ^ . . . ' "• 

. ' • y = 2x + 2 



y = 3x + 2 
y - ix+ 2 



What do you notice about the graphs? What Is common to all 
the equations? 



l6*4. Intercepts and Slopes. ' ■ " 

V ^ — - — ^ 

^ In the last group of ^ exercises , you were asked to notice 
sqmething special about, the graphs. ^^We shall give a further^ 
example to emphdsize this l^a. 
Consider the sentences: 

y ^ 3 

y ^ 2x + 3 

y - + 3 

_- . y --3x + 3 

Notice that these sentences are all In y-form and that/they 
have ^ something else in common. What is It? Let us exam^ie^ the 
graphs of these sentences . 



7ta 



5- 

H.3), A 


K . /(I.S). ' 

^2.3) ' ,(5.3) 


— — 1 1 — — — 1 — - 


(0,3) 


-3 -2/ -t 0 


— 4t — J 4^ H— i— — 

iV* 2 3 4, 5 

•(2.-3) 



Tri^jost striking feature of the graphs Is that they all 
mee^ at the sarrie pplnt, (0, 3). This point is on the y-mxls - 
and is called the - ^-Interaept of each line. Now look at the 
y-form of each sentence. Do you see that In each case the 
constant tern on the Fight side Is 3? ItVshould be clear that 



this number determines the y-intercept of the 



that is, 



the point at which the line IMersects the y-axis. We 'saw that 
the cobrdlnateB of this point are (0^ 3). Thus we can say that 



if a senteBCi 



LsSin y-form, 

y ^ ax ¥ h, 



then (0, b) Is theht^intercept of the graph of thi sentence; 
that is, the graph includes the point whose coord,tnates are 
(0, b). For example^ for the sentence y - - 3, the . 
y-^lntercept of the gra^ Is the piltnt (0, -3), 



■ ' Check Your Read-jLng 

1. The aentences^ "y 3," "y ^ 2x + 3," and ^ 3» + 3" 
,are In y-fom. What else do they have In common? 

2. The graph of the sentence "y = f^^ ^ 3" contains the point 
which has coordinates (Oj 3)^ What Is this point calledt 

3. What Is the y-lntercept of the line whose equation' is* . 

y - 5x « 3? . ^ ^ 

\ Oral Exercises l6-4a - 
State the y-lntercept of the graph of each of the foMowlng 



sentences, State the 


y-form of the 


sentence first If necessary 


1. 
2. 


y ^ 3^+ 2 

y ^ 2x » 5 


9. 
10. 


X ^ ,y ^ 12 


3, 


y - |x 12 


11 . 


2x + Sy ^ 5 ' 




y - 7x - 1 


12. 


. X + 3y ^ 6 


^ 5. 


X + y ^ 2 


13.. 


X ^ 2y ^ 4 


6. 


2x + y ^ 7 




"3x + % - a 


7. 


1^ + - tI 


15. 


2x + 3y ^ 5 


8. 


.8x + y ^ .16 




1 



Problem Sat I6- 4a 

'Write each at the following sentences in y-form^ then draw the 
graph of the sentence using the^-intarcep^t as one of the points 
of the graph. 

1 . 2x + y ^ 5 4, 3x + 2y ^ 9 

2. 3x - y - 6 . 5. jx ^ 2y ^ 4 

3. 4x ^ 2y ^ 8 * 6, 4x ^ 3y.^ ^ 5 

Draw the graphs-of- the .following sentences with respect: ^to the 
same set of axe^as above. 

^Looic at the y-form and look at the graph. What do these ^graphs 
seem to have in pominon? What do the y-fornis have in common? 



16.4 



7, + y ^ 5 

8, -6x + 3y - 1 



Problem Sat l6-4a 
(continued) 

9. lOx - 5y - 3 
10. + ^4y - -1 



If you did the last four exercises carefully you should 
have notiGtd another Interesting relationship between the - 
y-form of -a -Sentence in two variables, and thi graph of .^he 
sentence / / " 

Let us emphasize this relationship by considering another 
group of sentences: 

y - ' 

2_ 



y ^ yc + 1^ 

y^ 1^ - 2^ 



y = + 3 - * 

What is "special" about the y forms of these sentences^ -^.Do you 

2 

see that the coefficients of x are all the same, namely ^ 




Wha^ do you notloe that Is "sptclel" about these graphi? Do you 
see that the lines art parallel? It. appears *thea that sentences 
In thi y-form wHlch bave the same coefficient of have graphs 
whl0*h are parallel to each other, _ ' 

Check Your Reading 

1. ^ The sentences '*y 1 , "y - |k + 1% and "y ^ ^ - 2" 

are In y-form. ^ What else do they have in. common? " 

2, What la special about the graph's of. sentences in y-form 
which have the same coefficient of x? 

V 

Oral gxerclses l6 = 4b 

In each of the following problems j th'^ee equations ±n two 
variables are given, , * . w V 

(a) Give the y-.interdept of each lihe, 

(b) Tell which equatione have graphs whlah are parallel to 
each other. 

. (c) Tell which equations have graphs not parallel to any 
o the rs . ' 
(d) ^Te^l which eqOMtions have the same*graph. 

1. y-3x+J. \ . 3, y--3x+7^ ^ 

y ^ 3x - 5 " y ^ ^3x ^^2 ' , \ 

- y 2x . 2 - ^ ^ . §y . X ^ I 

,2.' y - ^ - 2 ' ^ 4. X + y - 1^ ^ ' 



2y ^ X 



^ ^ - ^ 3x ^ i( p ^ 



3 



r 
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X6.4 . . y : ■. 

' ^ ' " ^ ' ' Problem Stt l6^4b ' . 

p In eaah ©f* the fellowlng eases draw tht^graph of the first 
equation glvanj then stleet from the^ list following It only 
those equattons thM have graphs parallel to ^e first ahd draw 



a - ' 3. y. ^ -2x + 1 

5 y - 3x - S • 

1 ^ ^ + 2x ^ 0 • 

2 y ^ X , 

5 ' . ' ■ "'4, y ^ X + 3 A 



their 


graphs 


1. y 


3x + 


y 


^ 3x + 


y 


- 3x ^ 


y 


^ 4x + 


2, y 


1 


Sy 
y 


- X ^ 







A: 



y + X ^ 3 
y - 2 
y ^- X + ^5 



Let us now examHie another group .of sentencee.' These are 
similar to the ones we studied in connection with the y-lntercep 



1) 


y 


1 

= r 


+ 


1 


s) 


y 


= X 


+ 


1 


3) 


y 


-¥ 


+ 


1 




. y 


^ 2x 




1 


5) 


y 


- 6x 




1 



For each of these sentences= we will draw the graph by ^tneans 
of two points. As a convenience we use the y-lnte,rcept In 
pach case as one of our points. The second pplnt also appears 
at the right -of the list on the following page. ^ ' 
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1) (0, 1) (4, 3) 

a). (0, 1) (4, 5) 

3) (0, 1) (a. 4), 

^) -(O. 1)'^^. 5) 

5) (0, 1) U. 7) 



I 



Each line Is Imbeled by number. First ^ no'ta the equntiona. We 
see that in every case they are the ^ame except for the 
ooefft'clent of . x. We also see that the ^coefficient of x 
Increases with each, new sentence. Looking at the graphs we see i 
that each line seems' to get progressively steeper. Another ifay 
of saying this might be to state that in each caae the "slope" 
of each line appeaVs to increase. 

It seems natural/ therefore, to make the following statement 
wltb reference to the Idea of slope. 

^ The slope of a line is the coefficient of x In 

the corresponding sentence written in the y-form, 
" } 

When we say^that^the slope of ,a line Is very steep, or not 
so steep s we are speaking vaguely, It is now posBTble" td^^ ^^^^^^ " " 
describe the slope of a line* in a vei^ definite wayj using In 
each case a specific number. ^ ^^-^^ 

' " For example j If we are given a line whose corresponding 
equation is ^ _ " 

' y ^ |x + ' 
we can s^y very deflnltWly that the slope of this line is 
\ 2 
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16^4 = ' 

To lum this up we can now say* that for a ientehee of tha fo^ 

y ^ ax b 

whert a and b are specif led real numbers, t'he elope of the 
aorreiponilng lint li the number a and the y-lntercept is the 

Thus the y-fom reveals ^wo specific bits of Infomatlon 
about the graph of the Sentence, It gives us 'the slope and 
the y-lntercept. 

the sentences ' 

1) y - -X + \, ^ . . ^ 

^.2) .y - »2x + 1, - 

and 3) y ^ -3x + 1 , 

the Qoefflclentf of % In the y-fom are negative. Here We 
think of -X as (-l)x. Thus by definition the slopes of the 
corresponding lines are negative. The graphs appear below. As 
in th^ prevlQus drawlr^ the lines are numbered. Each has been 
determined by the Indlc&ted pair of polnts\ 
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1) 


(0, 1) 


(3, 


-2) 


2) 


(0, ij 


(2, 


= 3) 


3) 


(0, 1) 


(2, 


= 5) 



\ 
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I , with rtspeet to the Idea of itaepnass we note the follwlng 
fh© steepest lint appitrs to be the lln» whose slope has the 
grestast ^solute value . Do you sta that this Is true for 
llnef of positive slope also? ' f 

In a previous seetlon we have studied lines of the form 



. y ^ 3 _ and 
the graphs , of whleh are ^hown, below. 
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We noted that the sentence y - 3 could be written as 

Ox + y ^ 3 ^ 0, 
wi% y^fd™ " y ^ Ox + 3, ^ ^ 

According to our definition^ what is the glope of the line 
which is the graph of this sentence? Do you see that it is 
Eero? Thi8»ls reaionabla *4n terms of "steepness". Since thai 
-line is^ horlEon-tal It has ^ m a senses zero deepness . ^ 
Sentences of ^ the type^ 

. X - 4, ; - 

however, prrtent a special problem with respect to slopes since 
^ this type of sentence qan not be written in y^form. Do you 
see .whs? We do not define slope for lines corresponding to 
such sentences. We have already noted that lines of this type 
ar^e vertlcar. > i 

i 

) 

* i J. 

■ , ' . - 7^8 V 



Check Your. Keadins 

Compare. the graphs of - + 1" and "y f ^x^^t-^l", 
Whlih has the y^lntercept (0, ^1 ) ? Which is steeper? ^ 

How is the slope of line dbtermlned from the^'Gorresporadlng 
BQuation in y^form? 

What is the slope of the line who^.e equation Is 



7 - . 
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Whl^ has the ^steeper line as its grapn, "y^ '-.3x -f- 1" or^ 
''y ^ =x -H^''? / . ^ 

What form of "y = 3" *shows the slope of its sraph? ^ 

What lin^s^have z^ero slope? - ' ^ ^ 

Why is It impossible to write a y^form for "x ' H Oy - 4 - C" ? 

Oral Exercises i6-4g ■ ' • 

For each of the following equations^ give the slope and the 
y- intercept ' of the ^^raph . _ \ 

(a) y - |x + 1 / (d) y - ^ fx 

(b) y - =3x V 2 (e)' y ='5 " , 

(c) y = 17x - 5 ■ -" (f) X = =H 

Which of the following equations have- graphs which are 
parallel to each other? ' ' 

(a) y - 2x.^- 1 . (d) y - 2x 

(b) y - |x + 8 (e)^ y . 2x - 5^ 
(a) 3y'^^ . , (f) y - 3x + 5 

Problem 3ot lo-^^c 

In each of the following give the slope and the y = intercept 
of *he line whoso ■.Miuation Is given. 

(a) ^" y - 2x 4- 1 (d) X - ^3y -f 1 

(b) 2x = y 1 - (o) 2x -f- 3y - 6 



(c) I . f ^ 1 ^ ^ (f.) 



X p 
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Problem Set l6-4c 
( continued) 

^Writ% the equation of each ^llne^ ^glven the following 
information J and draw tts graph, 

(a) the slope is 2- and the y^intercept Is (0, 6) 
^(b) the slope is - ^ and the y = intercept is (0, 0) 

(c) the slope is 6 and the y-intercept is (0^ =l) 

(d) the slope is i " and the y-latercept is (o^ -2 J 

(e) the slope is 0^ and the y-intercept is (O^ ^3) 

(f) the line is vertical and passes through the point 
(3, 5). • ■ , ' .• ■ ' 

Write the equation of a line which isr parallel to 

"y = 3x + 8" ^ and whieh has ^the y-intercept (0, l).^ 

Write the equation of a line which is parallel -to 

''y ^ _2x - 3'* and which has the y-intercept (O^ 3), 

If a^ and are the slopes of parallel lines than what 

is the relationship ^botween a^ and a;^? 



- f 

We have already observed that the word slope as it is 

V 

commonly used suggeSts a measure of the steepness of a line. {' 

It gives an idea of the rate .at which a line gains or loses in 

height as we rn o V e along it i. n ^ a certain direction. We will s e © 

that slrppe by our definition is closely related to this type of 
measurement also. 

Consider the following line. Its equation is. 

y - |x = 3. 

The graph is shovm on the following page,, 
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The coordinates of point \i are ^(S, 2), The coordinatas of 
point are (^^^ 7), Let us now check the horizoFital 

distanca from A to B, and the vertical distance from A 
to B, We see that- the horizontal distance Is 2, This can 
be found sub trac ting the abscissa of A from the abscissa 
of B, that is ,^ ^ ' 

The v^rtic^l distance, which we can obtain by subtracting 
ordinates^ is 5j that is ^ - 

. ■ - 7 . . 5. _ ' , 

Let us now for^ the' rafio"^ ^" ^ , * 

Vertical Distance from ^ to B _ 
HorizonWl Distanc'e" 'f r^jm" "A to B 

Here the Word ra tin has the same meaning as fraction. It 

.indicates the quotient of -two numbers. We see that the value 

of this ratio is . . 

- 1 ■ 

2 ' 

Let us now ■consider the two points C and B. If we subtract 
the abscissa of C from the abscissa of B to find the 
horizontal distance from^ C ,| to B, we obtain 



16.4 

For the vertical distf(nce -«^e get 

'7 -(-3) - IC. 

Again we form the ritlo 



^ic^^Distance from 'C^ fco B 
Horizontal Distance frcim t to B 

This Is equal^.^y ancDther name for 



^ i£ we now consider the points c and. A and Vorm th§ same / 
type of ratlVy, wa will find that ^ / / 

Vertical Distance from C to . ^5 f / ' 
I Horizontal" Distance "from^C'to A ^ 2 ' 

.Check this! . ^ / ./ / [ 

Two Ideas are suggested by all^of this. Do you %ee what Vh§y^ 

are? The value of the ratio in all three cases !is the same. 

It is |, 'This is also the coefficient of x Ih the y=form of 

the equation J in other words^ the ^lope. 

Another point on the same line Is (8, I?), Call ^thls point D, 
Now consider the two points A and D. Form the ratio of the 
'vertical distance divided by the horizontal distance as before. 
This becomes ' ' . - 

4 

17 - g ^ 

B = S ' 

Is this another name for ^ ? ■ ' ^ 

Let us consider one more equation, 

y ^ =2x f 3. ' ' 

Two points Oil the line selected at random are (=5^ 13) and 
(2, =1). Do you see that these are elements In the truth set? 
If we subtract the ordinate pf the second point from the 
ordinate of the first point we get"l4. Doing the same thing 
with the abscissas In the same order we" get. -^7. Thb ratio Is 

which Is the" same as 



1^4 



'at Is the ' coaf f Ic len-t of ^ in our equation? 

^The-'^above examples illustrate a relatldnshlp whte-N^ can be 
^stated in a general way as follows: 

If (c/dj and (a, f) are any two points on a line 
with c' ^ e and if the y-^orm of the 'corresponding 
equatron is ^ - 

" * , ^ . y - ax f b, ^ 

^than the ratio - ~- \ is equal to the real number 
that is, t h e> ra t i o is eq ua 1 to t h e s 1 o p e ^ o f the 1 i ne ,\ 

This statem.ant car; be proved to be true for all lines whose 
equations can be p.ut into the y^for^. Since the proof involves 
ma thema.tical 'ideas which we have not yet studied we shall not 
develop the .proof at this time. . 

A w5r"d should be said about the order in which the two 
points are s e 1 e c t o d . 3u p p o s e we consider the points. ( - 5 j 13) 
a-nd ( 2 ^, ' ='1 ) of the p r e v i o us example. In f o rm. i ng the ra 1 1 o we 
s u b t r a c t e d the c o o r d 1 n a t e s o f t h e s e c o n d po i n t f r o m t h e 
coc^'di nates of the first, "ff we subtract the first coordinates 
f ro m t tte-^e c o n d , we obtain the r a t i o 

-1 - 13 . ' 

2— r^) 

which is f-qual to 



7 



But this is^also anothr^r name for 

— 4j t . L s interesting to 1 nv o s t i ga t e f u r t he r the me an i ng of • 

a negative ni)|mber- as the slope, of a line. In the graph of our 

equation ^ ^fs 

y - -2x + 3, ^ 
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we see that the line appears tc slant downward as" we scan It 
from left to right/ In other words, as we assign Increa^log 
values to Xj the corresponding values of y decrease , In 
this case the slope Is a negative number. 
;In the case of fm equation such as 

^ ^ y ^ 3x + 5 

we observe that as we assign Increasing values tv the 
corresponding values of y increase . We see that In this case 



the slope Is a ^osl^iY^ number. 



1, 



Check Your Reading 
If A and B are 'two pdlnts on the graph of "y ^ ^x ^ 



then what Is the ratio of, the vertical distance from 
A to B" to "the horizontal distance from A to 



2. The polnts^ (2; 2) and (8, 1?) both lie on the graph 
"y ^^^x = 3", How Is the vertical distance from the fi; 
point to the second point found? How Is the horiEbnt|l 
distance from the first point to the second point'Tound V 



3... V;hat|ls the slope of a line which contains the points 
(-5,/l3) and (2; ^1)? 

4. Complete the sentence: A line which has a negative slo 
slatnts ______ as, we scan It jTrom left to right. 
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Find the slcpe of the line through each of the followlne 

pairs of points . 

(a) (2, 3) and (3. □) (ci) (=7, ^3) and (6„ 2) 

(b) (b, 2) and (3. ^l) (-7. 3) and (8, 3) 

(c) (1, 1) and (=2, ^2) (f) (8, o) and ^(=4, ^1) 

Indicate Ln which of the following aases the values of y 
Increase as we assign increasing values to In which 

cases do the values of: y decrease as v/e increase the 
values of X \^ 

(a) y - 2x ^ (d) y = = + 2 ' 

(X^_j^- -3x . (e) X + y - 1 ■ 

(c) ' y - X - 1 (f ) 2x^ y - 6 

s ■ 

Problem r:et Ib^^ki / = , 

# 

Find til e si o p e o f t h ell n e z i; r o u g ii e a c h of t h e following 
pairs of poLnts. 

(a) (3, -12) and (^^8, IC) (d) (0, o) and (=6, =2j 

(b) (4, 11) and (-1, =?) (e) (3, 5) and .(6. 5) 

(c) (6, 5) and (2r-cf (f) (-3, 4) and (-3, 6) ^ 

Draw the following lines. ? 

(a) Through the point (-1, 5) wi^h slope y 

(b) Through th-^ point (2, r) with slope - i ■ ^ 

(c) Through the point (3, ^0 with slope 0 

(d) ThrouGh the point (-3, 4) with slope 2 \ ^ ^ 

(e) Through the point (=3^ ^0 and parallel taAhe y=axis 

Write the equation of the line, given the'^ f ollowiiig 
InformatLon: 

(a) slope 3, y ^intercept ((: 3 )\ 

(b) point' (1, 6), y-intercepV (0, 3) (first find the 
slope) 

(c) point (-1, I), y-intercept (0, 3) 



r 



, ProlDlem Set l6-4d 
(continued) 

(d) point {2, , containing the origin (Oj O) 

(e) slope ^2, y-intercept (O^ y) 

(f) point 4), y-lntercept (0, 1 ) 



l6^5, G raph s of Sentences Involving an Order Relation . 

In Chapter ^ 3 we studied open sentences In on$ variable 
Involving an order relation^ such as 

X f ' 3 < 9 . 

The equivalent sentence 

X < 6 

has the following graph- 



-6-5-4-3-2-1 0.1 2 3 4 5 



We now ask the questions: 

(1) "How Is the truth ^t determined if the sentence of the - 
first degree Involving an order relation contains two ' 
variables?" * / 

(2) "How do we construct the graph of such a sentence?" 

Let's begin with an example such as 

X -f y > ^3 . 

It will help us if we first draw the graph of the equation 

. X ^ y - 3 , 

whichj as you, see ^ is formed by merely rg^laclng the symbol 

oT our ineqliallty by an equals ^aign. Do you see that the graph 

of " this equation Is the line which appears in Fl^ure^\ 12?- 



s 

\ 
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As we know, all .number pairs whl ch ^ satisfy our aquation 
have their correspondin.g points on this line.s We also knbw 
that\f a point Is not on this line, then i t|/coordina^t^es will 
not satisfy the equation. ' ' \ 

Furthermore 5 It should be clear that t^e line separates the 
points of the plane Intd three sets. Th.esf three sets' are 
l) the points lying on one sld,rf of the linej the points, 

lying Vn the lineHtself, and B) ^ the points lying on the other 
side -of the-M^ne/ - ' 

Let us now return to our original sentence ^ 



tha ineqi^lity 



y > 3. 

We wish to determine its graph, V/e first nole that If' a .number 
pair satisfies the equation 



y - 3 



th"^ It cannot, make the inequality true. Can j^ou name the 
property of orde^r whlcl^ tells - usC this ? Thus -we see that no 
point of our truth set can. lie on tihe line,, that IsT our. points 
must lie on one side -or the otheiS ^ ' - 




16-5 ■ ■ ^ ' 



Suppose now we let 'X be a fixed number; for example, let 
= 1. We want to see what values ^ of 'y when paired with the 
number 1 will make our sentence tme . It is easy tp determine 
this if we substitute 1 for x in the sentence. Tftls gives 
us ■ 

1 + y 3 . 

I Do you ^ee^hat an equivalent sentence ^s 

> _ y > 2 ^ 

From this w^ can see that if - y is any number greater than 2j 
^hen the number pair 

^ will be in the truth set of the sen^nce 
t , X -f y > 3 . 

rn the. same way wtr can show that if . x ^ 2, then If y is ^' 
Bny number greater than \^ the mfrnbe-r pair 

• : . <=Af " ■ ■ 

will be in our truth set.. , 

tLl^swlse if X ^ 3, then any number y which'^ls greater 
than zero will make zhe pair 

(3. y) 

\) an element In the truth set. = , , 

Our graph shows many of these points. You will note that 
the points aW'lie on one ^de of the line. In this particular 
case they appWr to b'te above the Vine, It can be shown tha^t no 
points on the other side c^f the line have coordinates which 
satisfy the sentence. " * 

It should not, at this time, be^difficult to form an idea 
about the graph of the sentence we have been working with. Can 
you suggest a wEiy' of describing the correct graph? 

It is the set of all points which lie on the same side of 
the line as those we have already Indicated, To show this we 
can shade this side. Remember [the line is not part of the 
graph.- This can be ciemoastrated by maklng'dt a "broken" line^ 
as In Figure 13 . 



EKLC 



Exampj^e . Drav; the graph of the sentence - ' ^ 

. . 2x - 3y > 10 . ^ 

As b e f o re , vie b e 5 1 n b y con s t ru c 1 1 n g the graph o f the e qua 1 1 o n \^ 

1 



This gives u:; the f'ollov/ing line 

I if., r 



2x - 3y = 10 
le 

y 




Figure 14 1 



We now return to the InequalLty and let x assume a .S^^md 
'value. For convenience wa can choose the number 2, Our 
Inequality can then be written as 

4 = 3y > IC ■/ 

%n order*' to detemlne a set of corresponding truth values 
for y^ we must find an equivalent inequality. As we learned 
in Chapter 15j this car> be ^ione as follows; 
We see tHlt an equivalent sentence Is 

^ - 3y > 6 , (Why?) 

and this becomes/ -2 > y , (Why^) 

'which can be wril^h as y < =2. 



/ 



This tslls us that any point with an abatf^sla of S and 
.an 6 rd ina t e i c h is less t ha n ^ is a po 1 n t in ou r g rap hi , 
Some of these points are shown In Figure 14. V/lthout having 
to locate any more ppeclfic poijits we can Bhade in^'^he /Side of 
the plane in which these points arc found, an In Fi§rfre/15. 

4f " ' 




Figure 15 



The method we have been usl^grto construct graphs o'f^ 
Inequalities of the first degree in two variables . can be " = 
summarized as follows: We first determine t'he graph pf an 
associated equation,., that is the equation obtained replacing 
the inequalLty symbol with an "-"^ We then let x assume a 
con ve n lent va 1 ue ■ and sub s 1 1 tu t e t h is in t he o rig Ina 1 In equa 1 i ty . 
This will. g 1 V a u s an 1 n e q ua 1 i t y i n the one variable y ■ We 
o b ta i n the t ""u t h s e t o f t h is sentence. Its g raph will lie on 
one side of the llrTe-datermiined* by the assoc la ted equation. The 
gra^h of our or!. ginal sentence is the ^et of all points In the'"" 
.plane located on this same side of the liTie. 

In our two examples the line of the equation was used to 
locate our points^ but 1^ was not part of the graph. However^ 
If ouV- sentences had contained the symbol ^ meaning "greater 

than or equal to", that is/ if they had be'en v/rltten 



and 



X t 
2x ^ 



3y 



10 



then the graphs would have included the lines. In such case^ 
the lines in the drawings would not have been broken. For 
example^ the-, sentence ^ 

X ^ > 2y M 



/ - r 
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s the ^raphi 




Check Your heading 



j 



Into how many sets does the' line + y ^ 3" serrate 
the plane? ' . . 

What property of order talis us that if a number pair 
^l^tisfies the equation "x + y ^ 3" then It cannot gatlsfy 
^ 1 + y > 3" ^ ' , 

How many numbers satisfy **1 + y > 3"? ^ 
i _ 

What is 'the meaning ^of a broken line In the drawing of the 
graph of "x + y > 3" ? / 

■ ' " f' - ■ ■ ■ 

Problem Sat 15^5 

In each of the following draw the graph of the sentence by 
ffrst drawing the graph of an associated aquation' 

♦ ' / # 

(the associated equation Is 
X - y = =5) 



(a) 


X - 


y > =5 


(b) 


2x = 


'y < >. 


(c) 


3x - 


y > 0 


(d) 


3x - 


2y < 12 


(e) 


y < 




(f) 


> 


4 



'CjI 



Problem SetAo^o 
j (continued) - . " 

Draw the graphs of the following on the ^,ame%xes. 

(a) , y = X - 2 - . » . . 

(b) y > X 
( c ) y < X 



he of PTOt 



Do the graphs of Problem 2 ,use every point in the p4ane? 
^What i's thp equation of the llneVhich separates the plane 



into. 3 sets? ^ -^r 



, % - Summary . - 

^ " ■- ^ , — . _ _ 

Cn this chapter we have studied the truth sets^ of open 

*^entences m ^>wo variables and the graphs of these sentences. ^ 

" We learned that each element of the truth set of a sentence of 

the form - ■ 

4- By H ,C - 0 ^ 

an ordered number pair , the first number representing a 
value of X and the second a value of ]j . 

We have learned that a number pair %uch as (2, 5) can be 
associated with a particular point on a plane ^ and that this 
point can be plotted by means of two perpendicular nfi^ber lines 
called axes. W^saw that to eve r y ordered pair of numbers there 
cbrresppnds a point In the plane and to eyBiy point, there 
corresponds a pair of number^ FurthetTnore i^t was shown that 
all points which satisfy an equation such as the one above lie- 
on a line. This f#ct enables us to construct the graph of 
such an equation. We also learned that every line In the plane 
is the graph of a first decree equation In two "variables j and 
t ha t t w 0 p o 1 n 1 3 d e t e rm 1 ri t h 1 s e q u a t i Ci^. ^ 

We. said that If a'sontsence Is wr#t"ten in the y-form 

then a is nhe' slope of the p;raph of the sentence and (Cj b) 
Is the y^intercept of the [^raph of the sentence, 



4 



If k - and B are two points on ^he graph of the sentence then 
the slope of the graph Is mqml to the ratios 



vertical distance from A to B y^mtereept is the 

horizontal dlitanee from A to B , - . 

point on the y-axis where the graph of the sentersce .intersects 
the y-axls, ^ . r v v 

Finally, the truth seta of sentences of first ' degree* in 
two variables involving Inequalities have been shown to consist 
^f . the ^coordinates All points lying on one-^ide of a 
Bpictrto line, , This line is dete™ined by replitohg the "<"^. 
or symbQls with an equality , When the order relation 

is ">" or /^"i" the line must be Included In the graph. 



Review Problem -Set 



1, ' ^ilmplify emch i^t the following 
(a) ?^) + C^) 

• ^ ' (br;;^r - ;4. J ^ ^ . . 

'f^^^ ^1^5 10 

(e) - 5b> l4a - ^Oa + 5b 

(f ) 3a + 6b - 5a + 0 ' 



, 1 ; 5 10 ■ . ' ' t 



(s) 



3 



4a 



(h) -S£ — J where c 0 and m ^ 0 

23" 



=5= , 
9-y^ 1 % " z 



(J) (a + 3b) - (2a + 6b) 

(k) 'The result of subtracting^ m - 2n 4= 4 ^om 3m - 6 
^(1) 5x + 2y , - 3z(3x - 3y - 6e) 
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ReVlew Problem Set 

(continued) \. 

Fsetor each of the following polynomials Into piflme factor 





am + an 


(n) 


% + 5x + 72 




6m + 6n 


(o) 


Sac - 4ab - 2a 




.Si 

I4a + 42a 


(p) 


ax + X + ay + y 




iOG T icGu 

9 ^ 6a 




cy ^ cx + ay + ax 

2 2 

niFi ^ Ft ^ Fii 1^ ^ ni 
nil 1 III rniiTin 


(f) 


6a^b + ab^ 


(s) 


-8bc + 6ac + 4b^ - Sad 


(s) 


3m - 2n 


(t) 


X" + 9x + 20 


(h) 


3x ^ 9 


(u) 


- x^ - 8x + 12 


(1) 

(J) 


5ra + 6m + 9m 

2 3 
a + a + a- 


*(w) 


b" ^^b - 12 

- SSm »- 4o 


(k) 


2 

by" + by - b 


•(x) 


2 

be - 5bc - 5b 


(1) 


27rr - 2irt 




. ^ ^ -5 

X - X 


(m) 


SOy - 15x = 10 






Find 


the tnuth set of 


eadh of the 


1 followirig santtneesi 



(a) 6n = 3y . (m) 3x - 3 < 4 

(b) 3a + 5 = 17 ^ (n) 4x..- a > X + 7 

(c) l6a - 14 = 9a 

(d) 5m + 8 = 4m - 12 (p) - 10b +21-0 

(e) 7x - 3 = lOx • 

(f) - =7 

is) 18 + 3(a = 5) - IS^ 

'(h) 3(m + a) » 4(m - 3) 

(1) 18 - (a - 10) = 0 ' 

(J) 4m > 8 

ic) |n ^ 3 

Draw the graphs of the truth sets of the sentences In 
Problem 3(j), (k), (l), (m) . 



(m) 


3x - 


3 < 


4 . : 


(n) 


4x . - 


2 > 


X + 


(o) 


|x = 


a! ^ 


. 1 


(p) 


b2 = 


lOb 


+ 21 


(q) 


^ 2 
a 


a - 


12 


(r) 


X 


2h . 


. =2x 


(s) 


y - 


I2y 


- 36 


(t) 


2 

m 


3m - 


. 0 




2 

a 


16 . 


i 0 


(v) 


o 

4b" 


- 36 


- 0 
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I Revlerf Problpm Set ^ ^ 

(eontlnuad) ' , 

Tranilate #aoh_pf tlft following into an open sentence ana 

find the truth letr 

(a) Plna two consecutive Integers whose sum Is 63* 

(b) One ni4mbtfr Is five tlmei another and their sum^ Is 90. 
Find the ^numbers ; 

(c) Jafles Is five years' older than George. If the s.um of 
their age's :''ls .37 j how old' Is each? , 

(d) The perimeter of a rectangular lot 240 feetl -Its * 
area is 2700 squarfe feet, pini^ta length and Its 
width.. i^' 

(e) The ara^ of a triangle Is 60 square Inches, The base 
,ts l6 Inches, What Is the altitude of the triangle? 

■ (f>) The sum of three 
the numbers? 

*(g) The sum of two consecutive^ odd numbers Is a three digit 
number wliich Is less than 1,10. What are the numbers?^ 
*(h) Find two consecutive even nurrtbers ( Integers},^ whose 
^ sum Is ^5, ' 

On a separate 'set of^ axes draw the ^graph of the truth set" 



cons^utlve numbers Is 108, What a^^ 



of 


each of , the following sentences. 






(a) 


2x + y - 4 ^ 0 






+ y 


(b) 


2x + y = 6 = 0 


^ (s) 


X, = 


3 


(c) 


5x + y - 0 


(h) 


y - 


-3 


(d) 


ax ^ 3y 


(1) 


X = 


1 


(e) 


X 4 3y = 6 


(J) 


|x| 




VJrite the equation v/hosa graph has 






(a) 


slope -Jj y^intercept 


(0. 2) 






(b) 


Q 

slope y-lntercept 


(0, k 






(°), 


slope - Intercept 


(0, 0) 






(d) 


Blope 4, y-lntei"oept 


(p, ^0 






(e) 


slope =8 , y-intercept 


(0, -3) 
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Review Problem Set i'^ ' ^ 

^ (continued) 

state thf slope ang 'thi y- Intercept of each of the following 
sentences, ^ * ; / 

(a) y - 3x - 5 ^ . ^\ . , * ^ ' :> ^ 

Xb) 2y'+ 4x i 2 ' / = 

(c) ^ y + 7x^- 5-0 ■ ^ . ^ 

(d) 3y - + 4 ^ 6 ' ' , ; 
X©)^ 4x » 2y + 7 ^ 0 ' - ; 

(f) 3y -^IS^^O ' ^ , ' ' . 

. - » ... 

:' V';V' : ■ ■ 




Ohaptar 17 % 
SYSTEMS OF OPEN SENTENCES 



17-1, Systems of Equations , ' 

^Listed below are some examples of compound open sentences i 

^ ^ X + 1 - 5=^ or x.,< 7 J 

X + 2 ^ 8 and X > 2, 

< 9 and - x + 3 - 5j, . 

. ' ^ x^ < 9 or > 9. ^ ' 

Some of these compound open. sentences Involve the connecting 
word "or;" others Involve the connecting word "and/' Each of 
the examples above Involves onl^f -one' variable . However, a 
compound open sentence -may InvblveHitwo variables. For example, 

* X + y ^ 5^ 2x - y ^ 3 , 

[ ' \ 2x + y - '1*"^ 0^ and x '+ 2y 5 = 0 . j- ' 

are" examples of compound open sentences in two variables. When 
such' a sentence Involves the connecting word ".and,." it is 
called a system of sentences , If each of the individual sen- 
tences in the system Is an'^equation , It ma^r be called a^ system 
hf equations . 

A system may be written in more than one way. For example, 
the sys.tem r ^ 

2x y I ^ 0 and x + 2y ^ 5 = 0^ 

may be written like this: 

^ j2x + y ^ 1 ^ 0 
1x + _ 2y 5 ^ 0 . 

No matter how it is written^ a^ system of sentences is a 'cop- 
pound open sentence- with connecting word "and.", * ^ 

Recall that a truth number of a compound open sentence with 
connecting word "and" must satisfy each individual sentence in ■ 
the compound sentence. Therefore, an element of the truth set 
of a system oT sentences must satisfy ,each sentence in the 

system* ^ 

Ifix* + y - 1 ^0 

Consider again the system 6f equations | + 2y 5^0 
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There are two indlvl^al equations 4n this syattm. ^ Eaeh of thim 
has Infinitely many sblutlons ,of the fo™ (x, y), Kor* example^ 
the truth set of "x + 2y 5 ^ O" Includes , ' 

(5j 0)j because + 2(o) - 5^ 0" 4s a %v\xm sentence; " 
(1, beoause "1 + 2(2) ^5^0" Is a true sent^caj 
(-1, 3), because + 2(3) - 5 ^ O" Is a true sentence, \ 

However, It Is not true^that each one of these ordered pairs : 
belongs In the truth set of the gygj^gm , . y . i 

In order to- be. In the truth set of a system, an QrArf d " 
pair jTiust satisfy the sentences of the system;, . In jthe case 
abpy^, there are two equations* So arty Element of the trufti set 
must satisfy both equations. * ' - 

From this definition. It Is easy to see why (5i 0)# for 
example. Is not an element of the truth^aet of the system. It 
satisfies "x ¥ 2y -^i^ 0*, ' but It does not satisfy 
"2x + y ^ 1 ^ 0, " ^ . . V 



- If 

^ .. li 



"2(5) + O.-.l ^ 0{' is false. 



I + 2(0^) ^ % ^ G-^ .. Is true. 

In the same way, It is easy to see that '3) Is an 

elemeiftt of the truth gat of the system. " It satisfies ea^h 
equa'tlon of the system* ^ " - - 

"2(^1) '+ 3 - 1 ^ 0" :ir true. ' 
+ 2(3) ^ 5 ^ 0" ^ Is true., 

Check Your Reading 

1. Which of the following sentences, may e\G^ led a system of 
sehtences? V 





X + .y ^ ^ 5J' 


or 


2x - y ^ 3. 




(b) 


2x + y - 1 


^ 0 


and X + '2y 


-.5-0 


(c)- 


X H= y 5 




X < 3. 




(d) 


X + y = 5 


and 


X < 3. 




(e) 


X ^ 6 and 


y ' 


^ -2. 




(f) 


X - 6 or 


y ^ 


-2, 





\ 
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.Chap^ />Xou^ Reading/ 
/eontrrrued) 

How do you explain the fact that (0, 1) . tm not an element 

of the truth set of the system " i ^ 2 ? 

^ l^x + 2y - 9 ^ 0 

How do you explatrx the fact that (-1, 3) l£ an erement of 

the truth set of ^he system \^"J^ol ^ S ? 

^ l^x + £^y = p ^ u 

What must '^be ^.true of each element in the tmth se# of a 
vsystefu pf sentences? 

. Problem Set 17^1 

Xn each bf the parts of this question^ you will find an 
ordered pair listed together with a aystem of sentences. 
In each case* decide whether ^r not the ordered pair 
satisfies the system. 



(b) 


(1, 


3); 


2x + "y - 5 =0 


and 3x ^ 


(c) 
(d) 


(1. 
(8, 


1): • 


'fSx + 2y - 4 = 0 
I , ' .V. = y 

■ fx + y = la . 
1 y < a 




(e) 


(8, 




fx + y = IS 

\' y = s 




(f) 


(1, 


4); 


y = 4 and x - 


y - -3 


(g) 


(5. 


5) 


■fax - y. - 10*^ -d 
\13x - % - 50 = 


0 


(h) 


(|, 




5 ' 

X + y ■= g- and 




U) 


(3, 


2): 


ft : I 


V 
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Problem Set 17-1 
(pontlniied) 

For which of the following compound sentenees Is ' (9, 1) 
an element of the truth set? 

+ y ^ 10 and x < 8 / . '] * " 

(b) X + y ^ 10 or X < 8 

7^ \ . fx + y ^ 10 
(o) I ^ ^ Q 

(d) X + y ^ 10 or X > 8 f.. 
^e) X ^ 9 and 1 ^ ^ - 



(f) 



{ 



Ll^t flw ordered palM that satisfy the ayitem "x + y 20 
and X < 10." ^ 

List five ordered' pairs that do not satisfy tha systemf 

* > . 

X + y ^ 20 I ' ' ' ^ ^ ' ^ 

X < 10 . 7 

4 



5, List five different syitems th§t the.''element (4^^ 2) 
% satisfies . , , 



17-2. Graphs of Sys terns of gquatiohs . ' ' ' 

In the previous sectlonj the truth set of a systerh of 
equations was defined as the set'olt* elem'ants satisfying all 
"fequations of the^ systems However, no mention was made of a 
<flietHod for determining the truth. aetj other than by guesswork. 
Also J no mention was made of how many elements are In the truth^ 
set of a system of two first. degree equations. 

One way to approach^ such questions as these is to draw the 
graph of each sentence In the. system. For the system 

2x + y - 1 ^ 0 
X + 2y ^ 5 = 0 J 
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we have already seen (in the previous section) that'(*l, 3) Is 
an alemant'of tha truth set. The graph of each equation In this 
system has been drawn in Figure 1, 

y " - . .. 




Figure 1 



' .Each 'of the graphs (as Itraftied In Chapter l6) la a line. 
^ Hot Ice the poln^ of Intersection j the poln,t which Is on both 
^ lines r Two different^ lines cannot have more than one pc^lnt In 

C(|[nmon; that la, there *GannQt be more than one point of ln^er= 

section. 

This point of Intersection Is on both graphs i therefore, 
^ Its coordinates satisfy both equations of the system. Since *lt 
Is the orJ.y point of Intersection of %he two lines ^ Its 
. coordinates represent the only ordered^palr tliatl satisfies 
^oth equations. Because we saw In the last section that the 
ordered pair (-li 3) satisfies both equations, (-1, 3) must 
be the coordinates of the point of lnteif*sectlon of the lines. 
Furthermore, (^1j 3) Is the only ordered pair satisfying 
, both equations. There is one and only one element In the truth 
set of the system, 

As another example, consider the problem of flndlrih the 
truth set of the system 



11^ 



{ 



2x - 3y ^ 

X + Sy = 8 . 
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The graph of iaoh equation In the system Is shown in Figure 2, 
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Plgurt £ 

fherejls 'one and only one polnt\pf Intersection of the two lines. 
Fmn /the Mguraj the eoordlnatei 'df thl« point appear to be 
(*j.^2K '^oause reading coordinates from a figure is' 
approximate at bast, this ^rdered pair ihould ^Be"'tested' In eaoh 
sentence ^f the system. 



: ^ "2(4) . 3(2) - 2" 
, "(4) + 2(2) - 8" 

each aide names 

Therefore^ the truth set of the system J^^ ^ 

* \ X + 



Is a true eentenee^ because 
each side names the number 2, 

is a true sentence ^ because 
each side names the number 8, 



3y - 2 



is 



2y - 8 

^ . In the examples ^of this section, the truth set of a 
system of equations was determined from the graphs of the 
Individual equations of the system. 



2)} 



7 
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. Check Your Reading' 

Whmt kind of figure Is the' graph of each of the In^^i^ual 
sentences in the a-ystem. 

jSx 4- y - 1 ^ 0 ^ ' 
|x + 2y = 5 ^ 0 ?v 

2! What le the greatest number of points in which. tvro, different 
' . lines can Intersect? 

3!^ If the graphs of the Individual sentences in the system 



|2x - 3y - S 
\ X + Sy ^ 8' 



are drawn, and the graphs Intersect in a point, what is true 
of the coordi^tes of the*polnt? Why? / " ■ 

If the graphs of the^ Indiv'idual' sentenced, in the system 

j Sx ^ y = 5 ^ 0 (# 

<3x + 2y + ^ ^ 0 ^- ^^ 

are two different straight lines that intersect, how many 
tlements are there in the truth set. of the system? 

Problem Set 17'2 

each. of the figures below, two lines have been drawn 
with reference to a set t>f axis. Assume in each case that 
the lines are the graphs of the sentences of a system, and 
' de^terinine the truth set of the system. ^ 

(a) jb) 
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'Pr^ltm Set 17-2 
(Jcofttlnued ) 

(d) ' 
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Determine the truth set of each of the following systems 
by drawing the graph of each sentence in. the aystem. 
Because reading coordinates from a figure is only 
apflroximate, be sure to teat each pair in both sentences 
the system. ' ^ 

(b) X H y = 8 and x - y = 12 



(c) - y - 



-2 = 0 

3-0 



3y - 9 = 0 



\ 



(e) 3x - 2y = 0 ahd y.. _ x = 3 

(f) X - y = 0 and x ¥ y > 0 

(g) [^^ ' ^ ^ ^ - 
^4x - gy = b 

Ux - 3y + 2 = 0 



^ ; - ' Problem Set 17-2 " . 

- (continued) , , 

(a) Draw *the graph of the truth set off the sentence 
"x + y - 8 or X - y -'s." " ' 
' (b) Draw the graph of .the truth set of the SBntence 

*^ + y ^ 8 and k - y * 2." 
What kind of figure la the graph of the truth' set ^of the 
system ix + y 8 ? 

ix-y^s 



17-3. Solving Systems of Eguatlojia . 

^ In the previous section It was seen that certain systems 
of equations can be solved by drawing the Braph of es^h 
equation in the system.^ This' Is often arvery tedious^ me thoO., 
however, ^and 'it is difficult to read coordinates from a figure 
With accuracy. So, in this section, we shall develop a method 
of solving systems of'equatlons that does not depend on ^rawing 
graphs. 

Consider again* the system 

fsx 4= y - 1 - 0 
i X + 2y ^ 5 - 0 

whose truth set we .have already found to be 3^. Even 

'though the truth set is already known, we shall try to determine 
It in a neW way that will be useful In future problems and ^hat 
will lead to an understanding of .equivaient systems, 

■ Each of the ^equatlons. in tjie system has been written In 
such a .form that ane side Is a polynomial In x and y, ^ and 
the other side is the r^mber 0. Let us build a new equation 
^from the given eqaatj^s and" find what connection it might 
have with the system. First, multiply the polynomial in the 
first equation by any non-zero number, say 7, getting 

7(2x ^ y ^ 1), 
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Naxtj multiply the polynomftl in the secona equation by any- 
non-zero humber, s^^3* getting > I' 

3(x ^ 2y 5). ^ ^ . 

Nexfc^ add these two and form the' equation 

T{2x f y'- 1) + 3(x + 2y - 5) - 0. 

. 

N*w we can^state the following facta about this equation- 
1, The paj^' (=1,.3), which gfetlsf ies . the syiteni 



y - 1 ^ 0 
Sy - 5 * 0 



^also eatlsfles the equation ' - 

7(2x + y 1) f 3(x + 2y - 5) - 0. (Why?) 

Mnce a point Is on the graph of an open sentence if 
its coordinates satisfy the open sentence , then the 
/point (-1^ 3) must be on the graph of 

' 7(2x I y - 1) f 3(x * 2y - 5) - 0. ^ ^ . _ 
In other wprds, the graph of "7(2x +^ y l) + Z 
3(x f 2y ^ 5) ^ 0" contains the po^int (=1, 3), the 
intersection of the graphs of the equations of the 
system. ' , 

-The graph of *'7(2x y ^ i) + 3(x + 2y ^ 5) - .0" is 
a line because the equation Is equivalent to 

Ih^' ^+ 7y 7 + 3x f 6y - 15 ^ 0^ \ 
which is equivalent to , ' . . 

17x 4- I3y 22 ^ 0, 
whose graph, as we know from Chapter l6j is a line. 

By way of summarf, then, we can say that*the graph of 
"7(2x ^ y - 1) f 3(x f 2y ^ 5) - 0" is a line that v 
'contains the point of Intersection of the graphs of 
''2x 4- y ^ 1 , 0" and "x f 2y ^ 5 - 0," 
The situation Is Illustrated In Figure 3, 
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Figure 3 



2x + y - 1 ^ C 
f- 2y - 5 - C 



In the system 

you may have wonder^ed why the number 7 was chosen as a 
■'multiplier",, for the polynomial in the first equation ^ and 3 
was chosen as a ''multiplier" for the polynomial in the second 
aquation. The answer is that 7 and 3 were not chosen for 
any special reason at all. / ny non^sero real numbers could have 
been used. 

For example^ the graph of each one of the following open 
sentences is a line containing the intersection of the 
graphs of "2x + y = 1 - 0^^ and ''x + 2y - 5 - 0,*' That 
iSj {-I3 3) satisfies each sentence, 

4(2x + y = 1) □(x + 2y - 5) - 0 
(^2)(2x y = 1) + (l)(x f 2y ^ b) - C 
(^bO)(2x ^ y - I) ^- 100(x f 2y - 5) - 0 

This list could continue without end. We can say that for 
any non-=zero real numbers a . and b, the graph of 

a(2x ^ y - 1 ) t b(x f 2y ^ 5) = 0 

is a line passing through fcha intersection of the graphs 

of "Px ^ y ^ 1 = C'' and '^x f 2y = 5 - O", 

It Is not difficult to see that (-1, 3) satisfies the 

sentonne ''a(2x y ^ 1 ) f b(x ^ 2y ^ b) - O'S no matter 

777 



17-3 



what niimbers a and b represent, 

a(2(^l) + 3 ^ 1) + b ^-1) + 2(3) ^.S) - a(0) + b(0) - Q 

Check Ycajr Readlns 

1. IB (-1, 3) the solution of the system ^ Y = 1 ^ 0 ^ 
Why? 

V . \ 

2. IS (^1/ 3) a solution of *'7(2k -f y ^ i ) 3(x + 2y 5) - 0"? 
Why or why not? ' 

3= Is (^1, 3) a solutLon of "^2(2x + y - 1 ) i- 10 (x + 2y - 5) ^ tf'? 
Why or why not ? 

• Is (-1, 3) a solution of "a(2x ^ y . i) + b(x f 2y ^ 5) - 0" 
for any non-zero real numbers a and b? Why or why not? 

H.roblem Set 17-3a 

1, (-1, 3) is the solution of the system i^^^^^ ~ } " ^ . 

For each of the following open sentences, answer "yes'' or 
"no" to the question^ "Does the graph of the open sentance 
contain the point (=1, 3)?" 



(a) 


2x *- y = 1 =■ 0 




(b) 


X + 2y - 5 s 0 




(c) 


(2x !- y - 1) t- (x f 2y . 


' 5) = 0 


(d) 


2(gx + y - 1) + (=3.)(x f 


Sy = 5) 


(e) 


X = -1 




(f) 


y = 3 




(s) 


X = -1 and y I 3, 




(h) 


fx = =1 





degree equations whose truth sets contain the solution of 
the sys tern , 

Examnle / ^^"^ ^ ^' " 

^ ■ ' = 7y = 3 - 0 "2(3x = 4y+6) f 3(2x^7y^3) - O" 

is one open sentence whose 
truth set includes the solution 
of the system at the left. 
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Preblem Set 17-3< 
(continued ) 




and ^ 7y - 0- 

3 From the text at this section, w.e know that the scjlution 
(if there is one) of the system J ^ ^ ^ ^ ^ ^ is a 
solution the open sentence 

"b(2k y + 5)^ ^ b(x y - 2) - 0"/^ for any non^zero real 
numbers a and br In this case, determine th^ open 
sentence that results when a is 1 and^-b ls--'l, Also> 
determine the open sentence that results when a Is 1 and 
b is -^2, 

^ ^ It is true> as we have seen-, that for any non^zero reai 
numbers a and b 

a(2x + y ^ 1) + b(x + 2y = 5)^- 0 
is an open sentence whose graph is a Idne containing the inter- 
section of the graphs of "2x + y = 1 - O'' and ^ ''x + 2y ^ 5 - 0 . " 
However, certain choices of a and b lead to especially 
useful results. In the case above, let a be ^1 and let b 
be 2, z"^" - ^ 

(-l)(2x + y ^ 1) ^ 2(x + 2y ^ 5) ^ 0 
(=2x = y ^ 1) MSx f 4y 10) - 0 

3y - 9 - 0 
y - 3 

The graph of "y ^ 3" la ^ line containing the point (^1, 3) 
shown in Figure' 4. Notice that the choice of -1 for a. 
and of ^2 for b resulted in an equation involving only the 
variable y.. Do you see why this choice ted to this result? 
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Figure 4 



There are choice's fo 



^ a and b which will lead to an 
equation, involving onlf the"' variable x. For example, if a 
is ^ 2 and b ir"\^l, we s^t \ , , 

2(2x + y . 1) + (=l){x- f 2y . 5) -"0 



(4x f 



) + (=x 2y + 5) - 0 
3x + 3 - 0 
x ^ -1 



The graph of . "x ^ -1" is also a llne^ containing ' ( ^1 , 3): 
this is shown in Figure 5, 




Figure 5 ^ 
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In Figure 
2x + y - 1 = 0, 



6^ ' the .graphs of the equations 



^1, 



( 



are all .drawn' %*/ith reipect to the same set of axes, 




^4 



This figure emphasises the following important fact: 



Jiia^^wo systems 
I have the same truth set === 



2x f y ^ 1 ^ 0 
X + 2y ^ 3 C 



and 



((^1. 3)} 



X -1 
y - 3 



' Recall that two sentences with the same truth set are said 
to be equivalent. Since a system is a compound' open sentence 
with connec tlng^-'wbrd "and/' the two systems 



2x + y ^ 1 
X ^ 2y ^ 5 



and 



- "3 



represent two compound open sentences with the same truth set. 
Therefore, they are called equivalent syatems . In general, two 
systems are equivalent if they have\the same truth set. 
3 Notice that one of the two equivalent systems above la 
mtich easier to solve than the other. This suggests that a 
system can be solved by forming an equivalent system whose 
truth set is quickly netermlned/ The following example 
Illustrates this method. 



Example . Find the truth set of the system 

1. 



First, let a 
^k{x + 2y ^ 2) 
(-4x ^ 8y ^ 



ba -4 and b 
+ (l)(4x ^ 3y ^ 
8) ^ (4x r 3y - 

-5y = 



be 
7) 
7) 

15 

y 



0 
0 



2y + 2 - 0^ 
4x H 3y - 7 ^ C ' 

Do you see why the 
choice of -Tfor a 
and of 1 'for b re = 
suited in an 
equation involving 
only the variable 

y^' 
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Next, let a be 3 and b be ^2. - 
3(x + 2y f 2) + (-2)(.4x -f 3y = 7) - -0 
(3x f by f 6) f (=8x' = by + 14) ^ 0 

= 5x + 20 



Do you see how the 
choic^ of 3 for a 
and oF -2 for b led 
to the sum 6y + { -6y ) 
resulting in an 



y equatign Involving 
- -5x - 120 only the variable*^ x? 



f 



and 



^ _2 ape equivalent. 



is 



-3)}, 



The systems |,j;^|t 2- C 
The truth set of the system J ^ 

Therefore, the truth set of the system // ^ ^ ^ R 

. ^ . - - - Ox f 3y 7 - 0 

{(^. -3)], ^ 

Do you see that the sentence "x += 2y j 2^0 and 

4x + 3y = 7 - is true when x ii 4 and y is ^3 

and only when x is 4 and y Is =3? 



is 



^ Figure 7 'shows the .oraph of each of the individual 
equations In the equivalent systems of the above example. 




\ P L ^ure'" 



Do you see that the graph of the cyst^^m 



Is the. singla point wrth Goordinates (4, -3)? 



4x * 3y 



?y ^ 2 - 0 
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Check ' Your Reading 

1, Are 'the systems {^/^Zllo ^ 1 . 
equivalent? Why or why not? 

2, Are the systems t y ^ f and ^ ^ eq^i^valent? 
'Why or why not? ..^..^^^ 

3, What Is the definition equivalent systems? 

4.. In the explanation of the text, sentences of they^orm 

''a(2x -f y - l) ^ b(x + 2y - 5) - 0'* were ohtal^ed from the 

^' f 2x + y = 1 - 0 
system ^ g ^ ^ ^ 

One of these sentences Involved only the variable x; what 
values of a and b were used to obtain It? Another of 
these sentences Involved only the variable y; what values 
of a ^ and b were used to obtain It? 

5. Describe the graph of the system "2x + y ^ 1 ^ 0 and 
. X ^ 2y - 5 ^ 0." ■ } 

^ ' Oral Exercises 17^ 3b 

For each of the following systems, an equivalent . system can be 
detamlrTid In which one of the sentences Involves only the 
variable' x, and the other sen teace Involves only the variable 
y. In these exercises, tell what values of a and of tf cari 
be used to obtain the equation Involving only x, and what 
values can be used to obtain the equation involving only y. 



2x - y = =23 



^ y - ^^^^ i ^ ^ -.n 

\x - y - 2 / ^ -^^^ 



jrzK = y -5 = 0 
■■ -t 2y - 25 = C 
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Problem Set h7=3b 



Defeermine the truth set of each of the following systems by 
first determining an equivalent system in which one of the 
sentence^r-ltivolves only the variable x, and th§ other 
sentence' involves only Ihe variable y. For the first two 
problems^ draw graphs of each of the sentences in the systems; 
then give a word description of the graph of .the system, 

y - 22 = 0 \x-+ 2y ^ 25 0 ■ 



/2x + y + 5 - 0 ^ /3 

\ax + 3y - 10 . 0 ' • ^2 



X - 2y +7^01 
2x - 5y - 10 = 0 



3. = 1„ 8. 2x 4 3 



y - -53 . \hx - y - 2 

- 3.5 = 0 

3 = 0 



rsx - 3y 22 - 0 • fx + 3y - 

' \x 4- y - 6 0 '^2x + Hy 

5- '(ax'+^Sy + SO = 0 m. , |x 4 y - 6 = 0 and X + iy. = I 



In the previous ^ec t ion J the system 



9x -f y ^ 1 ^ 0 
X + 2y ^ 5 ^ 0 



was solved by determining the equivalent system 

X - =1 
y - 3 , 

This turned out to be a very convenient equivalent system. 
However^ many other equivalent system.s could have^ been urfSd, 
^^in fact J it can^^be shown that for any non = zera real numbers a 
and the system 

2x + y = 1 - 0 ^ (system l) 

X + 2y - b ^ 0 ' 

is equivalent to the system 

2x + y - 1 - 0 (system II ) 

a(gx ¥ y ^ l) k b(x +' 2y = b) ^ CK 

The systems have been labeled ''system I" and "system II" for 
convenience in the prnof that systems are equivalent, 

which is given below. 
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To show that the systems are equivalent, two things must 
be shdwn:' 

(1) Any solution of system I is a solution of system II. 

(2) M^y Rnlutlon of system II Is a solution of system I, 



(1) Suppose (r,s) is a solution of system I. Then 
the following sentences are truei 2r + s = 1 = 0 

J r + 2s = 5 - 0. 

Is i^fW also a solution of system II? It 
sati^^es th^ first sentence of system II since 
we know that "2r + s - 1 - O" is' true. In the 
second sentence of system II ^ i^f x is r and 
y is s^ the sentence becomes 

a(2r f s ^ 1) f b(r + 2s - 5j'- 0, 
the left side of which may be written 

a(0) 4 -b(0), 

which is zero no matter what numbers a and b 
are,.^ Therefor^i-, the sentence is true^ and (r^js) 
does satisfy system II. We may conclude that 
a nY_ SQlu>lon of sy s tem Is^ ^ solution o.f 
sy 3 tern ■ tl . ^- - 

(2) 3uppos-^ .(n, n) is a solution of system II, Then 
the following sentences are true: 2n + t 1'^ 0 

a(2n f t ^ 1 ) + b(n + 2t - 5) - 0 . 
Is (n,t) also a solution of system I? It 
satL-:fles the first sentence of system I since 
we know that "2n + t ^ 1 ^ O" is true. To see 
that (n,t) also satisfies uhe second sentence of 
system I, remomber that; the sentence^ 
• a(2n ^ t ^ 1) ^ b(n 2t ^ 5) ^ 0 Is true. 
This sentence may be written: 
a (0 ) ^ b(n ^ 2t ^ 5) - 0 
0 b(n -f 2t: ^ [j) . - C . 
b(n * 2t - 5) - 0 / 




P + 'ds = ^ c 
Is (r^^ also a solution of system II? It 
mti^n.es th^ first sentence of system II stnce 
we know that "2r + s ^ 1 ^ O" Is" true. In the 
second sentence of system 11^ l*f x Is r and 
y is the sentence becomes 

a(2r f s = l) f- b(r + 2s - 5)'- 0, 
the left side of which may be wi^itten ..^ 

a(0) 4 -b(0), ' 
which is zero no matter what numbers a and b 
are,.^ ThevBtoT^ ^ the sentence is truej and {r ^b) 
does satisfy system II. V/e may conclude that 
a r\y_ solu>lon of sy s te^m 1^ Is^ ^ solution o.f 
sy 3 tem.- tl . ^ * 

(2) 3uppos-^ .(n, n) is a solution of system II, Then 
the fallowing sentences are true: 2n + t - 1'^ 0 

a(2n f t - 1 ) + b(n + 2t - 5) - 0 . 
Is (n,t) also a solutLon of system I? It 
satL::fles the first sentence of system I since 
we know that "2n + t ^ 1 ^ O'* is true. To see 
tha t ( n , t ) a 1 s o s a t i s f 1 e s uha s e c ond sentence of 
system I, remember chat: the sentence^ 
■ a(2n ^ t = 1) ^ b(n 2t ^ 5) ^ 0 is true. 
This sentence may be written: 
a(0)^b(n+2t^5)-0 
0 ^- b ( n + 2 1 - ) ^ ^ C . 
b(n ^ 2t ^ 5) - 0 / 
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Ix + Sy 



Check Your Reading 
( continued) 

y-l)+5(x+2y.5)=0 

-5 = 0 



5, 2x + y ^ 5 ^ 0 and Y ^ 3 ^ 



V 



( 



X ^ ^1 

y - 3 

Problem Set 17-3c 

fSx = 3v — 4 = 0 

Form a system equivalent to the system J^^ + _ g ^ o 

using the ffrst sentence of the system, together with a 
sentence of the fo™^^^'a(2x - 3y = 4) + b(x + gy ^ g) ^ o," 
where ^ ^ j 

(a) a - -1 and b 2. 

(b) a ^ ' 2 and b - 3, ' 
(g) a ^ ^10 and b - 6, 

Form a system equivalent to the system + ly I 9 ^ o 

using the second sentence of the system^ together with a 
sentence of the form "a(2x = 3y - 4) + b(x + 2y - 9) ^ 0," 
where 

(a) a - 1 and b -X?- . ' 

(b) a - 4 and b ^ jb . 

(c) a ^ 7 and b = =9. / 

Without det>3 mining the truth^ set of the systemj form five 
different systems j each of which Is equivalent to the 
system. 

hx - 3y - 8 - 0 
> <2x + y + 7 - 0' 



( V - 7x + 5 ~- 

To find the truth s^t of the syL ) ^J. ^ y ^ 3 ^ 
the addition property of equality may he applied to each of the 
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equations in the system. The system may then be written like 
this 

^47x + y . 5 ^ 0 
^^^x-y+3^0' 

The following equations represerft a line which contains ^he 

^intersection of the lines whose equations are ''-7x + y ^ 5 ^ o" 

and ''4x - y + 3 ^ 0 ' \^ 

(l)(-7x + y ^ 5) +^ (l)(4x ^ y 4- 3) - 0 
(^7x -f y ^ 5) + (4x ^ y -f 3) ^ 0 

X 



2 
3 



The two systems below are equivalent- 



X 



The system on the left is the one whose solution is to be found. 
Since the two systems are equivalent^ the system on the right 
may be considered Insteari, if there is a solution of the system 
on the right, it must be of ^ the form 

(= |, b) 

since thetsecond equation says that x must bfe - ^ ^ If there 
is such a solution., then, from theVirst equation of the system 
the number b must satisfy the folPDwing: 



■J ".^^3 



b = 5 - C 
0 



b = i = 0 

i{ 



The four sentences above are equivalent ones. Therefore^ if b 
is -y, not only is the last one tr-ue, but Jhe first is true 
a 1 s o ^ and a sol u 1 1 o n o f the s y s t em ha s bee n and \ 

( = =) La the solution of the system |^|^^ Z ^3"^ - 

The method at^^ve is essentially the same as that developed 
in the previous section. The only difference lies in the fact 
that instead of deterinining two equationSj' one , involving only 
X and one involvlni^ only y, we determined only one of thes^ 
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and proceeded directly to the solution. .-mother examplej in 
^which the stepm have been shortened, is given below. 

, Example . 



{ 



?x 


- 5y 


= 1 « c 


This la the system whose- 


4x 


^ 2y 


- 14 » C 


soluclon Is to be found. 


2x 


5y 


- 1 = C 


= 14) s c 


-2( 




5y - 1) t- C+x ^ Sy ■ 


Sx 


- 5y 


= 1 =" c 






i2y . 


- 12 ^ 0 




Sx 


- 5y 


= 1=0 


Thf^^'System is equivalent 






y ' 1 


to the original system. 



. Because of the second 

/ s equation J if there is a 

solution of ^ the eystemj It 
must be of the form (a/ V) , 
If there is such a solutlonj 
the number a must satisfy 
. r the following equivalent 

\/ sentences: 

2(a) 5(1) - 1 - 0 = 
2a - 6 ^ 0 
a ^ 3 

( 3 , 1 ) 1 3 the 3 0 1 u 1 1 0 n o f the o r 1 g i na 1 system. 



" Check Your Reading 

If tbf^ system J^'^ ^ Y - b ^ U ^ Yms a solutiohj Of what 
V„tc^rin must this solution be? 
L If the system ^ ^ ^ y I i ^ -solution^ of what 

form must the solution he? 
L If the system ^^'^ ^ ^ y = ^^2 ^ solution, of what 

form must it be? 
L If ^he system ^^_.Z.^ ^ Z ^ has a solution, of what 



form must It be^ 

In the explanation In the text of this section/ an equation 
of the form ''a(-lx +^ y ^ 5 ) ^ b( 4x ^ y + 3 ) - O" was 
obtained, in which only the variable x was involved. 
What values of a and b were used? 
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. , Problem Het l Y = 3d 

I — — 

Find the tnith .set of each of the following sj^steris by first 
determining an equivalent system in- which one of the eauat ns 
Involves only one variable. 



fx - y = 1 
■^x y ^ 5 

fx - y f 1 
\x = 2y - 



0 

5 , ^ iix y 13 =■ 0 



= 0 
2-0 



3 



f 2x -\ 5y - 7 = 0 
"•I 3x +/ y - 2 = 0 



4. 4x + y = 1 = 0 
and 

'x - 2y -,.l6 = 0 

= ?y - 19 ^ 
= 3 - X 



9. 

IC 





- 3y ^ b 






h y 'h 13 






^ 2y - 1 






^ 3y - 






^- y - 9 = 


0 




and 






- y - 1 - 


C 




+ 4 - 


0 




= s \- 5 ^ 


0 


f 


- 3d - 3^ 






= 2d - 





11. (a) How many elements a r-^ In the truth Bet of ''x ^ y -f .1 
and ' 2y 2 ^ C"? (See problem 2 above), 

(b) How many elements are In the truth sot of ''x ^ y -k 1 ^ 

or X ^ 2y ^ 2 



17-4, 3ys terns of Equa t ions w L th Kany ' o 1 u 1 1 o n a . 
Consider the system i ■ 



J \ ^^x ^ ^.y ^ 2C ^ C ^ ^ 

We knov/ that for any non^r:ero r^nl numbers a and b^^ the 
following system* is equival^-^nt tu the ^d-Ven cne: 

2x ^ ly - ■ - C 

a (2x ^ -y 10 ) ^ b( ^ix ^ ^^y - 5O ) - C . 

If a is -2 and b Is the fnllowiTw: oqulvalent system 

is obtained: 

^ fSx . yj . ir ^ r ^ 

|(^^lx ^ '-r/ s 2C ) ■ i^iv - . pr ) : f, , 

Thi 3 ' sys terr] can wrd. tten 

If. r. 



17-4 ' ^ 

The system seems somewhat strange because ona of the sentenceB 
Is "0 0." Remember, however, that a solution of the iystem^ 
makes the aentenae ) - . , 

2x + 3y - 10 ^ 0 and 0-0 
true, Sinee "0 * 0" is true, any (x,y) satlifylng 
':||||2x + 3y 10 ^ 0" satisfiee the system. There are Infinitely 
' ^ many oraered pairs (x,y). satisfying "2x +^y - 10 - 0.1 

Therefore, thtrs are infinitely many ordered pairs satisfying 
the system 

fsx f 3y = 10 ^ 0 
{ 0^0 

' and infinitely many orde^red pairs satlsfytng the equivalent 

system r ' 



X + 3y - 10 ^ 0 
4x if 6y = 20 - 0 



which we were to solve. As examplesj (2, 2), (5, O), and 

3) are some of the elements of the truth set since they 
satisfy both sentences of the system, 

study the system ^ t ly I lo = S - 
and see if yoti can discover what made it possible to determine 
an equivalent system in which one of the sentences was "0 ^ 0.' 
The answer to this problem will enable you to recognize any 
system of two first degree equations In which there are 
Infinitely many solutions. 

In previous problems, the given system had one and only 
one solution. The graphg of the Individual equations of the 
system were lines that intersected in one and only one point. 
In this problem the system has Infinitely many solutions. What 
do the graphs look like in this case? In the pr'oblem set, you 
will have a chance to find out. 



Check Your Reading 

In the explanation In the text, the sentence "0 ^ 0" was 
obtained by using specified values for a and b in the 
sentence "a(ax + 3y = 10 ) f b(4x + 6y - 20) =0." What 
values of a and b were used? 
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Cheek Your Reading 
(continued) 



How many elementa are In the truth set of "2x + 3y - 10 ^ 0 
and 0^0"? . ■ 

How many elements are in the truth set of the system 



2x + 3y - 10 - 0 

0 - 0 ? 



How many elements are In the truth set of the system 



2x + 3y - 10^ 0 
+ 6y - 20 ^ 0 



Problem Set 17^^ 

(a) Draw the graph of each of the sentenees In the system 

f^x + 3y - 10 - 0 

+ 6y ^ 20 - 0 . 

(b) Is the sentence '*2x + 3y ^ 10 ^ 0" equivalent to the 
sentenee "4% + 6y ^ 0"? How cari one of the 
sentences ^be obtained from the other? 

(e) What Is true of the truth sets of equivalent sentences? 
What Is true of the graphs of equivalent sentences? 

(a) Draw the graph of each sentence In the system 

f X - 2y + 5 - 0 
<2x - 6y + 15 - 0 . 

(b) Is the sentence "x - 2y + 5 ^ 0" equivalent to the 
sentence ''3x » 6y + 15 ^ o"? How Can one of the 
sentences be obtained from the other? 

{t) Determine a system equivalent to ' ly + 15^^% 

which one of the sentences Is "0 ^0." 
(d) How many elements are In the truth set of tlje system 



X - 2y + 5 - 0 
3x ^ 6y + 15 ^ 0 



(a) Draw the graph of each sentence In the system 

f 12x - 4y ^ 0 

^ 3x ^ y ^ 0 . 

(b) Is '*12x - 4y - 0" equivalent to "3x ^ y - Q"? Can 
one of the aentences be obtained from the other? If soj 
how? 



J 
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Probltm Set l?-^ \ 
(contlnusd) ^ ' ' 

(c) impossible to determine a system equivalent to 



^ix I ^ 0 ^^^^^ one of the aentenees Is "O ^ 0"? 



How many elements are In the truth set of the system 

^12x - % ^ 0 
3x - y ^ 0 ? * 1 



(^a) Draw the graph of each sentence In the syitam ^ 

f X - y - 3 
^ 2x - y 6 . 

(b) Is "x - y ^ 3^. equivalent to "2x - y ^ 6"? Can one 

of them be obtained from the other? If so, how? 
(e) Is It possible to deteiTnlne a system equivalent to 

/g^ Z y ^ 6 wh^ch one of the sentences is '-0 ^ O"? 

(djr How many elements are in the truth set of the system 



( 



X » y ^ a 
Sx ^ y ^ 6 ? 



(a) Describe a way in which It is possible to raoognlze a 
system of two linear equations in two variables which 
has infinitely many solutions, 

(b) Describe the graphs of the individual sentences in a 
system of two linear equations in two varlablet that 
has infinitely many solutions. 

Without determining the truth set and without determining 
an equivalent sy3tem> decide which of the following systems 
have infinitaly many solutions. 

(r) f 2x + 5y.» 2-0 ..X /.5x + .Sy - 1.5 

+ lOy ^ ^ - 0 \ X + y - 3 ' ^ 

X + 7y ^ 0 , s hlx + l8y ^ ig - o 

\ 0-0 



3x + 2y ^ 5 ^ 0 
3ax + Say - 5a ^ 0 
a ^ 0 




(c) r X f 3y + 12 - 0 r 



T93 ^ iu 
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Problem »Stt a?-^-/ . - 

( eoijtlnuad)' 

For each of thp following systems (whtr^ possible), 
dete™ine an equivalent sys.tem In whi'eh one of the sentences 
Is "O ^ 0," If ^lt Is not possible^ , state this. 

fa) f^^* - 5y + 4 = 0 , , r X -Wy + 3 * 0 

\6x - lOy +j8 . 0 - I4y + 6 = 0 

(h) f X. - 3y - 1 = 0 /d) 2x + y .'e = 0- 

^°M-x + 3y + 1 = 0 and 

- , 4x + 2y - IS = 0- . 



17-5. Systema with Mg Solution . 

/Sx + 4y. . 
^2x + ,4y + 

For any non-zero real nurn#©M— a b, the following system 
is equivalent to the ^iven one^ 



Consider the system ^%ZZ Zl' 1 ^| I § 



Sx + 4y 10 ^ 0 

a(2x + 4y ^ 10) + b(2x + 4y + p) = 



If a Is 1 and b Is =1^ the following equivalent system 
Is obtained: 

+ 4y ^ 10 ^ 0 ^ 

i (2x + 4y ^ 10) + (-2x - 4y ^ 5) - 0 . 

This system can be written 

r2x + 4y ^ 10 ^ 0 
1 -15 - 0 . 

A solution of this system must make the compound sentence 

2x + 4y ^ 10 ^ 0 and ^15^0 
true. Since "-15 ^ 0" is not true^ there Is no ordered pair 
(x,y) that will satisfy the system 
2x + 4y ^ 10 ^ 0 



^15 - 0 

We must conclude also that the equivalent system 
r^x + 4y ^ 10 ^ 0 



has no solution. 



2x + 4y + 5 =^ 0 



19'* 
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■ ■ . study ^ th. sy^tenr {g } ;° ; » ' / ', ' ' 

and see you cfin dl&eevtr what madi§ It possible to obtain an 
equivalent system' containing the sfentenee "-15 ^^0". Wlft^' were 
.tha values 1 And -1 ahosen for a and b? The ansWrs to 
^ these ^question© *flll helj^ you identify any syitem of tw6 linear 
equations 'that has no solution. 

In the problem set* you will have a chance to discover what 
the graphs of the sentences In a system with no solution look 
llkt. ' ^ ' , 

i - -- = 

4 

% 

Check Your Readlnk 

1. In the explanatlbn In the text, the sentence "-15 ^ 0" ^as 
obtain^ by using specified values of a and b In the 
sentencA "a(2x + 4y = 10) + b(2x + 4y + 5) ^0." What 
vffluee ^f a and b were used? 

2. How man^- elements are In the truth set of the sentence 

"Sx + 4y ^ 10 ^ 0 and -ig ^0"? . ^ 

3* How many elements are In the truth set of the system ' ■ 
2x + 4y , 10 ^ 0 



-15 ^ 0 



Problem Set 17-5 

(a) Draw the graph of each sentence In the system 

^2x + 4y - 10 ^ 0 ^ 



2x + 4y + D = U . 

(b) How is the graph of "2x + 4y - 10 ^ O" related to 
the graph of "2x + 4y + 5^0"? 

(c) Is the sentence "2x + 4y ^ 10 ^ 0" equivalent to the 
sentence "2x + 4y + 5 = 0"? How are the coefficients 
of x and y in the two sentences related? Are 

the constant tferms related the same way? 

(a) Draw the graph of each senL 0 in; the system 



/x + y ^ 6 
|x + y ^ 2 



- 0 
^ - 0 



\ = ■ ■ ■ i - = . '• 



Problem Stt 17-5, 
jContlrwjed) 



(b) Is y * 6 equivalent t to "x + y - 2 ^ o"? 
How are the coefffclents of x and- y In the two 

' sentanoes related? Are the ^constant terms related; In 
the^same way? 

(c) Detemlne a eystern^ equivalent to 1 ^'^^ ^ ' S ^ S In 

A X =h y = 2 - 0 

which one of the senteneer la "4 ^ o." ^--^^^ 

(Hlntr Uee -1 for a and 1 f^r b In the 

ientence "a(x f y ^ 6) + b(x ^ y ^ 2) ^ 0."). 

(d) How many elements are, In the truth set of the system 

- 6 - 0 
2 - 0 ? 

(a) Draw the graph of each sentence In the system 

fSx+y-l^O 
|4x + 2y ^ 5 ^ 0 . 

(b) Is "2x + y » 1 ^ 0" equivalent to "4x + 2y - 5 ^ 0»»? 
gow are the coefficients of x and y Ip the two 
sentences related? Are the constant terms related In 

( the same way? 

(c) Determine a system equivalent to ^ '"^^^q in 
f / 1 



* fx f y^- 
y^ + y - 



which one of/ the sentences Is false. 

(d) How many elements are In the truth set of the system 

= 1^0 
5^0? 



f 2x + y = 

<4x + 2y = 



(a) Draw the graph of each sentence In the system 

fSx - y ^ 4 - 0 
\x+:y^6 = 0, 

(b) Is "2x ^ y - 4 - 0" equivalent to "x + y ^ 6 -0"? 
Do the coefficients of x and y In the two sentences 
seem to be related In a specla^ way? 

(c) Detennine, If possible^ a system equivalent to 

"2x ^ y - 4 - 0^ 



x + y = 5 ^ 0 ^^^^ ^^^^ coefficients of x and 



y in one of the sentences are zero, 
(d) How many elements are in the truth set of 

fSx = y ^ 4 ^ 0 

<x+y^6-0? 
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, Problem Sat 17-5 ' * 

5. ^ Describe a way In whleh a system of two linear equations 
7 in two variables having no solution dan be reeognlzed, 

Desorlbetf^he graphs of the indlvlduar sentences in a system 
6f two linear equatl©€s In two\.varlables h'avlng-no solution. 

6, Wltfeut Tlndlng the try;feh set and without determining an 
eaulvalant system^ tell whether eaeh^f the following ' 

^^^^fcms has one solution, no solutlonSs or Infinitely many 
solutions. 

X . y - 5 ~ - ? 

2x - 2y = 7 



y - 10 - 0 
3-0 



ib) ( 3t> fy - 7 - 0 (^s f 3x + y . 

f X + 2y - 7 ^ 0 ' , s fx-+ y -'2 * 0 / ^ 

i2x - 3y - It = 0 ^b; j + ay 2a - 0 * F ^ 

f3x-y+2=0 ,.rx+y-2=0 a^O 

^ 6x - 2y + S = 0 ^ M ax' + ay - 2b = 0 a h 



(c) 
(d) 



7. For each of the following eystemSj detemlne (If possible) 
an equivalent system in which one of the senteneei is false, 

2y ^ 5 - 0 



^Sx + 4y + 3^^ 0 
f X + 3y + 6 ^ 0 



(c) 2x + y^3^0 and 6x + 3y ^ 5-0 



'^17-6, Another Method for Solving Systemj^ , 

A s ^e**have seen In earlier sections of this chapterj any 
system of two equations in two variables may be solved by 
fbrming'^an equivalent system whose solution may be determined 
at sight. It was also found that some such systems have exactly 
one solution I others have infinitely many solutions^ and 
others have no solution. 

\ 
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There are other me'thpds for iOlvlng such iystems. One of 
thesej often called the "substitution methodj" ii espeelally*' 
convenient In some cases and is discussed In the examples 

followlng,^ ^ 

' f V ^ 3x + 4 ' - 

Example 1, Solve the system 4 gx ^ y - 3 

, = Perhaps from your Experience In previous seotlonsi 
you are able to. .ta'l^l whether thls^ystem ftas one, . 
.many, or no solutions. Howeverj e/en without'' 
* knwlng that the^a -Is a solution^ we can say thati, 
if the re Is a^ solution j certain statements must be 
^ ^ true . ,^ i . 

If a is a number and b is a number such tliat 
the ordered pair (ajb) Is a solution of the above 
system/, then the following sentences -must be^true^ 

, b ^ 3a ^ 4, 

Prom the first of these 'sentences j It can be seen 
that **3a + 4" Is a name for the number b. By , 
adding 3 to both sides of the second sentence^ 
it can be seen that "2a + 3" Is also a name for * 
the number b. In other wordSj if (a,b) is a 
solution of the system^ then "3a + 4" and "2a + 
must be names for the same number. That iSj 
'3a + 4 ^ 2a + 3 
a ^ -1 . 

Thus, it has been shown that if^ (a, b) iS a 
solution of the systemj then a must be -1, 
Since "3a + ^" and' "2a + 3" are both name^ for 
the number b^ either of them may be used to. find 
the value of b If a is -i; Using the phrase 



"3a -H 4," 

y - 3a + 4 

- 3(^1) 

- 1 , 



4 
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Sq, it Hm, b) is a sblution of the iystem, then 
a must be -Ij and b irmst be. 1% That is, if 
^: 4 ^ there is a solutlonj.it mupt be (-1^ l). Since 

, it is poislble, however, that thsre is no solution ^ 
at all, the pair (-1, 1) shquld be ehecked in 
each sentence; of the system, as followsi 

y^^ ax_ + 4 "1 ^ 3(-l) ^ 4'' is tr^e. 

therefore, ^(-1, l) Is the solution pf the ayst#m. 

.another example is dljbusaed below. And you wl-11 notlee 
in' this ease^hat one name for the number^ b has actually - ^ ' 
been iubstituted for another. This Is the reason for the 
name "substitution methodj'' mentlined earTier. 

Example 2. Solve the system If J ^ ^ _ 

If there Is a solution- (a, b) of this system, then 
the following sentences must be true: 

2a ^ b - 7 V In each sentence of *he system. 



a 



+ 2b ^ 



X has been assigned the value 



'i . a, and y has been assigned 

* ^ ^ the value b 



b ^ 2a + 7 ' This sentence Is equivalent to 

"2a - b ^ 7," by the addition 
property of equality. Notice 
from this sentence that if 
(a, b) Is a solution of the 
system., then "2a + T is 
another name for the number b. 



a h 2b - 4 ^ 0 The sentence "a h 2b - 4 ^ o" 
must be true if (a, b) is a 
solutlqn of the .system,. .\lso, 
+ 4a +- 14 ^ ^ ^ C "2a ^ 7'' must be a name for 

the -number b, SOj the name 
^'2a ^ 7*'_ has been "put In," 



a + 2(2a + J) - 4 - 0 



5a ■ IC - 0 



5a ^ -IC or substituted, for b In 



-2 



the sentence "a f 2b ^ 4=0. 



Thus, if (a^ b.) Is a solution, a must be -^2. 
The phrase "Sa 7" may be used to find the 
corresponding value of b, as fqllows: 



^' ^ If ^ Is -2, 2a + 7 ^ 2(^2) 4 7 ' * 

^ - ■ . .4 + 7 ' . 

: ' ^ ' ^ 3. 

therefore. If there li a solution. It is the ©rdetad 
-pair (-2 J 3), This pair should be ohseked In eaeh 
santenee of the original system, 

Balpw is a Whlrd example. You should be able to explain s 

each step, \ ^ ^ 

J [2x + y ^ -9 

^aiBPle 3. Solve the system ^ Sy + 17 ^ 0. 

If (bi b) Is a solution^ then tt^L^ following sen- 
tenoes are truei' i ^ 

2mA b ^ -9 - 
Sa - 2b +17 ^0 

b ^ -9 - 2a 

^ 3a - 2(-9 - 2a) + 17 - 0 ^ 

3a + 18 + 4a + 17 ^ 0 
7a + 35 ^ 0 

a - -5 

If a is -5, b ^ -9 - 2a 

^ ^9 - (-10) 
^ 1. . 

Therefore, if there la a solution, it is (-5* 1). 

Pinally, here Is a fourth example. 

Sample 4. Solve the system J ^^i^ ^ 

-— ^ \y = - |x H 2. 

If there ia a solution (a, b) of this system', then 
the following sentences must be true: 

a =1 3b - 7 

b = = ^ 4 2. . 

f Prom the second of these sentences, it can be seen 

that ^ ^ Is a name for the ni^ber b. Sub- 

stituting this name for "b*' in the first aentence. 
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mm reeiat "o^ 7'* does not mean that we have 
made a mistake I V/hat we have shown is that if there 
is a solution (a, b), then it must b#j true that 
6 m J, Since we r^cogniEe "6 ^7" at a falae een- 
tenoe, wa conclude that there is no soiytion of the 
System, * /• 



CTieck Yqup Reading 

If (a, b) is a solution of the system 
what two sentences must be true? 



fy ^ 3x + H 
^Sx ^ y - 3 ^ 



2. What najna for the number b Is derived from the sentence 
"2a ^ b - 3"? 

3, What is the result of substituting the name *'2a 4 7" for 
"b" in the sentence "a ? 2b - 4 ^ 0"? 



problem Set 17=6 



Solve the following systems of equations using the substitution 
method. 

'^x - 2y 4 7 ^ 0 

y ^ X 1 ^ 

5x y i 15 - 0 
X ^ y s 3 

Sx - 3y - 2 



3. 



y - 2x - 1 






y ^ -X 4 2 




5 


X = 3y 8 - 0 






y ^ 3x 




6 


^^x + y ^ 3 






y ^ -X 




7 


2x 4 y - 8 






y ^ X - 10 




8 



X - 



0 



X - 3y' H 5=0 
{3x - Sy = 0 
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Problipi Set 17-6 
(continued) 

at + 3y ^ 13 f'tx ■+ 5y * 5 

3x - 5y + 9 « 0 Isx + Ty = 7 



17-7, Word Problems > 

W# have seen before that word problems can often b# trans- 
lated Into open sentences In algebra. The truth set of the open 
E^tenc^ then leads to an.wiawer to the problem. 

Many times it Is easier to jise two variables in the trans* 
lation from Korda to openisentences. Below are two exai^les In 
' i^ioh two variables have b^en used in the translation. You will 
notice that when two^ var/ables are used a system of two equatione 
is needed p 

BcMiple 1, Hie sum of two positive integers is 7, Itie 

difference between the integers is 3. W^t are 
the integers? 

i;^t X be one of the inte^rs, My the larger one. 
'nien let y be the smaller integer, ^ 

X H y - 7 This open sentence sayp that the 

Bxm of the numbers is 7- 

X - y ^ 3 ThlB open sentence says that the 

difference between the numbers 
is 3. Notice that we sub- 
tracted the smaller from the 
larger. 

Solve the system 

fx + y ^ 7 We are looking for two positive^ 

s _ ^ integers whose 3\am Is 7 and 

l^x - y - J. whose difference is 3* 

Vft^lting the system as 

fx 4 y - 7 - 0 

|x - y - 3 - 0, 

an equivalent syatem Is 

Jx 4 y - 7 - 0 

I (X + y - 7) (X ^ y - 3) ^ 0, 



.1 



^leh san be wrltt^ 

'js + y - 7 - 0 

St - 5. 



In the first equation. 
If X la 5, we have 
(5)'+ y = 7, 

niua, an equivalent system 
la / „ 

X ^ 5 

y - 2. 



{ 



SOi the truth set of the 
system Is 

{(5,2)3^ 



*Rie n\Bnbers 5 2 ' 

give us an answer to the 
word probleja we started 
with. Both of them are 
positive Integers, ^eir 
Bvm Is 7. TBieir differ- ' 
^ enoe Is 3, 



A oajidy store is going ta make a ^O-poimd mixture 
of fruit centers and nut centers. The fruit 
centers sell at $1.00 per pomidj the nut centers 
sell ^t $l,4o per pound. In order to malce the 
mature worth $1,10 per pound, how many pounds of 
each kind of candy should be used? 

Let f be the nwnber of pounds of fruit centers. 
Let n be the nwnber of pounds of nut centers. 



+ n 



^ 40 



The money value 
of the mixture 
is 44 dollars. 

Thm value of the 
fruit centers in 
Jhe mixture is 
f dollars. 



This open sentence says. that the 
number of pounds of fruit cen- 
ters and the nwnber of pounds of 
nut centers togeth er is 40. 4o 
is the weight oi' the mixture. 

There arp ' 4o pounds in the 
fixture, and #ach pound is worCT^ 
$1,10, (4o)($l,10) - $44. / 

There are f pounds of fruity 
centers, and each pound id worth 

$1. (fy(i) = f. 



80^5, 




Ihe value of the - 
nut eenters in tht 
* mature la 1 , kOn 
dollars. 

|f f + 1.4^ ^ kk - 



t 



Solve the syitem 
ff 4 n ^ 4o 



Biert are n Jowds of nut 
Qtnters, Md eloh 'pound Is » 
worth |l,4o. ^(n)(1.4Q) ^ 
1.4Qn, V 

ThiB opan^ sentenoe says that 
= thi value of the fruit oenters 
added to the valua of'the nut 
centere gives the ^alue of the 
entire mature t O ^ 

We are looking t^r tiimbers f ' 
arid n so that ttiert . are 4o 
psunds In the entire mlxtura 
and the value of ^he mixture 
Is '44 .dollars , 



Vfrite the system as 

Jf + n - 4o ^ 0 

If 4- 1.40n ^ 44 ^ 0, 

Biis is equlvaleat _to 

^ f + a. - 40 = 0 

-(f + n ^ 40) +' (f + l,4to - 44) m Q) 

^'^h can be written 

f 4 n - 4o ^ 0 

n ^ 10. (Vftiy?) 



If there la a solution of 
the systenij n must be 10, 
In the first equation^ if 
n la 10^ 

40 



f 4 /(10) 

f - 30 



l^iua, ah equivalent 
system Is 




We now have an answer to the 
word problem. The cand^ store 
should use 10 pounds of nut 
Genters and "^0 poung"s of 
fruit centers. 



Problem Set 17^7 

Find tv/o numbers whose sum Is ^23, and whose difference 
is 7. 

804 
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Problem Set 17^7 
(continued) 

2. Find tv/o nimibers v;h03e difference is 16 and v/hose B\.m ia 
30. • 

A boy has 10 coins 'totaling $1.6o, v/hich Is made up of 
dimes and quarters. How many dimes and how many quarters 
^ has 4ie? 

A man cashed a check for $5€0, asking the teller to give 
him the amount in 5 and 10 dollar bills. If there were 
70 bills in all, how many 5 dollar bills did he receive? 

5. In a tWo digit number the unltts digit ds twice the ten^s 
digit while five times the unit's digit is 6 less than the 
given number. Find the nimiber, 

6. A man bought '30 pounds of nuts, some at 35 cents a pound, 
and the rest at 50 cents a pound. How many pounds of each 
kind did he buy if %ie mixture cost him. cents a pound? 

7. One day Mr, Brown employed five men and three boys for $68. 
The next day he ejiployed three men and five boys for $60. 
How much did he pay each man and each boy for one day's work? 

8. How many pounds of seed at $1.05 a pomid may be mixed with 
seed v;orth $.85 a pound to give 900 pounds v;orth $.90 

a pound? 

9. Mr. Raynelle invested $10,000. lie invested part at 5% 
and l:he balance at 6% , If his yearly income v/as $5^8, 
how much did he invest at 5% V !Iow much did he invest at 

16 % V ■ = 

10. The c our Tie of an en-^my a ub marine as plotted on a set of axes 
can be given by the equation 2x 'i 3y 9. On the same axes 
a destroyGr^n course in indicated by the graph of x - y ^ 
At v/hat point fio t:he path;; oi' the deatroyer and submarine 
internee t ? 



4g 
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17-8. jiyjatomu oV In a qua 1^1 1 i e a . \^ ^ 

Systems of equations are not tha only syo terns that are 
important in mathematics. Tlie open s^entences in a systenrmay be 
Inequalities as v/ell an equations, Foi' example the compound open 
sentence 



X : 2y 



0 



l3 a system of Inequalities in tv/o varlablen. It is often 
v;rit:ten like thin: 



X 4 2y 



> 0 



X " y = 3 > 0, 

Juot a;.: with a system of equations, a solution of a system of 
inequaiitien is an ordered pair tiiat satisfies both Ineqiialities 
of the system. 

To see v/hat the tr-jth set of the above system is, first draw 
the r^raph of 2y - ' > Tho_-/j;raph is shovm in Figure 8. 



'Z<< 



-i-- -I — I- 
-6 - 4 



- I I i I-.. !■■ I 



' Fi-';ure 

From Chapter 1^, we l:now that tiie sot of points ''above" the line 
"x ^ 2y ^ - -r 0'' represents orderod pairs that satisfy the 
inequality ■ = - \> 0''. 0:/ coiu^se, there ai-e an infinite 
niunber ni ti.jno pairs: :;u we cannot list them. Hut at least 
thi^ .^waph ^;]Lvo:\ us a Iwwd .a' ''nif'turn" or the truth set of the 
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inequality. (Notice that the line 2y - ^ = 0" is dotted, 

since we do not v/ant to ineludo points on the line.) 

Next look at the graph of the second inequality in the 
system-- "2x = y ^ 3 > 0. ^' The Graph is shown in Pisure 9- 




i-ar;uro y 

The set of points ''below" tne lino "2x ^ y ^ 3 O" repreoantG 
ordered pairs v/hich satisfy the -InGquallty "2x = y = 3 > O". 
Acaln, there are infinitely many of them. The graph Just helps ^ 
us to get a picture of thenn 

The tv/o graphs above did not represent a nev/ idea; v/e 
fsraphed inequalities in Chapter 16, But remember that v/e are 
looking for the truth set of the systom 

Jx Py ^ ■ >;q 

To be in the truth set of the system,, an ordere^d pair must be in 
the tiruth set of both inequalities of '^the' ^system. Let's try 
drav/ins the graphs of the tv/o inequal Lt:lvs-- on the same set of 
axes. Tills is shovrn in ]^l:'^x^e 10. 
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H ¥ 




Figure 10 



This graph gl\^es us a picture of the truth set of the system* 
Notice that the £^raph of one inequality is shown by a shaded 
^region with lines running in one direction; the graph of the 
other inequali.^y Is shov/n by a shaded region v/lth lines riinning 
in another direction. The region with "criss-ci'^oss " shading 
(lines running in both directions) shows points that belong to 
both graphs. All the points^ in' this criss-oross region repre- 
sent order^ed pairs that satisfy both Ineqiialities . l^erefore^ 
this region is a graph of the truth set of the system, 

There are infinitely many oi''dered pairs in the truth set . 
Vie cannot list themj and so v/e^ must be satisfied v;lth showing 

the g r a p h o f t h e3 t _r u t h s e t . 

f 3x ^ 2y 5 - 0 
In the system | ^. ^ ^ 9 ^0, 

one of the open sentences is an equation, and one Is an 
Ineciuallty* The truth set of the system can 
be shovm graphically. 

The piraph of "3x = 2y = 5 = O' 
is shov/n In FLf^iu'e 11, Every point 

the line represents an orde^red 
Dalr which satisfies the e^quatlon. 




8o8 



ERIC 



I7r8 

'me graph of "x 4 3y - 9 1 0" 
Is Bhomi in Pigure 12. E^ery point 
on the line "x + 3y - 9 ^ 0" and 
» evei^ point below the line repre^ 
sents an ordered pair which satis- 
fies the Inequality. 

0 




The graph of the system 



3x ^ 2y ^ 5 = ^0 

; ( 3y ^ 9 < 0 

can be shovm by drav/ing the graph of --2k - 2y 

"x 3y = 9 < 0'' on the sarne^ set of axes 
In Pigure 13, 



b - 0" and 
The graph Is shown 




Pigure 13 



The graph of the nystem io the set of points that belong to 
both of the grapha of the Individual sentences of the system. 
In the figui^o, thlu Is nhowii as tha^ "darkened" part of the 



line 



2y - 5 - 0' 
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^ Problem Set 17^8 



For each of the following systems/ drav/ the graph of each nentence 
in the system, and indicate the truth set of the system by 
appropriate □hading . 



5, 



2x -1 y < H 
?x " i y > 6 ^ 



L " ^ y i 5 t2x . y < 6 



J2X ^ y ^ 4 < 0 

[^x - 2y = 8 < 0 



10, X \'^y < 8 and x 



11 



0 Summary 

1 , Ac omp ouiid o p o n s e n t e n c e v;i t h c o nn e c t ing v^o r d ' ■ and ' ' la 
called a system of Gentences , The sentences may be equatlon£ 
or 1 n e qual 1 1 1 e s 

2, The truth set of a system of sentences in x and y is the 
set of all ordered pairs (x, y) that satisfy all of the 
nentencoG of the system. 

3, SysteT^s v/ith the same truth set are cal3,ed equivalent 
s y^te m_s_ 

' K A s y s t e m o f t v/o V i r n t d o g r e e e q ua 1 1 o n s In t wo va r lab 1 e s may 
have 1 " ^ 

(a) exactly one solution ^ in v;hich case the graph of the 

system lo the single point of intersection of the 

.■^^raphs of the tv/o equatlonSj 

"\ . 

810 



J 



(b) no solutions , in v;hich case the graph of the system 
containn no points because the graphs of the sentenGes 
of the system are tv/o line that do no^t Intersect; 

(c) Infinitely many sol ut ions , in which case the graph of 
the system is the set of all points on the one Una 
v;hich Is the coincidine S^aph of each of the sentences. 

The truth set of a system of Inequalities may be shown by 
drawing the graph of each riontence of the system v;lth 
reference to the same set of a.xes and shading the appro- 
priate regions. 

Systems of open GentenceG fui^nish a mathematical model for 
the solution of many word problems. 

\ 

\ ■ 



Hoviev/ Problem Set 
v^ich of the following can be called a system of sentences? 

(a) 5x ?y = 7 and x = 3y ^ 5 

(b) X:y^5 or x - y ^ 3 

(c) (x ^ 2y . 3)(2x y ^ 8) ^ 0 

(e) 3 < X < 7 

X 2 5 

en: the Bystem of enuationn 

■ - y ^: J 
^x ^ 3y ■ 7 - 0 

(a) Verify that the bhuth set is [(2, 3)j. 

(b) Olvo a nuniber pair v/hich satisfies each of th^; follow^ 
Ins- 

(3x ^ y ^ 3) ^ P(x ^ 3y 7) = 0 
- 5(3x ^ y ^ 3) . (^3)(i^ = 3y . 7) = 0 
lP(3x = y ^ 3) -i i^j ^ 3y - 7) - 0 

(c) Find a and b so that the graph of 

a(3x - y = 3) i b(x 3y w ) - 0 ■ 
Is a hQri:i^ontal ...Ine, 



Review Problem Set 
(continued) 

(d) Find a and b so that the graph of 

a(3x - y ^ 3) H- b(x - 3y 4 7) - 0 

Is a vortical line, 

(e) Find a and b so that the graph of 

a(3x ^ y ^ 3) -i b(x - 3y 7) ^ 0 
contains the origin. Hint- If the graph of 

ax -i by c ^ 0 contains the origin, 
then G = 0. 

Find the truth □at of eacii of the following open sentences 
and systems of equations. 



X ^ 2i; ^ 0 
x 4- Sy ^ 0 



(a) |x - -^;| ^ 0 (g) 

(^) 7x ^ 4 . X . 8 = 3x - I M . 2y - 4 . 0 

(d) (x ^ 7)(x . 2)^x - 4) - 0 fx A 2y 4-7-0 

(e) 3x^ 15x -f 18 0 t % \ 21 ^ 2 

(f) x y . P > 0 (J) - - 2y 

L^-y - 8 ^ lOx 

Draw the graphs of trie truth sets of Problem 3 (a), (b), 
and (e) on the number Una; and (f), (g), (i)^ and (j) 
on the plane. 

Find the ;.ruth sen of ''|y| < 3^^ and draw its graph if it 
is considered as a sentence in ^ 
(a) one variable (b) tv/o variables, 

Gompleto this statement- To every number pair there 
corresponds exaa ^ly ____ in the plane and to 

ever^^ point in the plane there correspondB exactly 

____ ^'o^ ^ given set of axes in the 

plane. This is an axample of a one-to-one correspondence. 

Draw the graph of the ^ truth set of each of the systems 
which follov/: 

(a) 1^ ^ y ^ 1 < 0 (b) J- 3y ^ 9 > 0 



He view pi-^'Oblem dot 
( continued ) 

Refer to the polynomial -x^ = 2x~ ■ x : 7 to anav^er each 
of the follov/ing questions: 

(a) Which is the oecond dcji^ree t:erm\ 

(b) What iB the degree of the polynomial? 

(c) msLt l3 the coefficienl ^f the firat detsree term? 

( d ) l^ia t i s t h e c o n s t an t t e I'm. 

(e) V/hat is the coefficient of the third degree term^ 

(f) Wiiat iy the exponent of tne first degree term? 

(g) What is the coef f ic lent ^ o f the fourth degree term? 

(h) If the polynomial is set equal to zero do we have a 
polynomial equation\^ - 

(i) Doe3 (=1) satisfy zht^ equation In pai^^ (h) of this 
problem': 

Refer to the niunber- pair (^3,-1) to answer each of the 
following questions: 

(a) 'What is the x aoordina^' 

(b) V/hat is the ordinate? 

(c) In v;hat quadrant , does the point lie that corresponds to 
the nuinber paii'*? 

(d) What is the opi^ooite of the abscissa; 

(e) In what quadfS|.nt do we find the point with the same 
abscissa and tke opposite ordinate 

10, Siinplify each or tne iV,i lowing expressions. 

(a) 7x(22. y^x') (r) (=Vfll)^ 

(b) ^ (11a : bh) ^ (-P5a ^ ; d;0 (-) (V^Ya)- 



s2ay"' 3a'" 



2 



V2ab 



'd ? 



Review Problem Set 
( continued ) 

When a tr^ee grov/s in ihcreasea ito radiua each year by 
adding a ring of nav; wood. This rlnii is made up of dense 
wood laid dov;n v/hen the tree iu growing slov/ly and light 
v/ood when it is growing rapidly, A certain tree increased 
its radius by 50 mill Imat^s during 365 days, during 
rapid grov/th it adds wood at the r^ate of . millimeters 
per day. During slow growth it adds wood at .10 milli-^ 
meters per day. How many days of rapid and slow growth did 
the tree undergo' 

Two neighboring populations of snails differ in the pro- 
portion of red shelled individuals, Population A has 
jO % red whilo B has only 75% red. Some migrants 
from these populations meat and form a new colony with 
78 % red shells. If the new colony has a tot;jl of 200 
snails in it, how many snails were contributed by popula= 
tion A and population B to the new colony v 

A ua^ple of plant tissue v;as weighed fresh and then the 
water was completely evanurated and the dr-y material 
weigi^d again. It was found that the dry welndit was ~ 
of the fresh weight and the difference between| fresh 
weight and di-y weight was 100 grams = V/hat vjas the fresh 
weight 

An expo Lmentei' weighed batch of flies containing 2 
-females and '6 mrues. average Vv eight of nhc 10 

flies v;as 750 micrograms eacn. . V/lien^v/eighed sepapar^ely 
tne females weighed j-Q and 980 micrograms each. ^at 
1.*; tiie avera/'C weight of tne : ma^^esV: 
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Chapter l8 



■nATIG POLYNOMIALS 



A 

V 



OraphB of Quadratic Polynomlalg « 
In Chapter 13 It v^^ir said that polynomials such as 




are call eel quadra t i c p o ly nornlal s in x ^ b e c a use each o on t a 1 n s a 
term of second degree and none of higher degree. Any polynomial 
in X which can be simplified to this form is called quadratic. 
For example* "2x(x - 5) + 3" Is a quadratic polynomial because 
It aan be simplified to the form "2x^ - lOx + 3" in which a 
second degree ten: and no higher degree term is present. 

Compar'^? Ine four polynomials listed above. They .are^ all 
quadratic polynomials in x. What makes any one different from 
the others?, The f;_Qrm is the same, but the ■ coefficients of the 
'terms differ. A specific)' quadratic polynomial is determined by 
the coefficients of its three terms. Thus^ if we^sree to list 
the coefficients in the order of the degrees^^*r~ the terms^ the 
three numbers 1,-3,-3 determine the first quadrati^c polyno- 
mial above, ^'x"^ - 3x - 3*' . The three numbers 2, 0, 5 ^deter- 
mine the second quadratic polynomial above, "2x" =H 3"* What 
three numbers determine the third quadratic polynomial above? 
The fourth? 

In /^nr-iernl, any "qlr^;^: real numbers A^ B, C, with A ^ 0,. 




can simplified to this 
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Oral Exerclsea l8-la 

In each of the following decide whether or not the phrase la 

and 



a quadratic polynomial 


In 


X. -If 


the phrase Is a quadratic 


pol^omlal in x, give 


the 


val ues 


of the cDefflclenta A, E, 


w Ul yfle I UPITI MX T 


Hx + 






1, ax^ + 4x + 5 




8. 


X + 8 


2. X + 6x + 8 




9. 


i 

X + B - 


3. - Dx - a 




10. 


bX^ + ix"^- - LX -f 4 


^. -3x2 + 5^ . 1 




11 , 


5x^ - ux + 4 


5. -x^ 4 6x + ^/2 




li. 




6. mx^ + 8x 




13. 


(X + 1)-' + 5 


7. -x^' + 14 




1^+. 


x^' + tx + k 











The ^raph of the quadra tic polynomial in x , Ax^^_ + jBx +/ C ^ 
is the graph of the open sentence 

y ^ Ax^ + Bx + C , 

where y representg th^ value of the pQlynomlal for any real 
number That is, the graph is the set of all points (x, y) 

in a plane where x la any real number and y Is the corres- 



ponding value of the polynomial Ax^ 
acample* Dr^aw the graph of x^' - .ix 

A number of ordered pairs 
(Xj y) vihlch satisfy the 
open sentence 
.2 



+ Bx + C, 



y ^ X 



^x - 3 



are 1 n d 1 g a t e c3 in the table 
at the right* In several 
caseg, the value of the 
polynomial has bean left 
for you to determine. 



X, y 

'2, 5 

II 

-I. 

0, 

1 

J' 



3, 0 
4. 
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The o inta corresponding 
to t.i . ordared pairs (Xj y) 
in the preceding tafile have 
been plotted in Pigura 1. 
Can you guess where other 
points of the graph might 
be? 



In FigurQ 2^ a Hmooth curve 
has been drawn, containing 
all of the plotted points. 
It seems reasonable to say 
tnat this curve is a part 
of the .^raph of =^ 2x =3. 

A more syistexatie discussion 
of the "snape" of such a graph 
will be f^jurid if; later work. 
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Figure 1 , 
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Figure 

For all points (x, y) plottec in Figure ^ it is true 
that 1 X s Vnlue3 of x leas than -2 and values of x 

greater than were not: llste:i in the^ table nor cDnsidered in 

the graph. Keep in mind thai, tnc- ^;^raph of k"^ - dx - 3 has no 
endpolrv.s wnen tne do:naIn uf x is not restnicted, 



:3il^^'j5 Head ln|y 

1, The gr^aph c/f thu; pul;/ngmlaL A> 
what operi sen^-.nr^-^? 

2, What Is the value (.f tno oolynomlal 

3* -"^s trie graph of th^- polynomial x 
Dints ? 



M^x ^- C is the graph of 

- dx - 3 if X is 17 
^ 2x ^ 3 have 
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Draw 


1. 




2. 




3. 


x2 = 


4. 


x2 + 


5. 


x2 + 


6. 


a'' 


7. 


x2 - 


8. 





Probliem Set l8-lb 
Draw the griphs of the following polynomials, 

'or X guch that -2 ^ x ^ 2 

r 

for X such that -2 ^ x ^ 2 
\, ^or X such that --3 < x £ 3 
for X such that -3 ^ x £ 3 



+ 4, for X such that -1 < x £ 5 
-X" + 4x - 4, for X auGh that -1 < x ^ 5 



From 'the graph of x- ^ which might be called the simplest 
quadratic polynomial, muct> can be learned about the graphs of 
other q'ljadratic polynomials . We begin by comparing the graphs of 
the following: 



> y 



Th 



ese graphs will help in understanding the shape of the graph of 



ax 



where a is any non^zero real number. 

A ligt 0^' values of each of the four polynomials (for cer- 
tain values "^bf x) is given below. Some values have been left 
for you to determine. ^ 



X 


-3 


_2 


3 
^2 


-1 


1 


0 


1 


4 
1 


2 


3 




; 9 __ 






J 




0 










- 2x2 


18 


8 




2 




0 














2 




r 














1 2 


-1 


-2 




1 

^1 


■ 


0 











18-1 I 
The gra 



iraphs of the f our;^olynomlals have been drawn with 

_ . • . - = _ • 

reference to thi same set of akea In Figure 3. Some af the 

i^uestlons In the problem set ean best be answered by referring 

to this figure. . ' 
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^Plgure 3, 



■ Check your Reading 

What one point is contained^ in all four graphs? How does 
this show up in the t^ble of values? in the graph? 

Notice in the table o^^vaiueg that the valuee of the four." 
polynomials are the same for 3 as for ^3, the aame for 
g as for and the same for" 1 as for -1, la thert 

an explanation for this? Give an example of a polynomial 
for which this woul^ not be true. 



6. 



18-1 

Problem Set iB-^lo 

2 2 - 

Gompar© th© fraphi of x and 2x / Oiven the graph of x 

2 / 

how could the graph of 2x be dra^h without preparing a 
new table of eoordlnatea? (Hlnti iNotioe that each value o 



2 \ 2 

2x Is twice the corresponding value of x.») 

2 

2, Draw the graph of x for x aueh that -2^ x ^ 2. 
1 _ - 2 

Then draw the graph of 5x , 

2 _ 12 

3, Compare the graphs of ^ and ^ , Given the graph of x 

12-^ 
how could -the graph of ,^x be easily drawn? 

4, Draw the graph o^ x^ for x such that x ^ 2, ^ Then 

12' 
draw the graph of -^x , 

12 1 2 _ 

5, Given the graph of , how can the graph of ^ jfc be 

obtained from It? Describe how bhis shows up In t'he table 
of values »as well as in the graph of Figure 3. 

2 

6, Given the graph of x , draw the graph of -x . 

7* &p3^1n how the graph of ^x^, where a Is any non^zero 
numtfer^ can be obtained from the graph of ax". 

8* Does it seem correct to say that the shape of the graph^ of 

2 2 
ax Is ttee same as the shape of the graph of x ? If . a 

is 10, how do the shapes compare? If a Is ,1, how do 

the graphs eomparel 



The previous eectlon showed that the graph of a polynomial 

p 2 ' 

ax (a ^ 0) is easily obtained from the graph of x . Bo the 

problfm of graphing all quadratie polynomials of the form ax- 
where a is any non-Eero number, has been solved. However, 
such polynomials form only a subset^ of all quadratic poJ.ynomial 
Therefure, the problem of drawing the graph of any quadratic 
polynomial demands more attention, J 

Another form of quadratic polynomial that might' be con^ 
sidered at this time la llluetrated by ■ . . 

.2 ' . i. 



Prom the form of this polynomial, it seems possible that its 
graph may be closely related to the graph of 



The graphi of tWese two polynomiali have been drawn In 
figure I, 
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Figure 4 
1, 



Notice that the graph of "y m Mx - 3) 



2.1 



hpg the jama 

ghape as the graph of "y * jx^*'. The point (3,0) on one 
graph seems to correspond to the point (Oj 0) on the other^ 
and It Ilea ^3 units .to the right of (OjO), Similarly, each 
point of the graph of "y « i(x - 3)^" can be thought of as 
having been obtained by "moving" a corresponding point of the 

i 1 2 

graph of "y ^ 53c to the right 3 units* More briefly, it 

Is 3 units 



might be aald that the graph of "y * |-(x - 3j- 
^ the right of the graph of "y * |x^**. 



The graph of 



moving the graph of 
right. 



The graph of 



"y - i{x • 10) 

12 

moving the graph of "y - •• " 



2„ 



can be obtained by 
4 units to the 

can be obtained 

10 units t6--the right 



How does the graph of 
the graph of "y 



^y - _5(x - 6) 



2fi 



compare with 



By way of contrast^ suppose we had started this section by 
considering the polynomial j(x + 3)^ Instead of the polynomial 



I ' How do you think^the graph of "y ^ i(x + 3)^" 

compares with the graph of "y m ix^''? 

Y^ou will have a chance to check your answer to this question In 
the first problem of the problem set. ' r 

> • 



X8-1 

i 

Check Your Reading 

1. In this section, the graph of ^(x - 3) Is shown to have the 
same ihape a-s the graph of what other polynomial? 

2. In what way can the graph of j(x - 3)^ be obtained from the 
graph of Jx~? 

3. How does the graph of "y - 5(x - 6) " oompare with the 
, graph of "y - 5x2"? 

Problem Set 16 -Id 

1, Prom a table of coordinates of points, draw the graphs of 

y - |tx + 3)^ ^ and y ^ ix" 

wlth reference to the s,ame set of axes. Does .it appear that 
the grapt^of "y * ^{x + 3)^" can be obtained by "moving" 

the graph of "y ^ jx^"? If so, describe the movement* 

2, For each of the follDwing, describe how the graph of the 
first equation can be obtained from the graph of the second 



equation 










(a) y- 


3(x +-4)2j 


y 




3x2 


(b) y = 


3(x - 4)2; 


y 




3x2 


(c) y - 


2(x - 2)2; 


y 




2x2 


(d) y- 


2(x + 2)2; 


y 




2x2 


(e) y - 


-2(x 3)2; 


y 




-2x2 


(f) y = 


-f(x + 1)2; 








(g) y - 


|(X 4 |)2; 


y 




ix2 


Mh) y- 


5(x + 7)-; 


y 




5(x = 7) 



3, If a how can the graph of "y ^ a(x - h)^'! 

obtained from the graph of ' ^ ax"", where h is any 
real number? Be sure to consider the following cases In 
giving your answer: 

h > 0/ h - 0, ' h < 0,, 



3 ^4 . 
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In the preceding seetion, it was seen that the graph of 

y w a(x - h) 

ean ba obtained by "moving" the points of the graph of "y * ax; 
hoAgontally (to tha left or right). It seems natural then to 
ask if there is a quadratic pplynomlal whose graph can be ob- 
tainM*by a vertical (up or down) movement of the graph of 
"y - ax^". 

l-2n 



and 



'y - |x2 + 3", 

A table of values for each of these polynomials is given belovf* 



Let us compare the graphs of 
ible of values for each of thi 
In ftgure 5, the graphs of both have been drawn. 
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Figure 5 



for any 
Of 



the vaUje of jx^ +3 li 



It can be seen botMVrom the table and from the grp^h that. 



3 greater th; 



in 



the value 



This means that the graph of ijc^ + 3 can be obtained 



by moving the graph of jx^ 3^ units upward . For exaro^lej the 
point (0, 3) is 13 unlts^ above its corresponding point (0, 0), 
Notice^ that the shapes of the two grapha are the same . 



\ 
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In Figure ^6 J the graphs 
"y - i(x - 3)^ 

dra' 
Of. 



3)2" and 



- 2' 



have baen 



drawn, together with the 'graph 

9 Do you aee that the graph 
1/ ^^2 



Of 



3)^ 



- 2' 



has the 




same shape as the graph of 

- |(x - 3)^** but is 2 

tg below It? For example, 
the point (3, -i) can be 
thought of as having been 
obtained by moving the point 

(3* 0) 2 units downward, ^ ^ 

Notice in Figure 6 that the graph of "y ^ i(x - 3)^ - 2'* 
is 3 units to the right of and 2 units below the graph of 

y.^^. 



Similarly^ the graph of y • 

7 units to the left of and 
2,t 



Is 



unite below the 



graph of y 
The graph of 



2x 



Is 3 units 



to the right of and ]^ unit above the graph of 



"y - -5x2", 



At this point, the following summary can be made^ based on 
the graph of 



ax 



y^a(x -h)^+k 




(aV, 0). 

has a graph which has the same 
shape as the graph of "y ^ ax ^ 

ut Is |k| units above or below 

\ the graph of "y ^ ax~", 

" \ - . i 

\ and l3 I h I units to the right 

or left of the graph of 

y ax 

You have probably already made your own pbservatlons about how 
the numbers k and h determine whether the vertical movement 
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li up or ddwn and whefchtr fcht horizontal movement Is to the right 
©r to fch® left. 

The probltm of drawing the graph of any quadratic polynomial 
has now been solved* Ivery quadratic polynomial, ap we shall 
ioon aee, cari be exprtiitd In thm form 

a(x - h)^ + k, a 0, 

and once this form is determined, the graph la easily obtained 
from the graph of "y ■ ax^", \ , < ^ 

Check Your Readlnp ^ v^^c 

1, How can the graph of jX" + 3 be obtained fi^m the graph 
of |x^? 

2. How can the graph of "y = ^(x - 3)^'^ be obtained from the 
graph of 'V ^ ix^"? 

3*. in this section, a summary Is made of the relationship be- 
tween the graph of "y * ax^'' and the graph of / 
"y ^ a(x - h)2 + k,*' " « 

(a) How do. the shapes of the two graphs compare? 

(b) What relationship between the graphs is determined by 
the number h? 

(c) What relationship between ^the graphs is determined by 
the number k? 



Oral £xerciaes 18 -le 

1. Which of the following have graphs of the same shape as the 
graph of 'V - 2(x + 3)" -.6"? 

(a) y - 2x^ ^ (d) y ^ 2(x - 12)^ + 157 

(b) y - 3(x + 3)^ - 6 (e) y - 2(x - 10)^ 

(c) y ^ 2(x +3)2+6 (f) y - (x + 3)^ - 6 

2, What number in the polynomial a(x - h)^ + k determines the 
shape of the graph of the polynomial? 




Oral ^trclaes l8-le 

X 

( continued) 

3, If a 0, describe the way In which the graph of "y * ax- 
must be moved (for example, up and to the right) to obtain 



the 


graph of "y 




a (jt - 


h)2 + k" 


If: 










(a) 


W - 0 and 


k 


< 0 


j(f) h 


< 0 


and 


k 


> 


0 


(b) 


h - 0 and 


k 


> 0 


(S) h 


> 0 


and 


k 


< 


0 


(c) 


h < 0 and 


k 


- 0 


(h) h 


> 0 


and 


k 


> 


0 


(d) 


h > 0 and 


k 


- 0 


(1) h 


- 0 


and 


k 




0 


(e) 


h < 0 and 


k 


< 0 















Profflem iS-le 



1. Deicrlbe how the graph of "y ^ x" - 2'' and of "y * x +2 

2ti 

can be obtained from the graph of y - x , Draw all three 
graphs with reference to the same set of axes. 

2\ How can the graph of "y ^ 2{x - 2)^ + 3'- be obtained from 
the graph of '*y i a(x - 2)^*'? Draw both graphs with 
reference to the same set of axe&. ? 

3. How^can the graph of "y * 2{x - 2]^ + 3" be obtained from 

Pit 

the graph of y ^ 2x" ? Draw both graphs with reference 
to the same set of axes. 

4, How is the graph of "y (x + l)^ - i" obtained from the 

ff 2ii 

graph of y = X ? Draw both graphs with reference to the 
same sat of axes , 

5. How is the graph of "y * -2(x + ^)-" + 3" obtained from 
the graph of "y ^ -2x^"? Draw both graphs with reference 
to the same set of axe&, 

6, Without drawing the graphs, describe the graph of each of 
the following by telling how It can be obtained from the 
graph of soma polynomial of the form ax^. 



(a) 


y 


- 3(x 




if 


*\ 


(f) 


y = 


2 

X + 14 


(b) 


y 


- 3{x 






+ 7 


■ (g) 


y = 




^ = ) 


y 




+ 


f 




(h) 


y - 


5(x - 2)^ + 14 


(d) 


y 


• 2{x 


+ 






(1) 


y = 


-8(x - 8)2 - 8 




y 


' -(x 


+ 


3)^ 


- 4 


•(J) 


y = 


4(3 - x)2 - 6 
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Problem Set l8-la 

(continued) 

«i " ' - ' 

r. Find an open sentence whose graph can be obtained by each of 

the movementg described below, 

units to the right- 
dOM 

units 
units 



(a) 


the 


graph of 


"y « x^*' 


moved 


5 


(b) 


the 


graph of 




moved 


5 i 


i^) 


the 


Hi 

graph of 




moved 


5 


(d) 


the 


graph of 


"y - x^" 

- . 


moved 


5 


(e) 


I the 


graph *of 


"y - x^" 


moved 


5 




and 


5 units 


downward 






(f) 


\the 


graph of 


"y = -x2" 


moved 


1 

2 




bM 


7 units 


upward 






(s) 


the 


graph of 


"y = ax " 


moved 


3 




and 


6 units 


downward 






(h) 


the 


graph of 


.1 1 2„ 
^ - ^xr 


moved 


1 

2 




and 


1 un 1 1 < 


doWtaward 


t 






the 


graph of 


y ^ j(x 


+ 7)^ - 






the 


right and 


4 units 


upward , 






units to the left 



moved 7 units to 



Now that you have learned to draw graphs 'of quadratic poly- 
nomials, it see^ wise to introduce ieveral words which allow us 
to discuss suchygraphs in a more concise v.'ay. 

The graph of a quadratic polynomial Is called a parabola . 
You have probably noticed by now that every parabola we have 
drawn has had either a "hlgheet point or a "lowest point"* 
Such a point is called the vertex of the parabola. The line that 
is parallel to the y-axls and passes through the 'vertex Is called 
the axis of the parabola. 

In Plgure 7, the graph of ''y ^ |(x - 3)^+ 2" has been drawn. 
The graph is a parabola. ^- 
i The vertex of the parabola Is the pllnt (3, 2). 



"x - 3'^ 



The" axis of the parabola is the line whose equation is 
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Do you nee that the vertex 
of the graph of a(x, - h)^ + k, 
a ;^ 0, is the point (h, k)? 
What Is Its axis? 
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Figure 7* 



1, 
3. 



Check Your Reading \^ 
What name Is given to the *graph of any quadratic polynomial? 
What point of a parabola is called the vertex? 
What line Is called the axis of a parabola? 
What are the coordinates of the vertex of the graph of 



- |(x - sf + 2'^? 



5. What is the equation of the axla of the graph of 



"y - |(x ^ 3)^ 



+ 2"? 



Oral Exerclsae 18 ^if 

\ \jive the coordinates of the vertex and the equation of the 
axis of each of the following parabolas. (Note that we often 
speak of an open sentence as a parabola ; this means^ of course^ 
the^ parabola which is the graph of the open sentence.) 



1. 


y 








y 


= 5(x 


= 2f = 3 


2. 


y 






7. 


y 


= 5(x 


+ 2)2 


3. 


y 






8. 


y 


- 5(x 


+ 2)2 + 1 


4. 


y 


- 5(x = 




9- 


y 


= 5(x 


■^a)f 4 


5'. 


y 


= 5(x - 


2)2 + 3 


*10. 


y 


= a(x 





^^0 



18-2, Standard Fermg . 

The graph of "y - (x - l)^ • 4" la a parabola which can be 
obtained by moving the graph^ of "y - x^" 1 unit to the rlghtr 
and 4 units downward. This parabola Is alio the graph or the 
open sentence 

■ I 2 

y ■ X - 2x - 3j 

slno# It is trua that, for any real number x, 

(x - 1)2 . 4 . x^ - 2x ' 3. (Why?) 

The above la merely an Illustration of a statement that was 
made at tbe beginning of this Ghapter — every quadratic polyno* 
mial can be expressed In the form Ax^ + Bx + On the other 
hand, every quadratilP polynomial can also be expressed in the 
form a(x - h) - + and this form Is known as the standard 
torm of a quadratic polynomial. 

From the example In the first paragraph, it, can be seen that 
ohanging from standard form to the form Ax^ + Bx + C la a 
iimple matter. But what about the reverse problem? Given the 
polynomial - Sx - 3, how could the standard form be deter- 

mln#q? ^ 

In the standard form, a(x - h)^ + k, the variable x Is 
involved only In an expression that la a perfect square. There- 
fore, the follDwing approach to the problem might be takeni 

Example 1 , 

2 2 - ^ ^ 

~ 3 * (x - 2x) » 3 This is a simple 

grouping of terms to 
emphasize that a per- 
fect square is desired 
in the parentheses, 

* (x^ - 2x + 1) - 3 » 1 - 2x + 1 is a per- ^ 

feet square. Note 
that 1-1 (that is,' 
0) tes been added. 

^ (x = 1) ^ 4. We now have the stand- 

ard form, a(x-h)2 + k, 
where a la 1, h is 
1 , and k is -4 , 

As you can see, the problem of changing to standard form In- 
volves the process of completing the square, studl^ in Chapter 
3 3, ^ Another exflmple 1?^ given on the following page. Be sure 
that you can explain each step. 
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Example .2 , 



2 

Change x + Bx + 2 to standard form. 

+ tix ^ 2 m (x^ + 8x)'^ 2 _ . 

m (x^ + Bx -f lo) + 2 - 16 
- (x + 4)^ - . 

The method used in examples 1 and i. is a perfectly gen- 
eral^ on^. It can be used to change any polynomial . fofm " 
Ax + Bx + C to gjlandard formj though not all cases are as sim* 
pi© as the, first tv^o examples, A more complicated^ case Is Ill- 
ustrated in toample 3, Be on the lookout for the) step in which 
you seem to be adding 4^ but are really adding 12/ 

ample 3 . 

Change 3x - lax + 5 to stahdard form. 

3x - 12x + 5 ^ 3(x - » 4x) + 5 - The .distributive prop-^V' 

erty has been applied ^-^ 
hare. Ycu will recairV 
that in th^ standard fiof^mj 
the coefficient of X" ir 



the perfect square is 1, 
That is th^ reason for 
this Etep. 

^ 3{x - 4x + ) + 5 It is merely being empha- 
sized that a perfect 
square is desired within 
the parentheses, 

^ 3(x^ - + + 5 12 Here 1b the step^you were 

vtarned aboutl 

x^ - + H is^ a perfect 
square. But do you see 
that 12 (not H) was 
added^ since multlpllca- 
tlon by 3 |s distribu^ 
tive over x ^ ^x + ^? 
This explains the "-12", 
meanings In effect, that 
we have added 12 - 12 , 

^ 3(x -2)^-7 This is the standard form 

a(x - h)2 + k. whare a 
is 3j h is 2, and 
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Changing to standard form makfg drawing the graph a simple ' 
matter. On the basis of the three examples abovej the following 
statements can be made^ 

The graph ^of "y is - 2x - 3" is a parabola 
with vertex (1, -4) and axis "x ^ l" , 

The graph of 'V * + 8x + 2'' Is a parabola 
with vertex ^( -4, -14) .and axis '*x ^ , 

The graph of "y = 3x^ - 12x + 5'1 Is a parabola 
with vertex (2, -7) and axis '*x ^2". ^ 



Check Your Reading 

1, Which of the following is called the standard form of a quad- 
ratlc polynomial? 

Ax^ + Bx + Cj a(x - h)~ + k 

2, Explain why ^'(x^' ^2x+l) - 3^1" names the same number 
as "x^ - 2x ^ 3" for any number 

3, Explain why "3(x^ - 4x + ^) + 5 - 12" names the same num- 
ber as "3{x ' ^ 4x) + 5" for any number x. 



Oral Exercises l£>2a 

1* Is {3x> 2)^ +5 in standard form? Why or why not? 

2. Describe the first few steps to be takey in changing 
3x^ + 5x + 7 to standard form.. 



Problem Set l8-2a 
I 

Tne quadratic polynomials below are in standard form. Change 

each of them to the form Ax^ + Bx + C . 

(a) (x - 3)^ (d) ^5(x + |)2 + 11 

(b) 2(x ^ 3)2 (e) ^(x + 3)^ ^ 2 

(c) 2(x - 3)2 + 6 (f) 2x^ +5 ^ , . 



\ 



Problem Set 18 -ia 
(coLitlnued) 



^he quadratic polynomials below are in the form 
Ax^ + Bx + G, C^nge each of them to standard form 



starred oneSj like example 
more complicated,) 



(a) 
(b) 
(c) 
(d) 
U) 
(f) 



+ lOx - 2 
+ 6x + 10 

- Ibx ^ k 

- 16x 

- 2px .+ 5 
+ X + 1 



(The 

In the text, are slightly 



(l) - - 2 

(h)- x^ - 3x + 2 

(1) 2x2+5 

*(J.) Sx^ - lOx - 5 

*(k) 2x2 + 12x - 7 

*(1) |x- - 3x +• 2' 



3. Changft' each of the fDllowlng to-the standard forTn of a quad- 



ratic polynomial, 

(a) x^ - 2x + 5 

(b) x^ - X + 2 

(c) x^. + 3x + 1 



(d) 
•(e) 



(x + 5)(x - 5) 

2 



3x 



- 2x 

- X - 15 



Without drawing the graphs, deacrlbe the parabolas which are 
the graphs the polynomials In problem 3. 



Draw the graphs of the following open sentences. In each 
caae, name the "points (if any) at which the graph Intersects 



the 
(a) 
(b) 
(c) 



x=axis . 
y ^ X- 

y = 

y ^ 



+ ox + 5 
+ 6x + 9 
+ ^^x + 13 









1 

















In Figure 



the graph of 
3x - 10 



has bean irawn. Can you identify 
the points at which the graph 
intersects the x-'axls? There seem 
to two such points. The value 
0^ y at these points Is zero. 
€n others' words , th« abscissas of 
these points are truth numbers of 
0 ' - 3x - 1.0. 




, ■ Prom tfie. lllufltratlon ibov#, it Qan be aefth thit there ie an 
• impertant ril^tioriiliip between the, graph of -'y m - 3x. - 10" 



and the tru^ set of 



nj2 



3x - 10 0" , 



In Figure 9, *he g?^ph orf " 

"* ' - * - * ^ 

ha§ s^en dravin. What ban be said^ 

-i _ * " ' ' 

about th^ ihtersectlon of the &raph 
with the^'^-axie? Do you see that 
there are. probably no re&l numbers 
which, make ^ " ... 

0 ^ - ix + ^2 

true?' Thus, the tnuth set of 
"xr - 2x -+ = 0'- should be the 
empty set , 
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^^'igure 9 



Prom this Illustration it seen that there is a close 
^etwc 



' ^relatiwship between the graph of "y ^ x - 2x + 2'' and the 



truth set of "x^ 2x +2^0",.^ ^ 
>^ In general, how would you describe the relationship beVween 

the truth set of the open sentence " ^ 

_______ ^ . _ ^ 

Ax"^ + Bx + C - 0 ^ « : ^ 

.---and the -graph of the open sen^eTice ^ •^ "^"^ 

' y ^ Ax^ + Bx + C? . 

Do i/op^ agree that thf numbers in the truth set of 

"Ax^ + Bx + ^ - 0"^ are ^the absclEsas of the points at vghich^,the 

graph of "y - Ax"^ + 3x + C" intersects the x-axis? 



Problem Set l6-2b 



Draw the graph of y ^ x' t 4x-"^d"l . 

Give the abscissa of each point (if any) at which the graph 

* intersects the x^axls. ^ 

'V;hat is the truth set of "x""' - - 21 0''?'^ 



^ / 



1 ' ' ' 



: ' ' Problem Set l8j2^t 

' . ^ (continued) 

a, DrUn the graph of ^ - lOx + 25* ; . 

^ Give the abeeisga of . each point (if any) at /which the graph 
Ifttersecti the x-axls^. , ^ / '/ ' 

What ie^the tt'uth set-^of "x^ - ibx +'25 ^Q"? / 

3. Draw the graph of "y - + 2^'. ' J. 

Give the absclsaa of each point (if any) at which/the grg^h 
intersects the x»axig, 
- What IS tha trijth. set of '*x^ + 2 - 6'*? 

4. How^dbes the igraph of ?y m Ay^ + Bx + C'' show tha^ 

"Ax -H Bx + C = 0" probably cannot have more than two real' 

truth numbers? ^ < / ' * 

\ . ^ / : ' 

5. If "Ax ^+ Bx + C ^ 0" has only one real truth number^ 'how 
^ would you describe the Inuersection of the graph of ^ 

!"y = + Bx + C^' with the x-Q^KlEl 

If Ax +^Bx.+ C ^ 0" has no real ^truth numbers, how would 

you desoribe the intersection of the graph of 

"y ^ Ax^ + Bx + C^' with the x-axl^ . . .^^ 



'18^3. Quadratic Equations . \ . ' ' V V : . 

; ^ JQst as ^»Ax^ + Bx + C" (A. ;^ 0) is^ called a q'u^^aiic poly 
ndmial, so "Ax^ + Bx + C ^ 0'' is%aned a qu6^atfj^ equatldn\ . 
In this section, we shall be ^^concerned with ' tft# ^pr/bl^ 
solving quadratic equations., 

' the problem of solving quadratl^c equatidp^ not a new ^one. 
JO^^apter 13, we solved, qup'dratic 'equation^ 1^ which the quad- 
ratic pol^nQmial could be JPactored over^. the' 'l^ftegers . Ah ex- ^ 
ample suah a case is given below. 
The sentencesi 

x^ + ^ + 12 - 0, 
Jx + 6)(x + 2) ^ 0, ^ I 
, X +^ 6 ^ 0 or X t 2 ^ 0', ^ 
X - or X ^ -a - ' 

gr^ all equivallnt. Hence, the truth pet is [-6, -2: 
m \ 



^ u 




18-3 



hlWo, vie have seen tha^t the truth numbers of a quadratie equation' 
are Indicated by the graph of a ^quadr|ftlc pDlynomia'l , This grap^ 
leal iolsatlqn Is, however, an approj|ima^ticn*ln most cases. Foi? 
example, ifV?, 'were r truth number, ft 'could not be^^^atennlned ^ 
by purely graphical meane , (Why?) In ^Is auction we shaii try ^ 
to develop an algebraic method for determining the truth set of ^ 
any Mjadrat^ic egua tlon . . * - 

Example 1.. Solve the quadratic aquation "x^ - 6x - 16 ^^0", ' 
iiTJt^ sentencee which follow are ^11 equlvaler^ 

^ A T^^r^r-f^nt, ^miare is^dlsj 



X ^' 



6x) - 16 ^ 0 
6x +9) - 16 



A perrect square is^disir^d in- 
the parentheses p ^ ^ ^ 

9 ^ % - 6x 9 is avperfect 

square. 9 -^9 (that zero) 
hag "been aaded. 



(x - 3) - r 25 - 0 



.(5)" - 0^ 



This makes Iti. clear 'that the 
"t memberr is 1 " 
two squares , 



^ Th 

\ left memberr is the difference 



(x - 3 + 5)(x 



3 - 5) ^ 0 For any real ^numbers 

- b^ - (a + b)(a ' 
a Is x^ - 3; b Is 



a and b , 
b). Here 



Henee J 



(x + 2j(x ^ 8) - 0 

X ± 2 ^ 0 or X'8^0 
- x'^ =2 or: X ^ 8 ' 

the truth get is . 
[-2, 8). ' .\. 



Thui the truth number^ of 
8. 



"x^ - bx 



- lb ^ 0 ■ are 
^and 8. This polynomial,, 
x^ ^ ox '^Ib, could have^ been 
factored. over=the integers * 
without completing the square, 
It serves J , however^ to lllus=' 
trate a procedure that can be 
used to solve any quadratic 
equatlDn. 



Example 2. Solve the quadra^tic iquatlon x - 2x 
The sentences which follow are all equivalent. 



2 m 0" 



V9 



ie,-3- 



'i 



(x^ * 2x +1)^2-1 ^.0 - 2x +- i is a perftct 

square, » 

1)^ - 3 ^ d * ■ —Is the left member the dlf- 

■ / ^ . ' ' *'ferenoe, of two^.eqiiaras? 

(x Ip - (Vf)^ ^ 0 ^ # Since 3 m^)^:.^^ do have 
^ ^ * the dlffei:^hce of the squares 

□ f tKD naai numbers, (Note . 
that ^4^^ are no longer factoring 
"^"^^^^he integers . ) 




< (x - 1 +a/3')(x - 1 ) ^ 

^x^-,l.+V7^ 0 or X »^ ^ 0 ^ \;v 

X ^ 1 -\rf or x ^ 1 +VT ■ 

'Hence^ the'truth set is ' ^ 

. [1 -VI , 1 ),-.. - ' ^ 

^^rmle 3T Solve^ tfie quadratic equation "x^ - 2x + 2 - 0'*/ ' 

/ (x^ - 2x) + 2 - 0 
/ t =2x + 1^+2-1-0 

/ (x - 1)2 1 ^0 In this step, It can be seen 

L. - that no real number vglll rmkm 

This sentence is equivalent to this sentence^ true , (x - 1)2 i 

^"x^ - 2x + 2 - 0*' and its "fVe? be less than zero. 

^ ^ ^ ^ - ' (Why?) So. (x -1)2+1 can 

t.ruth set Is . never be less than one. Com- 

pare this with the discussion 
■ of this same equation in sec 

^ . tlon l8-2b. 

In the next example, t'he coeffiGlent of in the quad- 

ratic e^quation is n^t'ona. --This m^kis some of the steps slight- 
ly more complicated, but the basic method does not change, 
ExaiTipie 4. Solve 'tha padratlfi equation *'2x^ - 5x - 12 ^ 0^'. 
.-'The sentences which follow are all equivaient. 

- . ix^ - 3x -,12 ^ 0 

■; '2(x^ - |x) - 12 0 distributive' property has 

^ . . been used here mo that the co- ' 

. efficient of x^ within the 

. , _ parentheses Is one. 

= fx - §)■ = 1^ ' i = (T x^- = |c . § ^ie a perfect 

square. * 

^ ^ li ^t^st is, zero) has-^- 
' ' b^en added. 
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2(x 
(X 



242 " , 
* - Is a almpltr name for 

Both mfmbere ha^e been multiplied 
by giving an ^equivalent sen- 
tence. Thle makes It easy to 
Identify (x - |)^ 
square* " 



as a perfect 



(x 
(x 




5)2 



X + §) (x - ^) 



« - - J 



or 



Id 



^ 0 



or X » 4 



Henpei the truth set li 



Once agaln^ the left member Is 
the difference of two squares. 



Pa c tor the 



Problem Set iS-Sa 



iovJlng expresslonf over the real numbere using 




of 


t-v^o 


square 




(T)) 






- ( v/S ) 


fs) 


(x 




- 5 ' 


(h) 


(x 




- 7 


(1) 


(X 




3 ■ 


(J) 


(x 







Solve the following, quadratic equations, 




(s) 


+ 4x + 6 


(h) 


x^ -6=0 


H) 


x'^ + 6 - 0 


(J) 


2x - m Hx - 


(k) 


- 5x - 


(1) 


dx"^ - 7x + 



li 



8.37 



3 /fe'Dbltm .Set l8-3a .^ 

(Continued) 

The length of a rectangle Is feet- more than, the width. 

The area of the rectangle is 36 square feet. Find the 
length and the width of th^ rectar^li. 

One number is 5 Jess than another number. The pr^uet of 
the numbers is 100, Find the numbers, \ 

The sum of a number and its .yreeiprocal Is 4. Find the num*- 
ber, ^ . ' ^ . 

The Sum of a nmnber^ ^nd Its /reciprocal is -4, -Find the^ 
number. * ' 

The sum of 14 times a number and the square of the number 
Is II, ' Find the number. 

The length of a reGtangular pieae of sheet metal Is 3 feet 
more than the width. If the area is 46^ square feet^ find 
the length . . . n ' 

The sum of a number and its reciprocal is 0, Find the num^ 
ber. 

An open, box is constructed from a rectangular sheet of metal ^ 
8 inches longer than it Is wide as follows j % ' 
Out of each corner a square of sid# 2. inches is 
cutj and the sides are fDlded up. The volume of 
the resulting box is 256 cubic Inches, 
What were the dimenslDns of the original sheet of metal? 

A rope hangs from the window of a building. If pulled taut 
vertically to the base of the building there is 8 feet of 
rope lying slack on the ground. If 'pulled out taut until the 
end of the rope Just reaches the ground. It reaches the 
ground at a point. which Is 28 feet from the building. How 
high above the ground is the window? 

Jihn drove 336 miles to Chicago^ bought a new car and re- 
turned the next day by the same route, Thm retiirn trip 
took 1 ^ hour longer than, the original trip, and his average 
speed was 6 n\JB.es per hour slower. Find his average speed 
each way. 



lary 



A po^hemlal of^form Ax^ + + where ' B, ' and G 
are ar^ real nxOTbers, wittr A ^ 0, Is Galled a qiiadratic 
PQlynomlal In x, 

EvBty quadratic polynomial In x may be expressed In the 
gtandard form a(x - h) + k. 

2 

The graph of a quadratic polynomial Ax Bx + C is the 
set of points (x^y) satisfying the open sentence 
"y » Ax" + Bx + C'' and is called a parabola , 

The graph of "y « a(x - h)^ + k" has the same^ shape as the 
graph of "y ^ ax " and may be obtained by moving the graph 
of '*y * ax " horizontally and vertically according to the 
values of h and k, ' 

An open sentence of .the formj "Ax + Bx + G * O"^ where 'A, 
B, and* C are real numbers ^ with A ^ 0, is called a 
quadratic equation , 

The truth numbers of* "Ax- + Bx + « 0" are the abscissas 
of the points at which the graph of. '*y ^ Ax^ + to + 
Intersects the x^xls . ^ _ . _ _ . ^^.„.__^5.= 

2 

A quadratic ' equation in x, "Ax + to + 0 ^ Q has either 



two real truth numbers, one real truth nulftber., or no real 
truth numbers • 



Review Problem g_gt^ 

Deacribe how the graph of each of the following open sen- 
tences can be obtained from the graph of y ---jx^» 

(a) y - - 2 (e) y - i(x - 6)^+8 ' 

(b) y . i(x - 2)2 (f) y = §(x + 5)2'+ 1,0 

Co) y*|(x + 7)^ (s) y - |(x + |)5 - a.5 

(d) y - + i- (h) y - i(x n)2 + tj, , 

(n > 0,'- t > 0) 



Re\Aew Problem Se^ 



(continued). * ^ 



Wrl.te*feach of the following quadratic polynomlali in the 

standard form a(x - h)^ k. In eaGh case, give the valuei 
of a^ h, ^* 

(a) y? + 6x + 2 (e) - 7x - 2 \ , 

(b) - 1^ ^ r ' . (f ) x^ + 5x 4- 40 

(c) - 4x + 4 - (g) + 8x 4 7 - 

(d) x^ + 12x 4 20 (h) 2x^ - + 12 

Write each of the following quadratic polynomials In star|d- ' 
ard form* Draw the graph of the polynomial from 3 units . 
to the left of the vertex to 3 units to the right of the 
vertex* ^ . ^ 

(a) ^ x^ + X - 6 ' (c) x* - 6x + 9 

(b) + lax +32 (d) + X + 1 

.Use the graphs of problam 3 to determine the truth numbers 
of the follov/lns-^^quadratlc equatlofta. 

+ X - .6 (_cX--xl-^.63^,-t.9.-^_Q.. :1 . 

(b) x| + 12x + 32 - 0 (d) X + X '+ 1 - 0 

Determine the truth set of each of the following open'^sen- 
tences, / " 

(a) x^ + 8 - 6x (e) x^ - 4x + 1 - 0 

(b) x^ + ai - lOx . (f ) + 7x + 6 * 0 

(c) x^ - 2x +^1 (g) x^ + X Vs - 0 



(d) X + 6x^ ^ 1 (h) x^ + 2x_ + 2 > 0 

Give the coordinates of the vertex and the equation of the 
axis of each of the following parabolas. 

(a) y 3x^ + 2 /(e) y « 2(x, - ?)% - | . 

(b) y^- ' 7 ^ ) (f) y - -^(x + 2)2 - 
,(c) y - (x - 4)2 (g) y . .3(x - a)2 _ 4 

(d) y - 2(x + T)'' (hj y - 6(x + 5)^ + 10 



■ Review. Problem Set . ■ , . 

^ ' (continued) ♦ 

■ ^' • • ; ) 

7. In eaeh of the following tell whether the graph Is a point, 
t line, a pair of lines, a parabola, or none of^heee. ' 

(a) y - X 
Cb) y - 

(c) y = X + 7 

(d) y ^ x2 + 7 

■ (e) y2 - x2 - 0 
(f) y -Jx + if 

' (g) X - y = 4 

(h) x£ - y = M ^ 

(1) (x - 3)2 - 0 
. ,(J) X » 0 

(k) y - 0. x2 

(1) X - 3 = y and 

(m) X - 3 = y *-.or 

8. One number Is 7 more than 'another number. The square of 
the larger number is twice the square " of 'the smaller number. 
Find the numbers . ' . 

9, One number Is 7 more than another number. The square of 
the smaller number Is twice the square of the larger number. 
Find the numbers . ' . . , 

10* The perimeter of a rectangle is 94 feet, and its area is 
( 496. square feat. What are Its dimensions? 

ni. The su^ of two numbers is 9* FlT^d the ^numbers and their 
produdi if^the product is the largest number p.osslble, 

♦12., A boat rnanufacturer fln&s that his cost per boat in dollars 
is* related^'to the number of boats manufactured each day by 

the formula ^ 

c * n^. - 175. 

Find" the^ numter of bolts he should manufacture each day so 

that his coBt per boat Is smallest. 



(Hint: factor the polynomial.) 



r 

5 



2x - y - 3 
2x" y - 3 



19-.1 . -She lifaictlon Idea . 



-In working with sets in Ghapter 1 we were given such prott- 
lemSk as this. Given a set 

D C [1, fi, 3; 4, 5], 

form a new set by multiplying each nianber in the set D by 7. 
. You WDuld write the new set as 

R ^ (7^ l^r 21, 28, 353. 

Looking over these ^wo sets we see that with the number 1 In 
D we associate the fewnber 7 in with the. number 2 In 

p we associate the nimiber 1^ In R, and so forth. Do you 
see that witfi every nimiber in D we assocla'te some nurober In R? 

' In other words, if a number in D were called out^ and 
you were asked to give the corresponding^ mmber In R,^ you 
could always do this , f 

Letts tSte another example. Suppose we think of a set D 
as consisting of all the positive even Integers, that Is, 

D - (2, ^ 4, 6, 8, 

Now ^ form a set R by adding ^ to each element in It 
is easy td see what the elements In . R would be. For R you 
would v/rlte 

R ^ {7|, 9|. 13^ '^'i^ 

Once again V/e see that with evei^ ylement in D we 
associate some element in If someone gave you the nmiber 

20 in D ^ and askted for the corresponding element In R, you 
( would undoubtedly say 25^. \ . ' ' 

\ It is possible, to make the association because of a rule* 
The rule in thlfe case was'addltioh of pfn the first case 

the rule v/as multiplication by 7^ \ ^ 

Suppose you are wdrklng on a traffic survey. You are asked 
to keep a record of the number of cars v;hlch cross a certain 
bridge each day. Your Job is to do this every day for ten 
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daySp At fcha end of thai ten day? you turn in your report, 
looks liJci this ' 



It 



Ntsiibtr of oars 



IT 


2 


3 


k' 


5 




7 


8 


9 


10 


100 


160 


98 


So 


200 


80 


156 


140 


1?0 


I'^O 



Though it^^y not seem so at first, this record of youcs 
i pepreaents a sltuMtlon verT^^slmllar to the two cases on the ^- 
^pravldus page. Wa can think of the top row^ riprasenting the 
first^^ ga^ondj third day, etc., as the set of Integers from 1 . 
to 10. The bottom row Is also a set of niimbers. How many i 
, aliments does this second*swt have? Ihere^re two 80*s and 
two 150*3, We C9unt eac^ number once, IJierefore the^econd 
set has 8 elements . . " 1 

You don't have a specific . rule telling^you to do^ something 
to tha numbers in the ^top set In order to get ^corresponding num- 
bers in tha BBQ^Ad set. However^ the' chart itself acts as a 
^ rule. It gives you wlth*each day a corresponding nianber, the 
n\OTbar^f cars ^f or that particular day. Thus if you ware asked^ 
for e^mple, to give the. number which is a&sociatad with day 
number 7, you could imm^iate#y^ say I56, You could als^ give 
a specific answer for each of the other days. 

As another example ^ suppose we consider tha following s^t 
of temperatures given In degrees Fahrenheit, 



[212 



50, 



If we are asked to chahge each of these to degrees Centigrade, w 
would use the f o^rriula ^ L - 



For example, if p 



then 




If we apply this' formila to all temperatip^ei 
obta^^i a new set of tmperatui^es 



In the set 



we 



(100, ^10, 0, -5. -20, -40). 

Check these values! 

In this case *the formula c 



1 



iif - 3a: 



each Fahrenheit temperature in D 



b.4b&q^^B v^lth 
a corresponding Centigrade 



With vmat element in D do wt associate the. 




A final exan^le Illustrating the same genec'al^ldea is the 
following. Consider the set D to be the s&t of all real nian- 
bars. Consider al^o .the open phrase ^ 

If we let X have a value from set D, for Instance JO, 

^ / ^ 2" -t' 

then the number repreaen€ed by the phraae x - 3 is 97, We 

call 97 the element in the second set R ^Ich is associated 

with. the element 10 In D. We oould say that 97 is the 

niTOber assigned to the nianber 10 by th The phrase 

,x - 3 describes the rule, , . ^ 

What^ in this case, la the. set R? Do you see that it is ^ 

the. set of all real numbers greater than or eqiial €^ -3? Vhy?" 



4 Check Yovr Reading 

1, The set 'd ^ [1, 2, 3, 4, 5) and the rule "multiply by 

seven" detemine what set^ | ^ ^ 

2r "Itotiplylng by seven" and "adding are two mles usad 

In this section. \^at are two oth^r rules used In this 
section? 

3. If D is the set of real nisnbers^ then what number 

does the phrase - 3 assign to 10? .What number in R 



is associated with 5 in D? 

Oral acerclses 19-la 

Given the setf D ^ (1, 2, 3), Find the set R of niMbers ob- 
taln^d by^ * ^ 

1, iadding 6 to each elsment of D*^^ 

2* miiltipl^ing each element of D by 3- 

3, squaring each element of D* 

^4. squaring each element of D and adding 1^ to the square. 
5, fusing the' rule described by the phrase^ 3 - where x 

is an element of " D.^ * - 



4 
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f ^ ■ 

• / ^ Oral ^erclses 19-la 

(contlruied-) ^ / - 

6, assigning to each "element of B the siim of tile .element 
and -its suGcesaor. ^ , ' - ^ 

7, asslgnlrig to each even niomber In D the niomber zerOj anU 
to each odd number in D its aquare, 

8. assigning to^ each nujriber in D,^ trte nwnber 7, 

9. assoGia'tlng wltH^"l^.h element in D, ^ its successor , ' 
lO. associating v/lth eaeh element in ^Ite cube. 

, * ' ' P r o b 1 em S e t 1 9 - 1 a 



\ * % - - - ' _ "I 

1= Giv^n the^ set . D =^ p., 2, 3]! Find the -aet R of numbers 
^ * obtained by . ^ 

(a) ^tal<ing the opposite of each element of D. 

(b) using the rul-e described by the phrase 2m v;here m 
is an element of D, 

(c) using the rule described by the phrasf |x| v/here x 
Is an ''element of " D. 

(d^^ usln^ the rule described by the phrase 7 - x where 
X Is an element of D. ^_ ■ 
'(e) usirig the rule described by the phrase i v/here y 
is an element of D. 

(f ) using the riole described by the phrase 32=-^ where 
z is an element of Tx^ ■ 

2» Find the se^ R given the following Information. 

(a) D is the set, of whole numbers and the rule Is /'to 
each element of D add one'V 

(b) D i^_ the set of whole niombers and the rule Is '*to 

each element in D aoaisn Its aucceasor'^ 

- - - a ----- . 

(c) D . Is the set of whole numbers and R' Is obtained by 
using the rule described by the phrase x i l where 
"^x la an element of D. „ 



^ Problem Set 19=la 

"(continued ) 

Find the set R given the follbwlng dnformation, ' - 

(a) D is the set of real numbers; to each eleme'nt of D.^ 
• . assign the hiomber 7- 

(b) D is the set of real numbers;^^ to each ratiqnal n\m-^ 
'ber In 'aBsign the nwiber 1 and to each irration.al' 
ni-mber .In yD assign the number -1* ' C 

(c) D is the set of i^eal numbers j to each negative nimi'- 
ber In D .assign the number ^1, to 0 in D assign 
the, ntunbei^^ 'O, and to each positive nuniber in D 
assign the number 1. * 

In each of the . following, describe carefully the sets ' D 

and R of the function. ' 

(a)' 



D 


positive Integer n 


1 




3 




5 


6 


7 


8 


9 


10 




R 


n " " odd integer 


1 




5 


7 


9 















Fill in the missing numbers, V^iat number in R is asao- ■ 
^glated with 13 in D? v/ith 1000 in D'; V/hat is. the 
rule? ' ^ 

(b) Imagine a special computing machine which accepts any 
positive real number, . multiplies it' by 2, subtracts 
" 1 from this, and giyes out the result. 

J 



4^ y input 




Subtfact I 



outigy_ 



11 

2 



If you feed this machine the nimiber 17 > what will 
come out? V/hat ni.mber does the machine associate 



with 0^ 



With =-1' 
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Problem Set 19-la 

" " (continued) 

(c) ^aw two parallel real nmber lines ,and'let the tmlt • 
of measure on the upper line be twice that on the \. 
lower line. Place the lower If^e so that its point / 
1 is directly below the point r- on the upper line. 
Now for each point on the upper (first) line there la 

a poi^t directly below qn'^the second line. What nicnber 

Is below ^13?. Below 13? v^at number on the second 

line is associatfed with 1000 on the first line by 
this arrangement? 

(d) Draw a line 'with respect to a; set of coordinate axes 
such that its ^opeis 2 and the y^coordinate of its = 
yr intercept Is ^l. For each member a on the^-^ 
X-axis there Is a niunber b on the y^axis'' such that 
(a/ b) are^the coordinates of a point on the given 
line. If we pick-. ^l , on the x^axis, the. line 
associates with ^1 what number on the y^axls? V^iat 
ni^ber on the y^axis is associated with ^ ^ on the 
x-^axis? With 5? With -5? With 13? "~ _ _ ^ 

(e) For each real n^jinber t such that |t| < 1, use the 
rule described by the expression ''2t - 1 to ob^ 
tain an associated niimber. V^iat number does this 
expression associate with ^? Wi\th ^ i? With 



With - I? With 



(f) Oive| any negative real niimber, multiply it; by 2' and 
then subtract. 1, Wiat number does, this verbal In^ 
struction associate with -8? with -.13? With 0? 



In all the examples and problems we have been working with 
in this chapter the central idea has been the same. v/e have 
been given a set of numbers ,pid a nile. The rule assigns io each 



nmber In this aet exactly one*nuinber> The assigned rixanlJers 
form -a second aefc. Tq bring out the ^portanoe of the Idea we - 
have special names. The basic Idea Is described as follows! 

Given a' set of numbers ' artS a rule 

v;hlch assigns }to eapR niomber of ■ ^ 

■this aet Bxactly one ni-pber., ■ the 

resulting asHOciatlon of numbers j 

Is called a 

fimc.tlon . 
The gi^en set is calleci the domain 
of definition of the function, and^ ) " - 

the set. o-f as.Gigned iFiumbfer^ Is ^ . 

"lailfed the r.^ge of the" fmiotior\^ 

In most of our exajnpies we have called the'^pmaln of defi- 
nition (when there is no oonfusion we use the single wond domain) 
by the^ letter D. For the range we- have used.--the letter The 
word fimetlon really applies to all three parts, that^ls, the^^ 
domamr the 'rule, and the range. ; It is true, however; that, the 

^:^ga is completely determined if \-m know the rule and the 

\ domain. 

■ Notice that we have said that our rule assigns to each 
element In D exadtly ^ne ni:miber. It Is possible to have^ a riHe 
■ ^^Ich assigns more than one. number to each element in a given ■ 
set. For example we might call the set' D .the; set of squarS% 
of integern beginnins with 1, In other words, let . 

D - [1, 9. i6. 25> . . . r? 

Th0h we might have a r^le which assigns to each element^ in D 
1^ square roots. Thu^ with the number 9 in D we would 
-associate the numbers ;3 and ^3,. etc. In a case like this 
even though we have a\domaln, a rule, and a range, we do not 
call such an association a fimotion. 

;■' / 
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Sometimen tYie domain of definition of a fTmctlon is not 
stated ^plicitly. It Is then undarstodd to be- the largasi set 

- or real numbers to v/hlch the rtile for the fimction can be 

- sensibly applied. - For example^ if a function Is described 
the expression ^/ ^ ^ ^ > thenj unless stated otherwise Its 
domaih of derinition is undei^atood to be the set of all real 

, numbers different .from -2. Wvy": Similarly the domain of 

definition of the ^ fxinctipn defined by ^ x i 2~ Is understood to 
be the setf^ of^ all real numbers greater than or equal to -2, 
Why? , ^ - - ^ ' ^ ' ' 

It is possible .to define a fuiiction by means o_f * a set of 
J orderod number pairs, in which the -second number of each pair 
vis-, the number assigned to the first, in other woikIs^ the ; , 
^ ^ ddma in is the s e^^t o f fi r s t ntmibe r s , , v/h 11 e the rans e , 1 s the ^ s e t 
of second niHnbei^o. ^ . ^ - ^ 

For example the first fun ct ion Given in the chapter could 
ha ve . b e en \rr 1 1 1 en a s 

[(1, 7), (2, 1^0. (3, 21), Vr, 28), (5. 3f)]. 

. Tfre funot ion. defined by the table on page 844 could have-sbeen 
v/ritten an' ^ 

fci; 100), (a, 160), (3, 98), (4, 80), (3! 200), (6, 80),,.^ 
\ (7, 156), (8, i'!o);' (9/156), (i'o, 150). 

On tfie other han^, the fotlov/ing set of, ordered pairs does 
not define a functl^i, .. ' " 



[(2, 5), (3, ih v^^ 80, (2, 6)] ^ ' ^ 

Bo you see v/hy It. does not defit^e a function?. Remember that a 

f'unc'tion asslGns to every nAijnber in the domain exactly one 
^numffeT'^irt th^ ranee. 



Check Yow Reading 

V^at najnes are given the tv/o nets of a function? 

How m.any olementc of the ^range may be assigned to each 
' element of the domain of a ftootlon? 
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Chock Your Reading 
(continued) 

" * ^ 

^ 3. Whafc sort ^ an association is described in the^ t^xt ' ■ » 
v/htch has a domain j a mile, anfi a flange ^ but is not called 
'a function? ' \ 



Oral ^erclsea ig^lb 
Describe the domain and range of the following functions. 

1. To each number in the set (l, 2, 3] assign five times 
.-7 the number. 

2, To each .number in .%he set [2, 3, 5] assign its square. ' 

Asso'ciate the positive square^ root v/ith each element of the 
set fn^ 9^ i6, 25). 



Time Ai. M. 


. 8 


9 


10 


- 11 


12-, 


Temp e rat ux*e 


.62 


^65 


70 


71 


71 



5. 

■a. 



10. 



To each rqal momber ^ssigrft^-its opposite . ^ 

2n is. associated v/ith 'n>^r^an integer such 
0 < n < 5 . ^ 

3x I3 associated with v/here x is an element of the 

set [0, M, 2] = ^ 

4x - 1 Is^ agsociated with ''x, v/liere -x is a real numbejc, 

in the set [2, ^/2, • if2^] . - ^ ' 

To each real number x^, assign a number y SLich that 
(x, y) ^ is a solution of the equation 

y ^ 3x 1 , 

To each tv/o-cliglt positive integer assign the D\m of its ^ 
\ 



/ 
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Problem Set 19= lb * ^ ^ 

1. Describe the domain and range of the following functions. 

(a) 'With each positive Integer associate its remainder 
after division by 5, 

(b) To each positive real nimiber assign the product of ^ 
and two more than the -number. 

(c) To each Integer, n, ^ in the set [1, 9, 3] 12) 
assign the number of days in the n^"^^ month of the 
(non-leap) year. 

(d) with each real number associate twice its opposite. 

(e) With each fraction in the set fi 4 | ^ -Mlh ' 
^ a^isoclape the niimDer^or decimal places In its 

^ decimal', representation. ^\ ^ , 

' W'^'^ith each, niamber n in the set ^ [1, 2, 3- 10) 
associate the n^^"^ .prime number, for ex'ajnple with - 
, the^ number 3 associate the 3rd pyime number, etc. 
(g) To each even numbei-^ in the set A ^ [l, 2, 3- 10) 
psslgn the number 0 and to each odd number In A 
assign the number 1. . ' 

2. In each of the following describe the functions In two 
ways: (1) by a table, (ii) by an expres slon -in x. ^ m 
each case describe the domain of definition and the range,, ^ 

(a) To each positive integer assign the product of 3 and' 
the number. ^ ^ 

(b) To each positive integer less than 10 assign the 
^. Slim of 5 and the nurnb^r. ' . ' 

(c) With each positive integer leas than 8 associate 
the sum of 3 times the number and 2, 

(d) With each positive Integer associate its successor. '"^ 

(e) With each positive Integer associate its opposite^ 

(f )^ To each number which is a squai-^e of a positive integer 
assign its positive square root. 

With each positive integer greater ^han 1 associate the 
smallest factor of the integer^ tfereater than 1), Form a 
= ^ table for the first 'ten positive Integers ^ (greater than'l). 
What integers are assoGlatcd v/ith themselves? 



4 ^u; 
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■ Problem Set 19-lb 

4^(G6ntinue4) / 

Tiie cost of mailing a package is detemined by the weight 
of the package to the greatest poiind. This ^oan be described 
as : To every poeitive real nimiber (v/elght In pounds) 
asalgn the smallest Integer which is greater? than or equal 
to it, = V^iat integers v/oiild be assigned to each of the 
folIo>^ing: 

Is this association a fimction? 

5, Find the domains of definition of the functions defined by 
the following expressions: 

(d) 



/ 





X" - 4 

Which of the following sets of number pairs define functions? 

(a) (=1. 2), (0. 3), (1, ^0. (2, ^1) 9 

(b) (1, 2), (2, 3). (3. 2), (i;, 3) 

(c) (1, 2),^l, 3), (2, ^0. (2. 5) 

(d) ^ (2, 2), (3, 2), 2), (5, 2) 

fe) (3. 1)\ (3. 2), (3, 3>. (3, ^.j ' ^ 

(r) (i. -1). k 1). (4 -1). 7. 1) 



19^2, Tlie Function Notation . - ^ ' 

We have been using letters as names of numbers. Vfe shall 
now use letteni such as f, g, h, J, etc., as names for functions 
"fr r is trie nmne of a given fwiction and x is a number In 
its domain, then W0 shall use the symbol f(x) to represent 
the number which the function f assigns to x. The number 
represented by f (x) lsi|^lled the value o£ £ at x. TJius 
f(x) represents a numb^\in the range,- Notice that .f(x) does 
not n4ean ^'f . times x''. 
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For example, when we wish to describe the function f as 
that which asaigna to each real number x the real number 
2x - Ij We may wclte , 

f(x) m 2^ - 1/ for each real number ^-x. 



( 



f(5) - 2(5) - 1 

- 9 



and f(|) - 2(^) - 1 ' . 

_ 1 

>^ • • 

Sijnilarly f (0) - S(0) - 1 

- -1' . . ' . - \\ * 

Also . f (a) ^ 2a - for any real nimiber a./ 

Check to see if you agree with the fdllowlng. 

f(10) = 19, f(|) .= |,' ^^-7) - -15,. f(s) = 2s - l, 
whereas Is a 'real mmber. 'suppose t is a ^eal number. For 
the same function f what Is f(2t)? Do you see that ^ 

f(St) = 2(S!t) = 1 _ / 

« ht - 1 " ■ I 

and V ^.f(t - 1) = 2Ct - 1) - 1 

/ =' 2ti ^2-1 

;t/- 3 ?■ . 

K 



Sometimes a function is defined^ in two or more iarts. We ^ / 
could define J for example^ a function J as |'ollowei 

rj(x) ^ x^, for each number' x such that x ^ 0; . 
\j(x) ^ 5Xj for each number x such that ^ < 0.' 

T^ls is really a single rule ev#n though^ it Is described by 
means of two equatflona'^^^.ftie domaj^n of the fLmction is the set 
of all real numbers. HBwever> fol' a non-negative niaiber in the 
domain ow rule tells ^us to squa:^ the number. Tlius ' 



i9'-s . , ■ 

8ut for a negative number in the domain the rule, tells us to 
multiply 5. So , 

• H-^) = -20. .. \^ , ' ' 

Da you see that ; 

j(io) = 100,- j{-io) = -50, J(0) ^ 0 ? 

t * 

There is a shorter way of writing a , description of a 
function such a^^^J^/ We can v/rlte^ It as folloWs: 



(x) 



5x, < 0 



. ■ C _ _ ^ 

The following fiHiction .h is also of/this type. It Is 

def j^ed by _ ^" ^ ■ - ■ ^ 

{ _ ^ ' * " '' ■ ' " ^. 

.h{x) ^ x> for each number x such that ^ ^ Oj ^ 
h(x) ^ ^x, for each number x such that 0, . 

Again^ it^is a single rule^ and It defines pne function^ even 
though It Involves two equations. .Once^^qre we write this tyf>e 
of rule in ?he shorter form 



/ 



h(x) 



i 



-X , X < 0. 



L©1>. *Xi3i examine this function carefully to see j^st what it . 
means. We can do this by taking various elements^ in the domain^ 
and then seeing v/hat ijhe assigned ^^ber^s are. Take^ for example 
the number 5^ Slnc^e 'this is ^gr^^ter than zero ^ we use the top 
line. In this case we see that 

h(5) ^ 5. Do. you see why? 

But now suppose we ta.<e the number -5. In this case we have 
a number less than sero, so v;e use the bottom: line' On the 



bottom line we are told that the function h a£ 



ms to 



negative number its opposite. I^ius 

Likewise h(^12) - 12, 

while ^ ^ h(19) - 12. 

Do you also see |^hat h(0) = 0 ? 



4l 



We have .worked with this f miction befoi^e, only we gave it ^ 
another' name . Do you see tihat it is t^e ^ame as the function 
defined b^ 

h(x ) - |x I , for every real number x ? 

We say that^ two functions are the same if they involve the 

siune domln and determine the ' same associa^tion of numbers, 
- ' 'I ' ' 

= Otherwise they are different. In the case^f, the following two 
functions - - 

^^'^-^ f(x) ^ 7x, for all integers x, 

^ and ^ ^(^) ^ 7^* ^'^^ real niynbers x, 

the two rules appear to be^ the same^ but the domains are 

• different. Thus f and q ^re not the same function. In this 

connection ^ we should realize that a fiinctio^n has no value at a 

number outside ,its doma|.n. For exainple if a function is defined 

2 ' ' / 1 ^ 

as ^(^) - X , for all' iFrtegers x, then f(^) has no > 

meaning, even though )^e might be tempted to say fC^-) - 7^. 

Let us consider another function g defined 'by the rule 

g(x) - -1, for each real number x such that x < 0^ 
g(x) - 0, for X - 0, 

g(x) - If for each real number x such that x > 0. 

It Is important to understand that this is also a single rnjle. 
It is described in thret parts. We aga^-n write the short form 



S(x) 



-1, X < 0 

0, X ^ 0 

1, X > 0 



Do yt)u see that the domain is the set of all real nimiberB? V^iat 
is the range? It should be clear that H - C-lj 0, 1}. We can 
get a fjsetter i;Aderstanding of g by checking the following: 

g(5) = 1, g(-5) - =1, g(D) - 0, g(3.92) - 1. 

If ^ a is any nvimber greater than zero^ what is g(a)? 
"If a Is ai'i^ non-Eero real ni-imber, what is 



l-Jhat niunber doas the function f. In the exajnple at fclie 
beginning of this section, aBsiJn to x, a number In the 
domain of definition? \ ■ 

J 

If to each real number the fianctton f assigns the re|4 

niimber 2x - 1, what real numbers are represented by 
f(5),'f(0), f(3), f(|). ' ' ^ 

In' the text h(x) is defined in tvio v/ays, V^at are .^they? 

V/hat are the domain a|d rang^of the-furiGtlon as 
defined in :.hci Uext^? If a > 0, ^ what is g(a)? 




If .f('^) ^ 7.x and g(x) ^ 7x, under v/hat oonditlon^_/4re 
f and g ^he same- function?^ Under what conditions an§ 
they different functions ^ 




I 

Oral Exercises 19^^ 

If *'g(x) ^ 2x^' defines a function, what number is 
represented by s(3), 5(-2), s{0), g(i), g(a), s(2a) ? 

if j"F(x) ^ 3'^^ defines a function, what number Is' 
^represented by F(3), - P(-2), F(0), P(a) ^ ■• \ 

If n is a functi.:.n defined by 

'^\J X, for X > 0 . 

0, foi* X < 0, 

the ULunber represented by each of the following: ' 

H(- |), H(9), H(||), 11(^23). 

Let f be a function defined by ■'■f(x) ^ 2x 
integers x - and let' g be y f un c 1 1 o n d e f Ir^ d by 




''g(x) ^^^x'' ror all rational^ numbers x. Are 
the same functilonv VJliyv " ' ' , 

Given: f is a function defined by ''f(x) ^ ax" for^all 
integers^ x, and g Is a fiinctlon defined by -'^'g^t) ^ 2t 
for all Integera t. Ai^e f and g the same function? 



if 



If .f(x) - 7x and g(x) ^ 7x, 'under v/hat oondition|^re 
r and g the aame- function?. Under what conditions ar^ 
they different functions'; . ^ 




Qral KxerGlses 

If ''s(x) A 2k'' defines a functfon, what number is 
represented by s(3), s(-2), s{0), g(i), g(a), g(2a) ? 

if j"F(x) ^ 3'^^ defines a function, what nuniber is' 
^represented by F(3), ' P(-2), F(0), P(a) ? % 

If n is a functi.-.n defined by 

'••\/ X, x'or x > 0 . 

, . ^ H(:.:r =J 

*^ I 0, for X 0, 

the nmnber represented by each of the following! ^ 

H(- |), H(9), H(||). H(^2S). 

Let f be a function defined by ■'■f(x) ^ 2x " fmr all 
integers x ^ and let" & be a/^fllriCtlon defir^d by 
"g(x) '^^^x'' for all rational^ numbers x. Are f and g 
the same functiionv V/liyv " ^ ' . 

Given: f is a function defined by ''f(x) ^ ax" for^all 
integers x, and g is a fiinctlon defined by--'"g^t) = 2t 
for all integers t, Ar^e f and g the same function? 



r 



l-Jhat niunber doas the function f. In the exajnple at fclie 
beginning of this section, aBsiJn to x, a number In the 
domain of definition? \ ■ 

J 

If to each real number the fianctton f assigns the re|4 

niimber 2x - 1, what real numbers are represented by 
f(5),'f(0), f(3), f(|). ' ' ^ 

In' the text h(x) is defined in tvio v/ays, V^at are .^they? 

V/hat are the domain a|d rang^of the-furiGtlon as 
defined in :.hci Uext^? If a > 0, ^ what is g(a)? 




If .f('^) ^ 7.x and g(x) ^ 7x, under v/hat oonditlon^_/4re 
f and g ^he same- function?^ Under what conditions an§ 
they different functions ^ 




I 

Oral Exercises 19^^ 

If *'g(x) ^ 2x^' defines a function, what number is 
represented by s(3), 5(-2), s{0), g(i), g(a), s(2a) ? 

if j"F(x) ^ 3'^^ defines a function, what number Is' 
^represented by F(3), - P(-2), F(0), P(a) ^ ■• \ 

If n is a functi.:.n defined by 

'^\J X, for X > 0 . 

0, foi* X < 0, 

the ULunber represented by each of the following: ' 

H(- |), H(9), H(||), 11(^23). 

Let f be a function defined by ■'■f(x) ^ 2x 
integers x - and let' g be y f un c 1 1 o n d e f Ir^ d by 




''g(x) ^^^x'' ror all rational^ numbers x. Are 
the same functilonv VJliyv " ' ' , 

Given: f is a function defined by ''f(x) ^ ax" for^all 
integers^ x, and g Is a fiinctlon defined by -'^'g^t) ^ 2t 
for all Integera t. Ai^e f and g the same function? 



if 



^agpl^t 1* Draw the grapli^\^f tha Ctmctlon f daflnad by* 



/ 



You will note. that the domain has been epeolfied on 
the right. you dee- that D la the mmt of all real 
numbars greater than ' or equal to ze:^o and less than 
2? 'ftius 2 is/n©^:. Included In the /tfOrtaln^ but 0 
' la. Our graph Is the graph of the equation / , 

. * y ^ 2x * 1, ^ 0 £ X < 2* / 

Ha^e^f^r the rirst tijne we have an exa^la of 4 graph 

Q^'.a^llne in 'the plane whidli has end points, It does 
not continue ^jfittjout end. You will note that the 
';:.^p^l^ ^2, 3) is elrcled, while the point (0, -1) 
^iftlled in. You learned vrtiat this means on the 



. line in Chapter jl-, 
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y 










2- 












— 1 = 












h 










Q 








1 i 












H 





r 



s this the same as the graph of the function P 
e fined by ' ^ ^ 

P(x) ^ 2^ - 1/ =2 < 3# < 2? 

."y. li^at makes 'the difference? 

^ : . 

^aiigile 2. Draw the graph of the function g defined 'by: 

.._ ^ 

-1, X < 0 



S(x) - < 



0, X ^ 0 

1, X > 0 



Here the ' function Is defined In three parts , Ai 
said before^ It is to be considered ,as a single 



we 



fimetlen. The graph is also in three parts, Oieek 
the ^llowlng drawlng^^ ton you see that It Is the 
graph of the equation y = g(x) ? ^ . 
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i Cheok Your Reading ^ ^ 

If f is a f line t ion that is de^oribed in tenils of the 
variable then the graph of f ^ii the graph of i*at 

opisn ientenee? ^ ^ - 

In thf graph of - f defined by, f|x) ^ 2x - 1, 0 ^ x < 2, 
why is the point (2, 3) circled? Vftiy is the point (0^ 
filled in? " - 

In the graph of g defined In the section, vAiy is the 
point ^(p, -1) circled? my Is tfie point (0, 1) 
circled? Wiy is^ the ^oint (0, 0) filled In? 

^ Probleni Set 19=3a ^ 

Draw the graphs of" the functions defined as follows i 

(a) f (x) ^ 3x, ^3 ^ X < 2 

(b) P(t) ^2t-5, 0£t^2 

(c) g(s) ^ Ss^ s an Integer such that -3 < s £ 5 

(d) T(3) ^ + 1, "1 1 s 1 2 
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ih 


Q(x) - 1 














« 












Draw 


■the graphs' 


(a) 


f(x) = X 


2 


(b) 


Kit) = t 




(c). 


V(<i)' = t 


S ■ 


(d) 


h(x) = ^ 





problam Set ig^Sa 
(continued) 

-3 X < 0 

0 ^ X < 3 

Df the funetlonB def 

-3 <^ X < b ■ ^ ^ 



t ^ t an laager sifth that -3 £ t ^ 



- - 1, -2 < t ^ 1 



don 



(e) H(t) - \ 



(f) q(i):^ \ 



4, 4 < t : ■ 

t^, 0 < t 
0, t ^ 0 

>1 £ X < 1^ 



[1, 4, 9, 16) 



. 2 



l-< X < 9 



3p What are the domainsiof definition and the ranges of the 
fmiQtions In Problem 1? 

4, ^at are'^^the .domains of definition and the ranges of the 
functions in Problem "2? . . 



X 



Now that we know ^ow to draw the graph of a fiyictlon, it j 
natural to ask whether j a given set of points in the plane Is th 
graph of some function. You recall that in order to have a 
function we must have a rule which assigns to ea*ch element 0:f 
the'" domain exactly one number. V^iaB does this mean in 
conneGtion with a graph? Let us examine the following drawing. 



Do-ypu^aae that thar^ arestwo dots, one dirtotly above and onfe- 
directly below the eoordttate 2 on the x-^is? Thlm meani ; 
that two different ordlhates, 1 and ^-1, are associated^ with 
^"Mie abscissa 2* itils sAoi^ that/to the element 2 In tna 
domain there have been asaigned^two different numbers* " KidsX 
we see that this Is not the graph of a fumctlon. \^y? 

famine the f ol Id wing Wo /dara wings. Do you see that \he 
drawing marked A does riipjesent a funotloni but the drawing 
marked B does not? 
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A) 



We can swh this up by asking a queBtlon. If a vertical line Is 
drawn through the graph of a function^ In how many points should 
the line intersect the graph? Do you see why the answer Is one ? 



Check Your Reading 

If the point ^ (2j 1) is on the graph of a function f ^ 
why is it that (2, -^1 ) cannot also be a poirt' on the 
graph of f?^ ^ 

Why is it that drawing B in the text does not represent 
a function? ^ ■ . ;; . 



Cheek Your Reading 

•.peserM^e a elmple geometric test for dfcldlng whither a 
graph is the graph of a function, * 



Problem Set 19-3b 

^^f^" - - - ----- " -" -i~ ~ J-~'r 

Consider the sets of points j coordinate axes not- Included, 
Indicated Ip the following figures* 



Tt 



H H 



i 








I* 

\y 1 


■1 


\ 

1 1 




0 


1 


a 






- A 










■' (c) 







1 — h 





State which of the ab'ove figures is not the graph of some 
fLinctlon, and in each case give your reasons. 
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Problem Set ig-3b ■ 
(qontlnued) 

Ttm aooofflpitf^ing flgta^ la the graph of a fimotion 
Trom the graph estimate 

(a) ^ hC^3), h(0), h(2)| ■ - 

(b) the domain of dfefiiT,ltlO£ of hj 



(c) the range of h* 











^ 2 






-t- 
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-I t 
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1 — 3" 
























- -3 - 







Let Q denote a set^of poiiits In the plane vrtilch 1 
graph of some fimctlon g. 

(a) , Por.^aah x. in the domain of d^inltion of -^g 

explain how to use the graph to obtain. g(x), 

(b) How do you obtain the domain of definition of 
( from the graph of G? 

(c) - Show that if (a, b) and (c, d) are any two 

distinct points of the graph Gj then a 



T 



4 



\ 4lj 
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The central Idea Iti tMi? chapter^ has be^n the eoncept of 
funatlon , The description ' follows , * . , 

Given a sat of numbers and a rule ^ * ' " 

vrfiioh assigns to each number of -t^^ ^ 

set fexactly one number, the resultli^ 

assoola;^on of nmibers Is called a 

function . 

^ The given set is called the dowain 

' " — ' ' , ^ t' 

of definition of the function, and 

' ' ' ^ ' ' % 

the set of assigned number^ Is called - V 

* the ryige of the faction, ' I 

We UB$ letters, f, g, h, ttc^ ^ to name a function, Bie 
/ symbol f(x) is used to represent the value wh^h the function 
f assigns to the number provided that x Is a. nmiber In 

the domain 'of the function. For example^ If ,f(x)^'5x ^ 3, 
for X a positive integer, then ^ ((2^ ^ 13, ^ f(^) ^ 23, but 
f.(-3) and f(^) in this case have no meaning. 

The graph of a. Tunction f is the graph of the open 
sentence 

y - f(x). . . 

If any vertical line meats a partlctilar graph in more than 
one point / then this graph is no^ the graph of a functldn^ 

Review Pggblem Set ' • 

1. • Wilch of the following sets of ordered' pairs cannot be 
usid to define a function? 

(a) (1, 2), (S, 3), (3, =3), (H, 0) 

(b) (1, 7), (1, 8), '(2, 9), (2, 10) 

(c) (i, 1), (S, 4), (=2, 4), (3, 9), (-3, 9) 

(d) (1, 4), (2, it), (3, 4), (5, 4), (6, 4) 

866 

^17 



Review 'Probltm Set , ^ ' * ^ > Z^'' 

(contlnutd) , " ^ \ ' : ^ = 

(e) (3, 1), (3, 2), (3, 3), (3, 4), (3; 5) S 
<f) (1, 0). (2, 1), (3, Oh ,(^, (5, 0) 
K*aw^the graph of the line whose 'equation is y = 3x, for 

(a) , ^fliat Is the y-lnteroept? ^ 

(b) . What is the ^al6pe of the line? 

(o) TOe.^ graph you have drawi represents a fimotlon'' f* ^% . 

What nxsnbers are represented by f(-l), f(0), 

f(*)r ^ V \ ; 

(d) Deaorlbe the graph of "y' " 3x -h 2^*. - 
(a) Deserfbe the graph of VSy ^ gk", \ J 

(f) g Is a funotlon defined by "g(x> ^ 3x", vrtiere - x- Is 
^ Btn Integer suoh that -4 £ x < 4, Draw the graph of 

Is g fcha same funetlon as f (part e) ? 

H Is a^fiinotlon desorlbid by the rule ^'to each real nxsnber _ 

assign Its opposite". " 

. ■ ^ ' r % 

(a) What Is the domain of H? r . ^ 

(b) What Is the rang4 of H? 

(o) Vftiat nymber Is represented by H(3), H(-3), 

' H(1.75).' H(^/^, H(x) ? ^ - ; , ' 

(d) %*lte five qrdered^palrs. v^lch^weuld be points on the ' 

^' graph >^f .IjU * o * , ^ ^ " 

(e) vmat point. If any, will the graph of ' H have In 
common wlth^the graph of "y ^ 3x ^ 3"? 

(f) If the point (a, b) Is on the graph of vtfiloh of 
the follovd,ng points is also on H-^ J=a,*b)^ 

auppqaa that the graph of "y ^ x^" . for -3 ^ x^ 3 were 

given; ^ ^ ^ ' 2 

(aj Kplain how to obtain the graph of "y ^ -x " from the 

graph of "y ^ x^". ' 

(b) lacplaln how to obtain the' graph of "y ^ x + 2" fr 
» . . . « » _,2 II 



^ - . om 

the graph of ''y ^ x^ _ 

2 II 



(c) Kplaln how to obtain the graph of "y ^ (x + l) " from 
the graph of "y ^ x^" 



(d) Why is the graph of "y ^ pc^" the graph of a ftmctlon 
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Review Problen Set 
V , (continued) 

(e) If h is ^fundt ion defined "y ^ x-" (-3 ^ x £ 3)^ 

tdiat la ■^6 range of h? 
,(f) / What nmiberB do the following repreaent; h(0), 

hi-^fz), h(|), h{h) ? 

M.nd the truth seta of the following. ay stems i 
3t - 2y = 7 



(a) 



3x + y = 7 

an + n =, -3. 
5m _ n = -tf 

- 38 s U 

ai 



^ 2 



ordered pair (ij 3) Is a solution of the system 

(X - y + S ^ 0 
IX + y - 4 ^ 0 



(a) Vftiy is (1, 3) the onj^y solution? (i^swer Iri term^ 
of the graph of the iyateih, ) 



^(b) V&iy is (Ij 3) a solution of the "system 

fx - y + a '^^ 0 ' ^ - 

|(x - y + g) 4- (x + y - 4) ^ 0 ? ^ 

(o) Is the graph of 'the system In part 
the graph of .the given system? 

Olven the open. sentenoe 



the same as 



(a) What is the domain of the variable? 

(b) l^at Is t^e least coiranon multiple of x - x, and 
20? . 

(c) my is 20x^ -f 60(x - 1) ^ 37(x - l)x equivalent to 
the given open .sentence? 

(d) Vftiat la the truth set of the given open sentence? 
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Revfew Problem Set ^ ^ ^ 

* (continued) 

Jn each of the following, describe (if , possible) the 
fianction in two ways i (l) ^ a table, (11) by an 
ej^resaion in ^xt: In each= case , describe the domain ©f 
definition, ,i * 



(a) To eaoh positive real number asslgp the product of 

th. 



^ and tv^ more than the nwiber. 



(b) With each positive integer n associate the ^ n 
ne, 



fc) Associate with the number of dollars invested at 6% 

- ' ' ' ^ \ 

for one year the' number of doluars earned aljlnterest, 

< ' ' ■ \ ^ 

(fl) Associate with each length of the dimeter of a olrole 

the length of the clroumferinoe , 

John drov| 336 'miles to ChlcagOj bought a new car and 
retvu^ned the *next day by the same l\pute. ^e return 
trip t^olc 1 'hour \longer than th^ original/ tr*ip^ and his 
avePage/speed was 6 miles per hour slower^ Find his 
average speed each way. ^>'^ ^ ^ 

The sum of a number and Its reciprocal is 4, Find the 
numbtr- 

In certain applications, the domain of definition of a 
function may be autoriatically restricted to' those numbers 
which lead to meaningful results In the problem. For 
example, the area A of a rectangle with fixed ^perimeter 
10 Is given by A^^ s(5 - s), where s* is the length of 
a side in feet. The expression s(5— s) defines a 
-function for all real s, but in this problem we must 
restrict s to numbers between 0 and 5* (Why?) What 
are the domains of definition of the^ functions,* Involved 
in the following problems? ^ ^ ^ 



(a) V/hat amount of Intei^est Is earned by Investing 
dollars for ^a year /at -^^/^% 
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Review Problem Sat 
^^jp^ • *(oontlnuad) 

'(b) A trfangla has area 12 square Inches, and its bade 
maasT^es k Inches, Wmt is the length of its 
altitude? 



(c) An open top rectangular box is tG be bnade by cutting 
a square of side x inches^ from eachNMrner of a 
^rectangular piece of tin measuring lO.^Hby 8" ^d 
then folding up the sides* m$tt is the Jolume^of the 



12, 



Coniidar the fimotlon deflned^ by 



X 



k(x) ^ ' 

and it^e* 'function g -defined by 



X ^ Q 

X m 0\ 



-li 


X 


< 


0 






X 




0 




1. 


X 


> 


0 





13. 



it 



Show that k Is the same fimctlon as the function g. 
Given the function H defined by: 

H(z) = z2 _ 1, .3 < 2 < 3^ 
Find the real numbers represented byj 
(a) H(2) (f) H(3) 

H(|) Lb) H(a) 

(4^ H(- |) ((h) H(t = 1) 

(d) =H(=2) . (1) H(t) =1 ' 

(e) H(-l) + 1 ; 

Dcaw the graphs of .the functions defined as follows. 

(a) T(a) a |6 + 1, -1 £ s £ 2 

(b) 0(x) = |x|, =3 £ X £ 3 



\ 



\ 



\ 
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Review Vroblem Set 



15.. 
16. 



ir. 



18. 



19. 



(e) U(x) = 

(d) V(t) - 

(e) h(x) = 

(f) H(z) = 




r 



q(x) = 



Whajb are the domains of definition and the ranges of the 

fTuSo^Ions d^lned in Problem 1^^? 

Draw the graph of the function q defined byi 

"^1, ^5 i X < ^1 
J X, =1 £ X < 1 

1^ x^, 1 < X £ £ . 

Give a rule for the definition of the^unotlon whose graph 
lil^the line extending from (-a_, -2) to (4, -l)^, 
including end points. 

Give a tvlQ for the definition of the function whose graph 
oonsists of two line segments^ one extending from (-1^ 1) 
~^Q^^^^^, 0) with end points included ^ and the other ex- 
tendi^ from (0, 0) to (2, 1) with end points excluded. 
What are the domain of definition and range of this 
fimction? \. " ■ 



Draw the graph of . a function f vAilch satisfies all of the 

following conditions over the domain of definition| 

f (-10 - 2, ■ ^ \ 

f(0) ^ 0, , ] ^ 

f(l) ^ 0, ■ / 

j^: f (2) ^2, i ^ . 

f{x) < 0 for 0 < X < 1. ] • . , 
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Review Problem Set 

- * * 

' ' * * : V (continued) 



20. Let f and g be fimetloni defined by 

f(x) ^ X- 4- X and , g(x) ^ 2x h 6, 

Find X such that f(x) ^ g(x) 



21. D^aw the graph of the equation^ ^ x, for 0 £ x < 4, 
Is this the graph of some function? ' , ' 

22. Let f be a function defined by f(x) ^ Ax + B, for every 
X in the domain of f, \^ere A and £ are real nmibers 

7 (a) Describe the graph of f if A^^ 0,^ ^ 

(b) jDescribe the graph of f if A « 0 B.nd7'S-^ 0, 

X^) Determine A and B if the graph of f ls\he 
> liQe segment Joining (-3, 6) ^ and (1, 2), including 

end points. ^ — 

(d) l^at is the domain of definition of^^he function 
in part (c ) ? 

(e) Determine^ A and B if the graph of f is the 
line Joining (-1, l) and (3> 3) inoludir^g,^nd 
points, ' ^ , 

(f) What is the slope and y-intercept of the graph of the 
function in part (e)? 

(g) What is the domain of dpflnltl^)^ of t^e function in 
part (e)? / 

23. If L is the complete line containing the two points 

( = 3^ 1) and (1, -1), define the function h v^ose graph 
consists of the points (K^^y) of L such that 

y -2 < y < 2. 

^^24, V^lch of the f/llowlng expressions define a function having 
) a line as its g^-aph? 

' (a) ^(x ^2) ^ (d) |x| ^ 2 

* (b) |x = 2| (e) (.x) ^ 2 

■ rr^ \ ^ - if) ^ ^2 



? \ Review Problem Sat 

' (eohtinued) 

25* li^fc f ba the funetlon defined by^ 

# ■ 

f(x) ^ X 2, for every real number x. 

Wttm eaeh expression In Problem 24 as a function g In,' 
teme of the given fukctlon * f . Ecanplei The expression 
(a) defines a function g such that 

g(x) m -f(x)*j for every real number * 

26c How are thm graphs of f and g related In Problem 25 j 
^ pltrt (a)? In part (e)? Draw each graph with reference 
f to a separate set of coordinate axes, 

27. I'f F and G ar&^ functions defined for every real, ^x by . 

P(x) ^ -3x +2, G(x) ^ 2x - 3^ 
explain hotT the graph of the ^sentence 

fl 

is related to the graphs of F and 0. (Do this without 
drawing th^ graphs of P and ) ^ 

28, Draw the graphs of the following polynomials ^ 

(a) ^ - ^ 

(b) Sx^ + 3 

{c)_3(x - 3f. . . • ^ 

, Id) 3x(x - 3.) 

(e) Scplalh how the graph of (d) can be obtained from 
the graph of (a).. 

o 

29* Given the graph of y - x^. 

^ (a) Write an equation of the graph obtained by rotating the 

2 - 
graph of y - X one-hialf a revolution about the 

X-axis, 

(b) Vft'lte the equation of the graph obtained by moving the . 
graph of y ^ X" vertically upward 3 units* 

(c) Write the equation of the graph obtained by moving the 

2 

graph of y - X horizontally 2 imlts tc^ the left. 
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Review Problem Set 
(continued) 

(d) rWrtte the equation of the graph obtained by moving the 
^aph of y ^ one unit to the right and two units 

down^ 



Draw graphs of the following open sentences. 

(a) y < x'' -h 6x 

(b) y ^ h and y - Sx" ^ ISx + 13 

(c) y > 3x - 2x^ 

(d) .y - 6|xj ^f- 5 

31. Find the tr*uth set of each of the following compound open 

' Gentances. Draw the graph of each clausa, Doe^ this help 
you with (b) and (c) ? 

(a) X ^ 2y 4 6 ^ 0 'and ^2x 4- 3y +5^0 

(b) 2x ^ y ^ 5 ^ 0 and 4x ^ 2y ^ 10 - 0 

(c) 2x + y - U ^ 0 ' anrf 2x -I y ^ 2 0 

32. Find the eqiiation of the line ttu^oiigh the intersection of 
the lines whose equations are 5x - 7y - 3 ^ 0 and ^ 

3x = 6y + 5 = 0 and passing throiigh the origin, 
. What is. the value of c so that the graph of 
Ax 4 By -f C - 0 is a line through the origin?) 



(a) 1 


X - 4y _ 

3x fr\5y 


15 = 0 
- 11 = 0 


(f) 


(b) 


fax = 3 
lay = h 


- 2y 

- 2x 


(e) 


(c) - 


[Sx = 3 
[ay = it 


- 2y 

- 2y 


(h) 


(d) ' 


[Sx 5= 3^. 
[3y h , 


- Sy 

- 3x 


(1) 


(e) j 


3x H ay 
3x - 3y 


s 1 

18 


(J) 




'J ' ' 



- Review Problem Set 
(continued) 

34. Find two numbers whose sum Is 56 and whooe difference is 
18. ' ' 

35. Ihe B\m of Sally's and Joe's ages is 30 ^ years. In five 
years the differenca of their ages will be 4 years. l#iat 
are their ages now?^. 

36. A dealer has some cashew nuts that sell at $1.20 a pound 
and almonds that sell at $1.50 a pound. How many pounds 
of each should he put into a m'ixture of 200 pounds to 
sell at $1.32 a pound? 

37. In a certain two digit number the lonlts' digit is one more 
than twice the tens' digit. If the imlts=« digit is added 
to the number^ the sum is 35 more than .three .times the 
tens' digit. Find the number. 

38. Hugh weighs 80 pounds and F^^ed weighs 100 povu^s. "Bney 
balance on a . teeterboardy that is 9^ f©et long. Each sits- 
at an end of the board. How far is each^oy from the 
point of balance? 

39. Two boys sit on a see^saw, one five feet from the fulcruin 
(the point where it balances), the other on the other side 

.si^. feet from the fulcrum. If the sum of the boys^ weights 
■ is 209 povmds, how much does each boy weigh? 

40. It takes a boat 1^ hours to go 12 miles down stream, 
and 6 hours to retuini. Find the speed of the current and 
the speed of the boat in still rater. 

41. Thiree pounds of apples and foui^ pounds of bananas cost 
$1.08, while 4 ' pounds of apples and 3 pounds of bananas 
cost $1.02-. What is the price per pound of apples? Of 
bajianas? 



42, A and B are 30 miles apart. If they leave at the same 
time and walk in the same direction, A overtakes B in 

60 hours. If they walk toward each other they meet in 5 
hours. V^iat are their speedn? 
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Review Problem Set 
(continued) 

A 90% solution of alcohol Is to be mixed with a 75^/^ 
solution to make 20 quarts of a 78% solution. How 
many qimrts of the 90% solution shouj^d "be used? " 

In a 300 mile race the driver of car f A gives the driver 
of car B a start of ^ 25 miles, and still finishes one^ 
half hour sooner. In a second trial, the driver of car 
A gives - the driver of car B a start of 60 miles 
loses by 12 minutes. iVhat were the average speeds of 
cars A and B In miles per hour? 

'niree hundred dleven tickets were sold for a basketball 
game, some for pupils and some for adults. Pupil tickets 
sojd Tor ^€5 cents each and adiat ^ckets for 75 cents 
each, ^e total money received was I108.75. How many' 
pupil and how maiiy adult tickets were sold? * ' 

The Boxer family Ig coming to visit, and no one kjiows how 
many children they have, Elsie, one of the girls, says 
she has as many brothers as sisters; ■ her brother Jlimnie 
says he has twice as many sisters as brothers.. How many 
boys and how many girls are there in the Boxer f^ily? / 

A home room bought three-cent and foiur=cent stamps, to mall 
biaietins to the parents, me total cost was |l2,67, Jf 
they bought 352 stamps, how many of each kind v/ere there? 

A bank teller has 15^^ bills of one-dollar and five-dollar 
denomination's. He thinl^s his total Is^- I^^Ssl Has he 
counted hid' money correctly? ' ^ 

The perimeter of a rectansle is 9-^ feet, and its area Is " 
^96 square feet. Vlhat are its dimensions? 

An open bdx^ls constructed from a rectangular sheet of metal 
8 inches longer than it Is v/lde as followa: out of each 
corner a square -of side 2 inches is cut, and the sides are 
folded up. The volume of the restating box is 256 cubic 
inches. l^iat were the dljiionsions of the original sheet of 
metal ^ 



j ^ Review Problam Set 

(contini 1) 

51. A leg at a right triangle is 1 foot lo^iger than the other 
leg 8 feet .shorter than the hypotenLise, Find the 



lengtVi of the sides of the right triangle, ^ ^' ^ 

i _ - _ ' _ ' _ - . 

52, A rope hangs from the v/lndow of a building. If pulled taut 

vertlcalix to the base of the building there is 8 feet 
of rope lyinG slack on ,the groimd. If pulled out taut until 
the end of the rope Just reaches the groi-ind, it reaches the 
ground at a point v;hich is . 28 feet from the building. 
How high above the ground is the v/lndow? 

53, The hypotenuse of a right triani^le is 3 units and the 
legs are equal in length. Find t)ie length of a leg of the 
triangle* 

Find the length of a diagonal 0f ,a squara if the diagonal 
is 3^' Inches longer tti^n a side. 

55. The length of a rectangular place of sheet metal is 3 feet 
more than the width. If the area is h6^ square feet, find 
the length, 

56^ The sum of two numbers is 9. Find the numbers aiid their 
product if the product is the largest possible: 

57, A boat manufactui^ar finds that his cost per boat in dollars 
is related to the niamber of boats manuf actured each day 

by the formura, \ . ^ 

G n" lOn -I 175. ^ ' "j 

Find tlie number of boats he should manufacture each day so 
that his cost per boat is smadleat, 

58, The sum of two niunbers is 9 and the difference of • their 
^ sqLiar^s is 25 > Find the nunibers, ' ■ 

59, The sum of 1^^ times a niunbcr and the square of the nuinber 
is 11. Find the nu_mber. 




CEALLENGE PROBLEMS 



Ariothe^r v/ay of 



Let us.fhink of. moving all tlv^ poirits of a plane in the 
following manner- 'Eadi point with coorainates (c^ d) is 
moved to the point with coordinates (=c, d). Describe 
this in te™s of taking tho opposite 
looking at this Id to consldor 
that the points of the plane 
are rotated one^half a revo= 
lution about the y^axls, as 
indicated in the figure for 
the problem. Answer the fol^ 
lov/lng questions, and lodate 
the points refer i^ed to In parts 
(a) and (b). 



(=1,2) 



I 



Figure for Problem 1 
(a) Tci^^what joints do the following points go: 

(2(^)ri2, ^1), 1, 2), (=1.^1), (3, 0), 



(-4. 0)/ (0, 2), (0, =9) V 

(b) What pointu go to the points listed in '(a), above? 

(g) v/hat poii>^doe3 (c, ^d) go to? 

(d) V/hat point does (-c, d) go to? 

(g) V^at point goes to (c, d) ? - . 

(f) VlhBLt points go to themselves? 

Suppose a point v;ith coordinates (c, d) is moved to the 
point (c 2, d), This can be thought of as sliding the 
•points of tiie plane to the right 2 units. Ar^svver the 
following' questions and locate all of the points in parts 
(a) and (b). 

V/liat points do ::hD tollowlng 'points go^ to: 

(1, 1), (-1, 1), (^2, 2), (0, ^3), (3; 0) V 
V/hat points go to the points listed in (a), above'? 
To what point does (a = 2, d) p:o?' 
V/fiat point goes to (^c, d) v 
''/hlch poinUs go to themselves v ' " 



(b) 

(c) 
(d) 
(e) 




Draw a B^jt ov coof'riinate axas, designating them as the ' 
(i, y)-axea, Through point (2, -1) draw a pair of ^ 
(a, b)^axes, making the a-axls parallel to,, the x^aj<ls and 
the 6-axi3^ parallel to the y-aj<l3. Locate jtl^""'followlng 
polnta wlt!^ rarvtroncf; to rlic'(x, yX-raxeo: ^A(3, =5)^^'^ 
H(-5y^3h C(^2, ^5). D(0, 3). E(p. ^3), P(^5. -1). 
0(-^^ 3h H(b, 0>, li^tj, 0), J{2.i, 6). Make .a table 
g4^ng the ooordfnateo of each ui' fcheGe points vrith 
refereaqe to the (a, b)%^es. " ^ = 
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i''-h';iu'^:^ Tor Protl^Tni - 

GLve Swo <V'|uan I.on.j rui' -uah ^:ho'l L/ien in the above 
fl?/urr-, one wltii reference tu the (x, y)-axes, the other 
with r'Grer^^nt:e to th- (a, b)=aveG, ^ (Mote that ±3 a 

pair of lir,o:j . ) ^ 

Juppo:je a point with coo^j Loa t-.i (a, b) IS moved to the 
point (a-, =b). » Deauribe thlr: in terms of oppoaltea, 
De^3cribe it In termfi of a rotation. Annv/er the following 
qneijticuiUp and lo.^ate tiie point n referred to in parts (a.) 
ariri (b). 



(a) What 'joints do the following points go to? 

, (2, 1), (2; =1), (= |, 2), (=2, ^3), (3, 0)', ^ ^ 
(-5, b), (0, 5), (0, ^5). 

(b) What poMits go to the points listed in (a)? 

(c) What point does (a, -b) go to? 

(d) What point does ^hM^ 

(e) What point goes to (a, ? 

(f) What points go to themselves? 

6. Suppose a point with coordinates (a, b) is ma^^pd to the 
polnt^ (a - 3, b -f 2). ^How can you obtain thlf by moving 
all the points of the plana? ^ Answer the following questions 
and locate the points: \ ■ 

' (a) What points do the following points go to? 

^(1, 1), (^1, -1). (-2, 2), (0, ^3), (3, 0)? .. 

(b) V^at fjolnts go to the above points? 

(c) l^at point does (a^, b - 2) go to? .. 

(d) What point goes to (^a, -^b)? , ^ 
^(e )-^~ Which points go to themselves? 

(f) ^Describe how the points are moved if (a, b) is 
moved to' (a,.b - 2)^ 

7. * What does the graph of |x| / jyl - 5 look like? Let us 

make a chart first. Suppose we start with the intercepts. 
Let y ^ 0 and get some possible values of x which Will 
make the sentence true. Then let x ^ 0 and get soma 
values of y. Now fill in some of the other possible 
valu^s^, J 

8. Draw th^ graph of each oJ; the following with reference to 
a eeparate set of axet^ 

(a) |x| + |y! > 5 ' ' 

(b) |xi , |y| < 5 
.■(c) |x| + |yl < 5 




Make a chart of some values which make. the open ^ntence 

|x| ^ |y| ^3 ■ 

ty'uej and draw the graph of the open sentence, > 
Write four open.', sentences whose graphs form the same 
figure. , ' ' ^ 

Draw the graph of '^y - 2|x|'-, Give an eqiiation of the 
graph which resiilts from each of ^ the following changes, 

(a) The graph Is rotated one=half revolution abQut the ^ 
x-axls, 

(6) The graph is moved 3 units to the right, 

(c) The graph Is moved 2 units to the left, 
^d) The graph is moved 5 units up. 

The graph is moved 2 units to the right and 4 .unit 
down. 

What is th§ slope of the line which contains the points 
(-3, 2) and (3, -4)v if (x^ y) is a point on this same 
line, verify that the slope, is also - ^ 7'-S-\- , Also 
verify that -iy-^- is the slope. If- -1, and ^ { ^_3j 

are different names for the slope ^ show that the 
equation of the line Is ''y ^ 2 ^^(-l)(x + 3)", Show that 
it can also be^written "y + 4 ^ (=l)(x - 3)*', 

Write the equations of the lines throiigh the following 

pairs of points. (Try to vise the method of Problem 11 for 
parts (e) - (h) . ) 

(a) (0, 3) and (^5> 2) (e) (-3y 3-) and (6, 0) 

(b) ^(5, 8) and (O^^^O (i^) (-3, 3) and (-5,/3)^ 

(cX (0, ^2) and (^3^ -^7) (s) (-3/3) and (^3, 5) ^ 

(d) (5. -2) and (o/"6) (h) (^h 2) and (^3, 1) 

In the case of an expression of -Wie fom =-j the value .of- 
the expression is said to vary inversely as the value of x 
The' number k is the constant of variation. 

(a) Draw the -graphs of the open sentences: 



\ 



(b) If the variable x is given inbreasing positive 
values, what can you say of the values of ^ ? Do 
they increase or decrease? (Does it matter whether k 
is positive or negative?) 

14. A rectangle las an area of ^ 25 square iinits, and one side 
has length w units. 

(a) Write an expression in terms of w for the length of 
the other side, 

(b) 1b this a oslbw of inverse variation? V^at is the 
constant o^^^riation? 

(c) Draw the graph of the expression in (a). 

15. Draw the graph of the truth set of each of these systems of 
inequalities. . (The brace again indicates a compound 
sentence with connective and , ) 



(a) 



X 2 0 

3x + % < IS 



.4 < X < 4 
-3 < y < 3 



y 2 2 

£, }x + 8'' 
4y + 5x < ho 



in Problems l6 through 20, refer to Figure 1, 




Figure 1 
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16. For any real nianber x, ^ 0, (Wiy?) Also, x- ^ 0 

2 

df and only if x = 0, acplain why the graph of y ^ x "^ 
lies entirely above the x=axls and touches the x-axis at 
. a single point (O^ 0). 

17. For any real 'number * 

= ^ • , 

If (a, b) is a point on the' graph of y ^ x^, prove that 
(-aj b) ^is also o^^the graph* (itils means that the portion 
of- the graph In Qiiadrant II can be obtained by rotating 
.the portion in ^adrant I about the y-axis. We say that the 
graph of y = X is aymmetrlo about the y^axls . ) 

18. If X is any real number such that 0 < x < 1^ then 

x^ < X. (Why?) Show that the portion of the graph of 

2 ^ ' 

Y ^ X j for 0 < X < 1, lies below the graph of y = x. 

19. If 1 < X, then ■ ■ 

X < x" . ( V^y? ) 



Show that the portion of the graph of fs^ x , for 1 < x^ 
lies abpve the line y - x. i-'" 3 

20. If a and b are real mambers such that 0 < a < b^ then 



< b" . (Why?) 
2 * 

'■---^^low that the graph o^ y ^ x continues to rise as we 
move to the right from , 0. 

21, Show that a horizontal l^^ne v/ill InteraeGt the graph of 

o 

y - x^ in at most two points, 

22* Choose any point (aj a^ ) \on the graph of y = x^ = What 
is the 'Slope of the line cgntainlng (Oj 0) and ^ (a, a^)? 
As we choose points of the graph close to the origin ^a 

close to 0) what happens to the slope of this line? Can 

^ 2 

you explain why the graph of y x is flat near the 

origin? ' 



23, Prove the Theorami Given any quadratic polynomial 

Ax + ac + c, there exist real nurabars a^ hj k such that 

o p 

a(x - h) + k ^ Ax" + ^ + C, for every r^al number x, 

'Hie numbers a, k are related to the niMbers Aj B, 

, and C by the true sentenoee ^ 

u B , 4ac - B" . 

a ^ A, n -^ ^ ^ , k - 4a 

/ 

24. Tlie problem of changing a quadratic polynomial ^ such as 
-2x^ % + .1, into standard fom can also be handled 

as follows. Let us find numbers a^ h^ k (if possible ) 
such that 

a(x - h)^ + k ^ ^2x- = 4x + 1, 

for every rgal number x. By aimpllfying and regrouping the 
left member^ we write 

ax" ^ 2ahXM^ (ah- + k) ^ ^2x"' ^ 4x -f 1, j 

Q^Qry real ninnber x. Now we see at a glance that we 
nruet find ' a^ k so that ^ 

\ a ^ -2, ^2ah ^ -4, ah^ + k ^ 1. (Why?) 

) If a ^ ^2, then ---Sah - »=4" is equivalent to "4h i »4", 
i/e,, to "h ^ -1", Also, if a ^ ^2 and h ^ -1, then 
"ah^ + k ^ 1-* Is equivalent to '*^2 + k ^ 1", i.e.^ to 
"k ^3". With a - ^S, h.^ -1, and k - 3% we have 

-2(x + 1)^^+ 3 \-2x^ 4x -t 1, ^ 

for every real number | x. 

,^ing ^hla method va^ite e§€h of the following in 

standard fdVm. 

o 

(a) 3x" 7x 4 5 ^ 

(b) 5x^ . 3x g \ 

o _ 

(c) Ax^ 4 &c 4 G, where A, Bj C are real nmibers . 




Consider the quadratic polynomial in standard form, 

a(x - h)^ + k, where a, h, k are real numbers 

and a^^' 0. 

(a) State a rule for deciding whether/ or not this poly- 
nomial over the real nmnbera can be factored, 

(b) If ' a, h, k are integers, what conditions on these 
numbers guarantee that this pQlynomlal over the 
integers can be factored? 

(c) State a rule for deciding whether the truth set of 

a(x ^ h)^ -f k - 0 ^ 
contains two, one, or no real numbers. 
Consider the ^ fiinctlon Q defined by: 

-1, -1 < X < 0 



Q(x) - ^ 



X, 0 



(a) V^iat is the domain of definition of 

(b) VJhat is the range or Q? 
( G ) ViJia t numb e r s are rep resented by 

Q(= |), Q(o), Q(|), ^(|), Q(7r) n 
{d) If R is defined by v 

5, 0 



-1, =1 



is R a different friction from Q? 



\ 



GLOSSARY CHAPTERS 16-19 

; — ^ ^ . ^ 

EQUIVALENT SENTEI^ES - Open sentences v/hich have the saine truth 

set are call^^equivalent sentences. 
EQUIVALENT SYSTEMS - Systems with the same truth set are Qalled 

equivalent systems . 
^FUNCTION - Given a set of numbers and a rule which assigns to 
each number of this set, exactly one number, the resulting 
association of numbers Is called a function. 
\ ORDERED NUMBER PAIR - A pair of numbers qf the form (2, l) In 
v/hich the first number represents a 'value of x and the 
second a value of y is called an ordered number pair, 
QUADRATIC EQUA'^ION ^An open sentence of the foiTn 

Ax^ Bx + C = 0, where A, B, and . G , are any real 
numbers with A 0, is called a quadratic equation. 
QUADRATIC POLYNOMIAL - A polynomial of the form Ax -f Bx + C, 
where A, and C are any i^eal numbers with A ^ 0, 

is called a quadratic polynomial in x. 
3LbPE - If a sentence is v/rltten in the form 

) y = ax -i- b 

then a Is the slope of the graph of the sentence. If 
A' and B are two polrits on the graph of the sentence, 
J then the slope of the graph Is equal to the ratio: 

vertical distance from A to _B_ 

horlzoht"al dlst^anc"e "f rom A' ~ to ~ B 

SYSTEM OF SENTENCES - A compound^^open sentence with connecting 

word ''and'^ Is called a system of " sentences . Such systems 

are often v/ritten in the follov/ing form. 




2x 3y = 5 
]3x 5y ^ 

TRUTH SET OF A SYSTEM -^""1% tinith set of a system of sentences 
In X and y is the set '>of all ordered pairs (x, y) 
that satisfy all of the sentences of the system^ 



\ 

\ 
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equivalent, 344 
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systems of, 806-809 

truth sets of, $95-697 
Infinite set, 13 
integer, 196 
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positive, 197 ^ 

squares of, 510 
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intercepts, 740-741 

y-lntercept of a line, 741 
Inverse, ^ 

additive, 256 

multiplicative, ^307, 393-395' 

of squaring operation, 510 
irrational numbers, 202, 516-522 
least common denominator , 527 
least common multiple, S22 
line, 728-731, 736-738^ 

slope of, 746=748. 
intercept of, 741 
monomial, 572 
multiples, 5 

least oommon, 522 
multiplication, 
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commutative property of, 127, 128 
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of quotients of polynomial^, 627-637 

of radicals, 524=525 

of rational expressions, 627-631 
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on the number line, 52 
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multlpllcfttlva InveMe, ^307 

natural numbtr i 27 ' 
negative, ^ * 
'•integer, 197 " ' 

number, 195 

rational' numbera.j 200 * 
non-ntgatlve numbep, 221 
null set, 11 ^ , * 

number line, Ik, 16 

additien on, 48, S32»£34 % 

multiplictftlon on, 52 

real, 202 
numbers, 
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counting, 4 ^ 

even, 5 

irrational, 202, 516-522 
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negative, 195-200 
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' odd, 5 

of arithmetic, 19 
power of; _9, . 89, 510 
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rational, 17, 199*^ 516, 521, 640-644 
real, 202, 521, 554-558 
equare of, 9, 8g, ^510 
truth, 83 
whole, 5 
numerals , 27 

numerical phraBe, 28, 37, 68 
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Bolutions of, 313-316' 
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y-form of, 716 _ 
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addition property of, 241-^242 
order, 205, 3^3 

addition property of, 334, 696 

for real numbers, 333^336 

multiplication property of, 351-356, 696 

transitive property of, 335 _ 
order of operations", 29=30, 31-33 
ordered pair of numbers, 712 

graphs of, 718-725 . 
ordinate, 722-723 
parabola , 827 

axis of, 827-^ 

vertex of, B27 
pai-entheses ,31 j 
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